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Abstract
In this paper, we study nonconvex min-max bilevel optimization problem where the outer objective
function is non-convex and strongly concave and the inner objective function is strongly convex.
This paper develops a single loop single timescale stochastic algorithm based on moving average
estimator, which only requires a general unbiased stochastic oracle with bounded variance. To the
best of our knowledge, the only existing work on min-max bilevel optimization focuses on the ones
with an upper objective in certain structure and only achieves an oracle complexity of O(ε−5).
Under some mild assumptions on the partial derivatives of both outer and inner objective functions,
we provide the first convergence guarantee with an oracle complexity ofO(ε−4) for a general class
of min-max bilevel problems, which matches the optimal complexity order for solving stochastic
nonconvex optimization under a general unbiased stochastic oracle model.

1. Introduction

We consider stochastic min-max bilevel optimization problems given by

min
x∈Rdx

max
α∈A

f(x, α, y(x)) = Eξ[f(x, α, y(x); ξ)] (upper)

y(x) ∈ arg min
y∈Rdy

g(x, y) = Eζ [g(x, y; ζ)] (lower)
(1)

where f and g are smooth functions and A ⊂ Rdα is a convex set. In particular, in this paper
we assume that f(x, α, y) is nonconvex in the primal variable x but strongly concave in the dual
variable α, g(x, y) is strongly convex in y. Problem (1) involves two optimization problems and
has a two level structure. We refer to minx∈Rdx maxα∈A f(x, α, y(x)) as the upper problem and
miny∈Rdy g(x, y) as the lower problem. We call f(x, α, y(x)) the outer objective and g(x, y) the
inner objective. Tackling the problem (1) is challenging as it involves solving a min-max problem
and a coupled min problem simultaneously.

1.1. Related work

1.1.1. MIN-MAX BILEVEL OPTIMIZATION

To the best of our knowledge, the only existing work that provides a stochastic algorithm with
provable convergence guarantee on min-max bilevel problems is [9]. They propose a single loop
bi-time scale stochastic algorithm based on gradient descent ascent, and prove that it converges to
an ε-stationary point with an oracle complexity ofO(ε−5). However, this convergence result is only
established for a special case where f(x, ·, y) is a linear function.
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1.1.2. STOCHASTIC NONCONVEX STRONGLY CONCAVE MIN-MAX PROBLEMS

The considered problem is also closely related to non-convex strongly concave min-max problems,
which have been studied extensively recently. To the best of our knowledge, [19] establishes the
first results by proposing proximally guided stochastic mirror descent and variance-reduced gradient
algorithms (PG-SMD/PG-SVRG) for solving non-smooth nonconvex concave min-max problems.
They prove a convergence to nearly stationary point of the primal objective function with an oracle
complexity in the order of O(ε−6), which can be reduced to O(ε−4) if the objective function is
strongly concave in the dual variable and has certain special structure. The same order of oracle
complexity is achieved in [22] without relying on any special structure. These two works use two-
loop algorithms. There are some studies focusing on single-loop algorithms. [16] analyzes a single-
loop stochastic gradient descent ascent method for smooth nonconvex strongly convave problem,
which achieves O(ε−4) complexity but with a large mini-batch size. In [11], the same order of
complexity is achieved by a momentum method employing the stochastic moving average estimator
(SEMA) without a large mini-batch size. Some recent works are trying to improve the complexity
by leveraging the individual smoothness condition. In particular, an improved complexity ofO(ε−3)
was achieved in several recent works under the Lipschitz continuous oracle model for the stochastic
gradient [13, 17, 20].

1.1.3. STOCHASTIC NONCONVEX BILEVEL OPTIMIZATION

The considered problem belongs to a general family of non-convex bilevel optimization problems.
Non-asymptotic convergence results for stochastic nonconvex bilevel optimization with strongly
convex lower problem has been established in several recent studies [3, 8, 11, 12, 14]. As the one
who gives the first results for this problem, [8] proposes a double-loop algorithm withO(ε−6) oracle
complexity for finding an ε-stationary point of the objective function. [14] improves the complexity
order to O(ε−4), but suffer from a large mini-batch size. [12] proposes a single-loop algorithm
with two time-scale updates that achieves an oracle complexity of Õ(ε−5). Recently, [11] improves
the oracle complexity to the state-of-the-art oracle complexity Õ(ε−4) by proposing a single-loop
algorithm based on SEMA estimator. [4] unifies several SGD-type updates for stochastic nested
problems into a single SGD approach and presents a new analysis showing that an improved sample
complexity O(ε−4) can be achieved for SGD-type methods. There are studies that try to further
improve the complexity by leveraging the Lipschitz continuous conditions of stochastic oracles.
In particular, by employing the variance reduction technique STORM [6] in gradient estimations,
[10] achieves complexity ofO(ε−3) without large mini-batch size. [15] proposed a single timescale
algorithm based on a double-momentum structure that achieves not only the same oracle complexity,
but a reduced per-iteration complexity. However, none of these works tackle the min-max bilevel
optimization problem directly.

1.2. Contributions

We present a single loop single timescale stochastic method based on the SEMA for solving a gen-
eral form of min-max bilevel optimization problem under the nonconvex strongly concave (upper)
strongly convex (lower) setting. Then we show, theoretically, that it converges to ε-stationary point
with complexity O(ε−4) under a general unbiased stochastic oracle model. This oracle complexity
surpasses the existing work [9] and matches the optimal complexity order for solving stochastic
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nonconvex optimization under a general unbiased stochastic oracle model [2].

2. Algorithm

Notations. Let ‖ · ‖ denote the Euclidean norm of a vector or the spectral norm of a matrix. For
a twice differentiable function f : X × Y → R, ∇xf(x, y) (resp. ∇yf(x, y)) denotes its par-
tial gradient taken with respect to x (resp. y), and ∇xyf(x, y) (resp. ∇yyf(x, y)) denotes the
Jacobian of ∇xf(x, y) at y (resp. ∇yf(x, y) at y). A mapping f : X → R is L-Lipschitz con-
tinuous iff ‖f(x) − f(x′)‖ ≤ L‖x − x′‖ ∀x, x′ ∈ X . A function f is L-smooth iff its gradient
∇f(·) is L-Lipschitz continuous. A function g : X → R is λ-strongly convex iff ∀x, x′ ∈ X ,
g(x) ≥ g(x′) +∇g(x′)T (x − x′) + λ

2‖x − x
′‖2. A function g : X → R is λ-strongly concave iff

−g(x) is λ-strongly convex. Let ΠA denote a projection onto a convex set A.

We state the definition of ε-stationary point as following.

Definition 1 Consider a differentiable function F (x), a point x is called ε-stationary if ‖∇F (x)‖ ≤
ε. A stochastic algorithm is said to achieve an ε-stationary point in t iterations if E[‖∇F (xt)‖] ≤ ε,
where the expectation is taken over the stochasticity of the algorithm until the iteration t.

Assumptions. Before presenting our algorithm, we make the following well-behaving assumptions.

Assumption 2 For function f and g, we assume that the following conditions hold

• f(x, α, y) is µf -strongly concave with respect to α for any fixed x, y, and g(x, y) is µg-strongly
convex with respect to y for any fixed x.

• ∇xf(x, α, y),∇αf(x, α, y),∇yf(x, α, y) areLf -Lipschitz continuous, with respect to (x, α, y).
∇xg(x, y),∇yg(x, y) areLg-Lipschitz continuous, with respect to (x, y). ∇2

xyg(x, y),∇2
yyg(x, y)

are Lgxy, Lgyy-Lipschitz continuous respectively, with respect to (x, y).

• ‖∇αf(x, α, y)‖2 ≤ C2
fα, ‖∇yf(x, α, y)‖2 ≤ C2

fy, ‖∇2
xyg(x, y)‖2 ≤ C2

gxy, 0 � Ogyy(x, y) �
CgyyI .

Moreover, the gradients of functions f and g can be only accessed through unbiased oracles
with bounded variance.

Assumption 3 Ofx,Ofα,Ofy,Ogy,Ogxy,Ogyy are unbiased stochastic oracles of ∇xf(x, α, y) ,
∇αf(x, α, y), ∇yf(x, α, y), ∇yg(x, y), ∇xyg(x, y), ∇yyg(xy), and their variances are bounded by
σ2.

The proposed algorithm is constructed by employing the SEMA for updating x, y and α. Al-
gorithms based on moving average estimators have achieved the state-of-the-art oracle complexity
in both min-max and bilevel optimizations [11]. We first give a brief introduction to the SEMA es-
timator. For solving a nonconvex minimization problem minx∈Rd F (x) though an unbiased oracle
OF (x), i.e. E[OF (x)] = ∇F (x), the stochastic momentum method (stochastic heavy-ball method)
that employs SEMA updates is given by

vt+1 = (1− β)vt − βOF (xt)
xt+1 = xt − ηvt+1,
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where β is the momentum parameter and η is known as step size or learning rate. The variance
recursion property of the SEMA estimator (Lemma 9 in the appendix) plays a key role in the con-
vergence analysis.

Algorithm 1: Stochastic Momentum Method for Min-max Bilevel Optimization
Input: v0, α0, H0, z0, x0,w0, y0

for t=0,1,. . . ,T-1 do
vt+1 = (1− βα)vt + βαOfα(xt, αt, yt);
αt+1 = (1− ηα)αt + ηαΠA[αt + ταvt+1];
wt+1 = (1− βy)wt + βy Ogy(xt, yt);
yt+1 = yt − ηywt+1;

Ht+1 = kt
Cgyy

∏q
i=1

(
I − 1

Cgyy
Ogyy,i(xt, yt)

)
, q : uniformly sampled from {1, . . . , kt};

Ot = Ofx(xt, αt, yt)−Ogxy(xt, yt)Ht+1Ofy(xt, αt, yt);
zt+1 = (1− βx)zt + βxOt;
xt+1 = xt − ηxzt+1;

end

We present the proposed method for solving problem (1) in Algorithm 1. The procedure for
each iteration is as following: first, update the dual variable α in the upper problem and the variable
y in the lower problem using SEMA estimators. Second, we approximate the inverse of the Hessians
∇2

yyg(xt, yt) by Ht+1. Here Ogyy,i(xt, yt) denotes the output of the oracle Ogyy(xt, yt) with a data
point randomly sampled from the dataset. Note that such approximation has been widely used in
previous studies to avoid directly computing matrix inverses [1, 8, 11]. Finally, we perform a SEMA
update in zt+1 = (1− βx)zt + βxOt in order to reduce the variance of biased estimator Ot.

To understand the biased estimator Ot, first define F (x) := f(x, α(x), y(x)), where α(x) =
arg maxα∈A f(x, α, y(x)), then the upper problem can be written equivalently as minx∈Rdx F (x).
Due to the strong concavity of f(x, ·, y) and convexity of A, one may apply Lemma A.5 in [18] to
obtain

∇F (x) = ∇xf(x, α(x), y(x)) +∇xy(x)T∇yf(x, α(x), y(x))

= ∇xf(x, α(x), y(x))−∇2
xyg(x, y(x))[∇2

yyg(x, y(x))]−1∇yf(x, α(x), y(x)),

where the standard result ∇xy(x)T = −∇2
xyg(x, y(x))[∇2

yyg(x, y(x))]−1 in the literature of bilevel
optimization [8] is used in the second equality. Define

∇F (xt, αt, yt) := ∇xf(xt, αt, yt)−∇2
xyg(xt, yt)[∇2

yyg(xt, yt)]
−1∇yf(xt, αt, yt).

as an approximation of ∇F (xt). Then, with unbiased estimator for each term in ∇F (xt, αt, yt)
except [∇2

yyg(xt, yt)]−1, for which we have biased estimator Ht+1, we have the biased estimatorOt
of ∇F (xt, αt, yt). We have the following convergence result regarding to Algorithm 1.

Theorem 4 (Informal) Under Assumption 2,3 and considering Algorithm 1, for all ε > 0, with
τα, τy small enough and step sizes ηα, ηy, ηx, βα, βy, βx = O(ε2), we have the following conver-
gence guarantee in T = O(ε−4) iterations

1

T + 1

T∑
t=0

E[‖∇F (xt)‖2] ≤ ε2, 1

T + 1

T∑
t=0

E[‖∇F (xt)− zt+1‖2] ≤ 2ε2.
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Remark. It is clear that the oracle compelxity of Algorithm 1 is O(ε−4), which matches the state-
of-the-art complexity for solving nonconvex strongly concave min-max problems and nonconvex
bilevel problems. In fact, as shown in [2], O(ε−4) is the optimal oracle complexity for solving
stochastic nonconvex optimization under a general unbiased stochastic oracle model.

2.1. Application in Robust Meta Learning

Meta learning aims to train a model on a variety of learning tasks such that a small number of
training data from a new task will produce good generalization performance on that task. However,
as shown in [5], having a simple average loss across all tasks as the objective function, like the
popular Model-agnostic meta-learning (MAML) [7], the worst task performance is not well con-
trolled. Motivated by this drawback, [5] considers the task-robust MAML in min-max optimization
formulation. In particular, the average loss in the objective is replaced by a weighted loss, and
the maximization is taken over the weights parameter. Similarly to the idea presented in [9], we
consider K tasks, each of which has a corresponding loss function fi(x, yi; ξi) and an inner loss
function gi(x, yi; ζi). Here x is the shared parameter and yi is the task specific parameter. The data
samples ζi, ξi are taken from the training dataset Si and testing dataset Di respectively. Then the
goal is to solve the following min-max bilevel optimization problem

min
x

max
α∈∆K

K∑
i=1

αiEξi∼Di [fi(x, yi(x); ξi)]− λKL(α,
1

K
)

yi(x) = arg min
yi∈Rdy

Eζi∼Si [gi(x, yi; ζi)] +R(yi), i = 1, 2, . . . ,K,

where ∆K = {α ∈ RK :
∑

i αi = 1, αi ≥ 0} is a K-dimensional simplex, the negative KL-
divergence term−λKL(α,1/K) = −λ

∑K
i=1 αi log(Kαi) in the outer objective ensures the strong

concavity of the outer objective in dual variable α that makes the function smooth in terms of x,
and R(·) is a strongly convex regularizer. Applying the proposed algorithm to the above problem
yields a complexity of O(1/ε4). In contrast, [9] considers the same problem with λ = 0 and suffers
a complexity of O(K/ε5). Although the two results are not directly comparable, we can see that
adding the negative KL-divergence term not only increase the modeling flexbility but also enjoys a
faster convergence speed by our algorithm.

3. Conclusion and Future Work

We have developed a new single loop single timescale stochastic algorithm for solving a family
of min-max bilevel optimization problems. We showed that it achieves an oracle complexity of
O(ε−4), which surpasses the existing work and matches the optimal complexity order for solving
stochastic nonconvex optimization under a general unbiased stochastic oracle model. Since our
study is focused on the algorithm development and theoretical convergence analysis, this work is
lack of cogent experimental results. In the future, we plan to conduct experiments to evaluate its
empirical performance. At the same time, we hope our work inspires others to find more novel
applications of our idea.
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Appendix A. Convergence analysis

First of all, we give the formal statement of Theorem 4.

Theorem 5 Let F (x0)− F (x∗) ≤ ∆F . Under Assumption 2,3 and considering Algorithm 1, with

τα ≤ 1/(3Lf ), τy ≤ 1/(3Lg), βx ≤ ε2

108C1
, βα ≤

ε2µ2f
13824Cασ2 , βy ≤

ε2µ2g
6912(2CαL2

α+Cy)σ2 ,

η2
α ≤ min

{
µfβ

2
α

64ταL2
f
, βxCα

6ταµfL
2
F
, 4
τ2αµ

2
f

}
,

η2
y ≤ min

{
µfβ

2
α(6CαL2

α+3Cy)

768τyµgCαL2
f

,
η2ατ

2
αµ

2
f (6CαL2

α+3Cy)

768τyµgCαL2
α

,
µgβ2

y

128τyL2
g
,
βx(2CαL2

α+Cy)

24τyµgL2
F

, 4
τ2yµ

2
g

}
,

ηx ≤ min

{
µfβα

62
√
CαLf

,
ηαταµf

62
√
CαLα

,
µgβy

44
√

2CαL2
α+CyLg

,
ηyτyµg

44
√

2CαL2
α+CyLy

,
√
βx

19LF
, 1

2LF

}
,

kt ≥ Cgyy
2µg

log

(
16C2

gxyC
2
fy

µ2gε
2

)
,

T ≥ max

{
144∆F
ηxε2

,
1728Cα‖α0−α(x0,y0)‖2

ηαταµf ε2
,

13824Cαδfα,0
µ2fβαε

2 ,
864(2CαL2

α+Cy)δy,0
ηyτyµgε2

,
6912(2CαL2

α+Cy)δgy,0
µ2gβyε

2 ,
216δz,0
βxε2

}
,

where C1 is a constant defined in the proof of this Theorem and Cα, Cy are constants defined in the
proof of Lemma 7, we have

1

T + 1

T∑
t=0

E[‖∇F (xt)‖2] ≤ ε2, 1

T + 1

T∑
t=0

E[‖∇F (xt)− zt+1‖2] ≤ 2ε2

To prove Theorem 5, we need the following lemmas.

Lemma 6 Consider the update in Algorithm 1, where xt+1 = xt − ηxzt+1. With ηxLF ≤ 1
2 , we

have
F (xt+1) ≤ F (xt) +

ηx

2
‖∇F (xt)− zt+1‖2 −

ηx

2
‖∇F (xt)‖2 −

ηx

4
‖zt+1‖2.

Lemma 7 Under Assumption 2 and considering Algorithm 1, for all nonnegative integer t, we
have

‖∇F (xt)− zt+1‖2 ≤ 3Cα‖αt − α(xt)‖2 + 3Cy‖yt − y(xt)‖2 + 3‖∇F (xt, αt, yt)− zt+1‖2, (2)

where CαCy are constants defined in the proof.

Lemma 8 [Lemma 4.3 [16]] Under Assumption 2, y(x) is Ly-Lipschitz-continuous with Ly =
Lg/µg. Define α(x, y) := arg maxα∈A f(x, α, y). Then α(x, y) is Lα = Lf/µf -Lipschitz continu-
ous in the sense that

‖α(xt, yt)− α(xt+1, yt+1)‖2 ≤ L2
α(‖xt − xt+1‖2 + ‖yt − yt+1‖2).

Lemma 9 [Lemma 2 [21]] (Variance recursion of SEMA) Considering a moving average sequence
zt+1 = (1− βt)zt + βtOh(xt) for tracking h(xt), where Et[Oh(xt)] = h(xt) and h is a L-Lipschitz
continuous mapping. Then we have

Et[‖zt+1 − h(xt)‖2] ≤ (1− βt)‖zt − h(xt−1)‖2 + 2β2
t Et[‖Oh(xt)− h(xt)‖2] +

L2‖xt − xt−1‖2

βt
,

where Et denotes the expectation conditioned on all randomness before Oh(xt).
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Lemma 10 [Lemma 5 [11]] Consider update αt+1 = (1− ηα)αt + ηαΠA[αt + ταvt+1] in Algo-
rithm 1. With τα ≤ 1/(3Lf ) and ηαταµf ≤ 2, we have

‖αt+1 − α(xt+1, yt+1)‖2 ≤
(

1−
ηαταµf

4

)
‖αt − α(xt, yt)‖2 +

8ηατα
µf
‖∇αf(xt, αt, yt)− vt+1‖2

− 2τα
ηα

(1 +
ηαταµf

4
)(

1

2τα
−

3Lf
4

)‖αt − αt+1‖2 +
8L2

αη
2
x

ηαταµf
‖zt+1‖2

+
8L2

α

ηαταµf
‖yt − yt+1‖2.

Lemma 11 [Lemma 13 [11]] Consider update yt+1 = (1 − ηy)yt + ηyΠY [yt − τywt+1] where
Y ⊂ Rdy is convex. With τy ≤ 1/(3Lg), ηyτyµg ≤ 2, we have

‖yt+1 − y(xt+1)‖2 ≤
(

1− ηyτyµg
4

)
‖yt − y(xt)‖2 +

8ηyτy
µg
‖∇yg(xt, yt)− wt+1‖2

− 2τy
ηy

(1 +
ηyτyµg

4
)(

1

2τy
− 3Lg

4
)‖yt − yt+1‖2 +

8L2
yη

2
x

ηyτyµg
‖zt+1‖2.

Note that in Algorithm 1, since Y = Rdy , the projection is not needed. Thus the update for yt
can be simplified to yt+1 = yt − ηywt+1, where the constant τy is absorbed in the step size ηy.

Lemma 12 [[11][8]] Under Assumption 2,3 and considering update of Algorithm 1, we have

‖E[Ht+1]− [∇2
yyg(xt, yt)]

−1‖ ≤ 1

µg

(
1− µg

Cgyy

)kt
‖Ht+1‖ ≤

kt
Cgyy

, ‖[∇2
yyg(xt, yt)]

−1 −Ht+1‖ ≤
1

µg
+

kt
Cgyy

.

A.1. Proof of Theorem 5

Proof First, we bound the last term of the RHS of 2. Since Ht+1 is an biased estimator of
[∇2

yyg(xt, yt)]−1, we cannot directly apply Lemma 9 to zt+1. Define

∇̂F (xt, αt, yt) = ∇xf(xt, αt, yt)−∇xyg(xt, yt)E[Ht+1]∇yf(xt, yt).

9
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Denote δz,t := ‖∇F (xt, αt, yt)− zt+1‖2, δα,t := ‖αt − α(xt)‖2 and δy,t := ‖yt − y(xt)‖2. By the
update rule of zt+1,

E[δz,t] = E[‖∇F (xt, αt, yt)− zt+1‖2]

= E[‖∇F (xt, αt yt)− (1− βx)zt − βx(Ofx(xt, αt, yt)−Ogxy(xt, yt)Ht+1Ofy(xt, αt, yt))‖2]

= E[‖(1− βx)(∇F (xt−1, αt−1, yt−1)− zt) + (1− βx)(∇F (xt, αt yt)−∇F (xt−1, αt−1 yt−1))

+ βx(∇F (xt, αt yt)− ∇̂F (xt, αt yt)) + βx(∇̂F (xt, αt yt)− (Ofx(xt, αt, yt)
−Ogxy(xt, yt)Ht+1Ofy(xt, αt, yt)))‖2]

= E[‖(1− βx)(∇F (xt−1, αt−1, yt−1)− zt) + (1− βx)(∇F (xt, αt yt)−∇F (xt−1, αt−1 yt−1))

+ βx(∇F (xt, αt yt)− ∇̂F (xt, αt yt))‖2] + β2
xE[‖∇̂F (xt, αt yt)− (Ofx(xt, αt, yt)

−Ogxy(xt, yt)Ht+1Ofy(xt, αt, yt))‖2]

≤ (1 + βx)(1− βx)2E[‖(∇F (xt−1, αt−1, yt−1)− zt‖2]

+ 2

(
1 +

1

βx

)
E[‖∇F (xt, αt yt)−∇F (xt−1, αt−1 yt−1)‖2 + β2

x‖∇F (xt, αt yt)− ∇̂F (xt, αt yt)‖2]

+ β2
xE[‖∇̂F (xt, αt yt)− (Ofx(xt, αt, yt)−Ogxy(xt, yt)Ht+1Ofy(xt, αt, yt))‖2]

(3)
where the last equality follows from the definition of ∇̂F (xt, αt yt), in the sense that

∇̂F (xt, αt yt) = E[Ofx(xt, αt, yt) +Ogxy(xt, yt)Ht+1Ofy(xt, αt, yt)].

The last two terms of 3 can be bounded as

E[‖∇F (xt, αt yt)− ∇̂F (xt, αt yt)‖2] ≤ C2
gxy‖E[Ht+1]− [∇2

yyg(xt, yt)]
−1‖2C2

fy

≤
C2
gxyC

2
fy

µ2
g

(
1− µg

Cgyy

)2kt

,

and

E[‖∇̂F (xt, αt yt)− (Ofx(xt, αt, yt)−Ogxy(xt, yt)Ht+1Ofy(xt, αt, yt))‖2]

≤ 2E[‖∇xf(xt, αt yt)− (Ofx(xt, αt, yt)‖2]

+ 6E[‖∇xyg(xt, yt)E[Ht+1](∇yf(xt, yt)−Ofy(xt, αt, yt))‖2]

+ 6E[‖∇xyg(xt, yt)(E[Ht+1]−Ht+1)Ofy(xt, αt, yt)‖2]

+ 6E[‖(∇xyg(xt, yt)−Ogxy(xt, yt))Ht+1Ofy(xt, αt, yt)‖2]

≤ 2σ2 + 6C2
gxy

k2
t

C2
gyy

σ2 + 24C2
gxy

k2
t

C2
gyy

(C2
fy + σ2) + 6σ2 k2

t

C2
gyy

(C2
fy + σ2) =: C1,

where we use Lemma 12 and E[‖Ofy(xt, αt, yt)‖2] ≤ C2
fy + σ2. Thus,

E[δz,t] ≤ (1− βx)E[δz,t−1] +
4

βx
L2
FE[‖xt − xt−1‖2 + ‖αt − αt−1‖2 + ‖yt − yt−1‖2]

+ 4βx
C2
gxyC

2
fy

µ2
g

(
1− µg

Cgyy

)2kt

+ β2
xC1,

10
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where L2
F = 2L2

f + 6
(
C2
gxy

1
µ2g
L2
f + C2

gxy
L2
gyy

µ4g
C2
fy + L2

gxy
1
µ2g
C2
fy

)
.

Setting kt ≥ Cgyy
2µg

log(16C2
gxyC

2
fy/(µ

2
gε

2)), we have 4C2
gxyC

2
fy/µg

(
1− µg

Cgyy

)2kt
≤ ε2/4. There-

fore,

T∑
t=0

E[δz,t] ≤
δz,0

βx
+

4L2
F

β2
x

T−1∑
t=0

E[‖xt − xt+1‖2 + ‖αt − αt+1‖2 + ‖yt − yt+1‖2] +
ε2T

4
+ βxC1T.

Denote δgy,t := ‖wt+1 −∇yg(xt, yt)‖2 and δfα,t := ‖vt+1 −∇αf(xt, αt, yt)‖2. Applying Lemma
9 to wt+1 and vt+1, we get

E[δgy,t+1] ≤ (1− βy)E[δgy,t] + 2β2
yσ

2 +
L2
g(‖xt − xt+1‖2 + ‖yt − yt+1‖2)

βy

and

E[δfα,t+1] ≤ (1− βα)E[δfα,t] + 2β2
ασ

2 +
L2
f (‖xt − xt+1‖2 + ‖αt − αt+1‖2 + ‖yt − yt+1‖2)

βα
.

By taking telescopic sum, we obtain

T∑
t=0

E[δgy,t] ≤
δgy,0

βy
+ 2βyσ

2T +
L2
gη

2
x

β2
y

T−1∑
t=0

E[‖zt+1‖2] +
L2
g

β2
y

T−1∑
t=0

E[‖yt − yt+1‖2]

and

T∑
t=0

E[δfα,t] ≤
δfα,0
βα

+ 2βασ
2T +

L2
fη

2
x

β2
α

T−1∑
t=0

E[‖zt+1‖2] +
L2
f

β2
α

T−1∑
t=0

E[‖αt − αt+1‖2]

+
L2
f

β2
α

T−1∑
t=0

E[‖yt − yt+1‖2]

Then Lemma 11 and Lemma 10 with telescopic sum give

T∑
t=0

E[δy,t] ≤
4

ηyτyµg
δy,0 +

32

µ2
g

T∑
t=1

E[δgy,t] +
32L2

yη
2
x

η2
yτ

2
yµ

2
g

T−1∑
t=0

E[‖zt+1‖2]− 1

η2
yτyµg

T−1∑
t=0

E[‖yt − yt+1‖2]

≤ 4

ηyτyµg
δy,0 +

32

µ2
gβy

δgy,0 +
64βyσ

2T

µ2
g

+

(
32L2

g

µ2
gβ

2
y

− 1

η2
yτyµg

)
T−1∑
t=0

E[‖yt − yt+1‖2]

+

(
32L2

gη
2
x

µ2
gβ

2
y

+
32L2

yη
2
x

η2
yτ

2
yµ

2
g

)
T−1∑
t=0

E[‖zt+1‖2]

11
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and

T∑
t=0

E[‖αt − α(xt, yt)‖2] ≤ 4

ηαταµf
‖α0 − α(x0, y0)‖2 +

32

µ2
f

T∑
t=1

E[δfα,t] +
32L2

αη
2
x

η2
ατ

2
αµ

2
f

T−1∑
t=0

E[‖zt+1‖2]

− 1

η2
αταµf

T−1∑
t=0

E[‖αt − αt+1‖2] +
32L2

αη
2
x

η2
ατ

2
αµ

2
f

T−1∑
t=0

E[‖yt − yt+1‖2]

≤ 4

ηαταµf
‖α0 − α(x0, y0)‖2 +

32

µ2
fβα

δfα,0 +
64βασ

2T

µ2
f

+

(
32L2

f

µ2
fβ

2
α

− 1

η2
αταµf

)
T−1∑
t=0

E[‖αt − αt+1‖2] +

(
32L2

f

µ2
fβ

2
α

+
32L2

α

η2
ατ

2
αµ

2
f

)
T−1∑
t=0

E[‖yt − yt+1‖2]

+

(
32L2

fη
2
x

µ2
fβ

2
α

+
32L2

αη
2
x

η2
ατ

2
αµ

2
f

)
T−1∑
t=0

E[‖zt+1‖2].

12
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Note that α(x) = α(x, y(x)). By the Lα-smoothness of α(x, y), we get

T∑
t=0

E[δα,t] ≤ 2

T∑
t=0

E[‖αt − α(xt, yt)‖2] + 2

T∑
t=0

E[‖α(xt, yt)− α(xt)‖2]

≤ 8

ηαταµf
‖α0 − α(x0, y0)‖2 +

64

µ2
fβα

δfα,0 +
128βασ

2T

µ2
f

+

(
64L2

f

µ2
fβ

2
α

− 2

η2
αταµf

)
T−1∑
t=0

E[‖αt − αt+1‖2] +

(
64L2

f

µ2
fβ

2
α

+
64L2

α

η2
ατ

2
αµ

2
f

)
T−1∑
t=0

E[‖yt − yt+1‖2]

+

(
64L2

fη
2
x

µ2
fβ

2
α

+
64L2

αη
2
x

η2
ατ

2
αµ

2
f

)
T−1∑
t=0

E[‖zt+1‖2] + 2L2
α

T∑
t=0

E[δy,t]

≤ 8

ηαταµf
‖α0 − α(x0, y0)‖2 +

64

µ2
fβα

δfα,0 +
128βασ

2T

µ2
f

+

(
64L2

f

µ2
fβ

2
α

− 2

η2
αταµf

)
T−1∑
t=0

E[‖αt − αt+1‖2] +

(
64L2

f

µ2
fβ

2
α

+
64L2

α

η2
ατ

2
αµ

2
f

)
T−1∑
t=0

E[‖yt − yt+1‖2]

+

(
64L2

fη
2
x

µ2
fβ

2
α

+
64L2

αη
2
x

η2
ατ

2
αµ

2
f

)
T−1∑
t=0

E[‖zt+1‖2] + 2L2
α

(
4

ηyτyµg
δy,0 +

32

µ2
gβy

δgy,0 +
64βyσ

2T

µ2
g

+

(
32L2

g

µ2
gβ

2
y

− 1

η2
yτyµg

)
T−1∑
t=0

E[‖yt − yt+1‖2] +

(
32L2

gη
2
x

µ2
gβ

2
y

+
32L2

yη
2
x

η2
yτ

2
yµ

2
g

)
T−1∑
t=0

E[‖zt+1‖2]

)

≤ 8

ηαταµf
‖α0 − α(x0, y0)‖2 +

64

µ2
fβα

δfα,0 +
128βασ

2T

µ2
f

+
8L2

α

ηyτyµg
δy,0

+
64L2

α

µ2
gβy

δgy,0 +
128L2

αβyσ
2T

µ2
g

+

(
64L2

f

µ2
fβ

2
α

− 2

η2
αταµf

)
T−1∑
t=0

E[‖αt − αt+1‖2]

+

(
64L2

f

µ2
fβ

2
α

+
64L2

α

η2
ατ

2
αµ

2
f

+
64L2

αL
2
g

µ2
gβ

2
y

− 2L2
α

η2
yτyµg

)
T−1∑
t=0

E[‖yt − yt+1‖2]

+

(
64L2

fη
2
x

µ2
fβ

2
α

+
64L2

αη
2
x

η2
ατ

2
αµ

2
f

+
64L2

αL
2
gη

2
x

µ2
gβ

2
y

+
64L2

αL
2
yη

2
x

η2
yτ

2
yµ

2
g

)
T−1∑
t=0

E[‖zt+1‖2].
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Then Plug the bounds we obtained for
∑T

t=0 E[δα,t],
∑T

t=0 E[δy,t] and
∑T

t=0 E[δz,t] into Lemma 7
to get

T∑
t=0

E[‖∇F (xt)− zt+1‖2] ≤ 3Cα

T∑
t=0

E[δα,t] + 3Cy

T∑
t=0

E[δy,t] + 3
T∑
t=0

E[δz,t]

≤ 24Cα
ηαταµf

‖α0 − α(x0, y0)‖2 +
192Cα
µ2
fβα

δfα,0 +
384Cαβασ

2T

µ2
f

+
24CαL

2
α + 12Cy

ηyτyµg
δy,0 +

192CαL
2
α + 96Cy

µ2
gβy

δgy,0 +
(384CαL

2
α + 192Cy)βyσ

2T

µ2
g

+
3

βx
δz,0 +

3ε2T

4
+ 3βxC1T

+

(
192CαL

2
f

µ2
fβ

2
α

− 6Cα
η2
αταµf

+
12L2

F

β2
x

)
T∑
t=0

E[‖αt − αt+1‖2]

+

(
192CαL

2
f

µ2
fβ

2
α

+
192CαL

2
α

η2
ατ

2
αµ

2
f

+
96(2CαL

2
α + Cy)L2

g

µ2
gβ

2
y

−
6CαL

2
α + 3Cy

η2
yτyµg

+
12L2

F

β2
x

)
T∑
t=0

E[‖yt − yt+1‖2]

+

(
192CαL

2
fη

2
x

µ2
fβ

2
α

+
192CαL

2
αη

2
x

η2
ατ

2
αµ

2
f

+
96(2CαL

2
α + Cy)L2

gη
2
x

µ2
gβ

2
y

+
96(2CαL

2
α + Cy)L2

yη
2
x

η2
yτ

2
yµ

2
g

+
12L2

F η
2
x

β2
x

)
T∑
t=0

E[‖zt+1‖2].
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Applying Lemma 6,

1

T + 1

T∑
t=0

E[‖∇F (xt)‖2] ≤ 2F (x0)− 2F (xT+1)

ηxT
+

1

T

T∑
t=0

E[‖∇F (xt)− zt+1‖2]− 1

2T

T∑
t=0

E[‖zt+1‖2]

≤ 2F (x0)− 2F (x∗)
ηxT

+
1

T

T∑
t=0

E[‖∇F (xt)− zt+1‖2]− 1

2T

T∑
t=0

E[‖zt+1‖2]

≤ 2F (x0)− 2F (x∗)
ηxT

+
1

T

(
24Cα
ηαταµf

‖α0 − α(x0, y0)‖2 +
192Cα
µ2
fβα

δfα,0

+
24CαL

2
α + 12Cy

ηyτyµg
δy,0 +

192CαL
2
α + 96Cy

µ2
gβy

δgy,0 +
3

βx
δz,0

)

+

(
3βxC1 +

384Cαβασ
2

µ2
f

+
(384CαL

2
α + 192Cy)βyσ

2

µ2
g

)
+

3ε2

4

+
1

T

(
192CαL

2
f

µ2
fβ

2
α

− 6Cα
η2
αταµf

+
12L2

F

β2
x

)
T∑
t=0

E[‖αt − αt+1‖2]

+
1

T

(
192CαL

2
f

µ2
fβ

2
α

+
192CαL

2
α

η2
ατ

2
αµ

2
f

+
96(2CαL

2
α + Cy)L2

g

µ2
gβ

2
y

−
6CαL

2
α + 3Cy

η2
yτyµg

+
12L2

F

β2
x

)
T∑
t=0

E[‖yt − yt+1‖2]

+
1

T

(
192CαL

2
fη

2
x

µ2
fβ

2
α

+
192CαL

2
αη

2
x

η2
ατ

2
αµ

2
f

+
96(2CαL

2
α + Cy)L2

gη
2
x

µ2
gβ

2
y

+
96(2CαL

2
α + Cy)L2

yη
2
x

η2
yτ

2
yµ

2
g

+
12L2

F η
2
x

β2
x

− 1

2

)
T∑
t=0

E[‖zt+1‖2]. (4)

By setting

η2
α ≤ min

{
µfβ

2
α

64ταL2
f

,
β2
xCα

4ταµfL
2
F

}

η2
y ≤ min

{
µfβ

2
α(6CαL

2
α + 3Cy)

768τyµgCαL2
f

,
η2
ατ

2
αµ

2
f (6CαL

2
α + 3Cy)

768τyµgCαL2
α

,
µgβ

2
y

128τyL2
g

,
βx(2CαL

2
α + Cy)

16τyµgL2
F

}

ηx ≤ min

{
µfβα

62
√
CαLf

,
ηαταµf

62
√
CαLα

,
µgβy

44
√

2CαL2
α + CyLg

,
ηyτyµg

44
√

2CαL2
α + CyLy

,
βx

16LF

}
,

15
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we have

192CαL
2
f

µ2
fβ

2
α

− 6Cα
η2
αταµf

+
12L2

F

β2
x

≤ 0

192CαL
2
f

µ2
fβ

2
α

+
192CαL

2
α

η2
ατ

2
αµ

2
f

+
96(2CαL

2
α + Cy)L2

g

µ2
gβ

2
y

−
6CαL

2
α + 3Cy

η2
yτyµg

+
12L2

F

β2
x

≤ 0

192CαL
2
fη

2
x

µ2
fβ

2
α

+
192CαL

2
αη

2
x

η2
ατ

2
αµ

2
f

+
96(2CαL

2
α + Cy)L2

gη
2
x

µ2
gβ

2
y

+
96(2CαL

2
α + Cy)L2

yη
2
x

η2
yτ

2
yµ

2
g

+
12L2

F η
2
x

β2
x

− 1

2
≤ 0,

Which implies that the last three terms of RHS of inequality (4) are less or equal to 0. Hence,

1

T + 1

T∑
t=0

E[‖∇F (xt)‖2] ≤ 2F (x0)− 2F (x∗)
ηxT

+
1

T

(
24Cα
ηαταµf

‖α0 − α(x0, y0)‖2 +
192Cα
µ2
fβα

δfα,0

+
24CαL

2
α + 12Cy

ηyτyµg
δy,0 +

192CαL
2
α + 96Cy

µ2
gβy

δgy,0 +
3

βx
δz,0

)

+

(
3βxC1 +

384Cαβασ
2

µ2
f

+
(384CαL

2
α + 192Cy)βyσ

2

µ2
g

)
+

3ε2

4
.

With

βx ≤
ε2

108C1
, βα ≤

ε2µ2
f

13824Cασ2
, βy ≤

ε2µ2
g

6912(2CαL2
α + Cy)σ2

T ≥ max

{
144(F (x0)− F (x∗))

ηxε2
,
1728Cα‖α0 − α(x0, y0)‖2

ηαταµf ε2
,
13824Cαδfα,0

µ2
fβαε

2
,

864(2CαL
2
α + Cy)δy,0

ηyτyµgε2
,
6912(2CαL

2
α + Cy)δgy,0

µ2
gβyε

2
,
216δz,0

βxε2

}
,

we have
1

T + 1

T∑
t=0

E[‖∇F (xt)‖2] ≤ 1

12
ε2 +

1

12
ε2 +

3

4
ε2 ≤ ε2

Furthermore, to show the second part of the theorem, we have

T∑
t=0

E[‖∇F (xt)− zt+1‖2] ≤

(
24Cα
ηαταµf

‖α0 − α(x0, y0)‖2 +
192Cα
µ2
fβα

δfα,0 +
24CαL

2
α + 12Cy

ηyτyµg
δy,0

+
192CαL

2
α + 96Cy

µ2
gβy

δgy,0 +
3

βx
δz,0

)

+ T

(
3ε2

4
+ 3βxC1 +

384Cαβασ
2

µ2
f

+
(384CαL

2
α + 192Cy)βyσ

2

µ2
g

)

+
1

2

T∑
t=0

E[‖∇F (x)‖2 + ‖∇F (x)− zt+1‖2].

16



A STOCHASTIC MOMENTUM METHOD FOR MIN-MAX BILEVEL OPTIMIZATION

With parameters set above, it follows that

1

T + 1

T∑
t=0

E[‖∇F (xt)− zt+1‖2] ≤ 2ε2

A.2. Proof of Lemma 6

Proof By LF -smoothness of F (x), with ηx ≤ 1
2LF

, we have

F (xt+1) ≤ F (xt) +∇F (xt)T (xt+1 − xt) +
LF
2
‖xt+1 − xt‖2

= F (xt)− ηx∇F (xt)T zt+1 +
LF
2
η2
x‖zt+1‖2

= F (xt) +
ηx
2
‖∇F (xt)− zt+1‖2 −

ηx
2
‖∇F (xt)‖2 +

(
LF
2
η2
x +

ηx
2

)
‖zt+1‖2.

A.3. Proof of Lemma 7

Proof By the standard inequality ‖a+ b+ c‖2 ≤ 3‖a‖2 + 3‖b‖2 + 3‖c‖2 we can split ‖∇F (xt)−
zt+1‖2 into three parts. For simplicity, we denote the first two terms obtained as A1, A2.

‖∇F (xt)− zt+1‖2 ≤ 3‖∇F (xt, α(xt), y(xt))−∇F (xt, αt, y(xt))‖2 + 3‖∇F (xt, αt, y(xt))−∇F (xt, αt, yt)‖2

+ 3‖∇F (xt, αt, yt)− zt+1‖2

= 3A1 + 3A2 + 3‖∇F (xt, αt, yt)− zt+1‖2

The first term can be bounded as following

A1 = ‖∇xf(xt, α(xt), y(xt))−∇xf(xt, αt, y(xt))
+∇xyg(xt, y(xt))∇−1

yy g(xt, y(xt))[∇yf(xt, αt, y(xt))−∇yf(xt, α(xt), y(xt))]‖2

≤ 2‖∇xf(xt, α(xt), y(xt))−∇xf(xt, αt, y(xt))‖2

+ 2‖∇xyg(xt, y(xt))∇−1
yy g(xt, y(xt))[∇yf(xt, αt, y(xt))−∇yf(xt, α(xt), y(xt))]‖2

≤

(
2L2

f + 2
C2
gxyL

2
f

µ2
g

)
‖αt − α(xt)‖2

=: Cα‖αt − α(xt)‖2.
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The second term can be bounded in a similar way,

A2 = ‖∇xf(xt, αt, y(xt))−∇xf(xt, αt, yt) +∇xyg(xt, yt)∇−1
yy g(xt, yt)∇yf(xt, αt, yt)

−∇xyg(xt, y(xt))∇−1
yy g(xt, y(xt))∇yf(xt, αt, y(xt))‖2

≤ 2‖∇xf(xt, αt, y(xt))−∇xf(xt, αt, yt)‖2 + 2‖∇xyg(xt, yt)∇−1
yy g(xt, yt)∇yf(xt, αt, yt)

−∇xyg(xt, y(xt))∇−1
yy g(xt, y(xt))∇yf(xt, αt, y(xt))‖2

≤ 2L2
f‖yt − y(xt)‖2 + 6‖[∇xyg(xt, yt)−∇xyg(xt, y(xt))]∇−1

yy g(xt, yt)∇yf(xt, αt, yt)‖2

+ 6‖∇xyg(xt, y(xt))[∇−1
yy g(xt, yt)−∇−1

yy g(xt, y(xt))]∇yf(xt, αt, yt)‖2

+ 6‖∇xyg(xt, y(xt))∇−1
yy g(xt, y(xt))[∇yf(xt, αt, yt)−∇yf(xt, αt, y(xt))]‖2

≤

(
2L2

f + 6
L2
gxyC

2
fy

µ2
g

+ 6
C2
gxyL

2
gyyC

2
fy

µ4
g

+ 6
C2
gxyL

2
f

µ2
g

)
‖yt − y(xt)‖2

=: Cy‖yt − y(xt)‖2.

Combining the three inequalities above gives the desired result.

A.4. Proof of Lemma 10

Proof Define α̃t+1 = ΠA[αt + ταvt+1]. Then αt+1 = αt + ηα(α̃t+1 − αt), and

‖αt+1 − α(xt, yt)‖2 = ‖αt + ηα(α̃t+1 − αt)− α(xt, yt)‖2

= ‖αt − α(xt, yt)‖2 + η2
α‖α̃t+1 − αt‖2 + 2ηα(α̃t+1 − αt)T (αt − α(xt, yt)).

As a result,

(α̃t+1−αt)T (αt−α(xt, yt)) =
1

2ηα
(‖αt+1−α(xt, yt)‖2−‖αt−α(xt, yt)‖2−η2

α‖α̃t+1−αt‖2) (5)

Due to Lf -smoothness of f(x, α, y) with respect to α, we have

−f(xt, α̃t+1, yt) ≤ −f(xt, αt, yt)−∇αf(xt, αt, yt)
T (α̃t+1 − αt) +

Lf
2
‖α̃t+1 − αt‖2.

Hence

−f(xt, αt, yt) ≥ −f(xt, α̃t+1, yt) +∇αf(xt, αt, yt)
T (α̃t+1 − αt)−

Lf
2
‖α̃t+1 − αt‖2.

Due to the µα-strong concavity of f(x, α, y) in α, we have

−f(xt, α, yt) ≥ −f(xt, αt, yt)−∇αf(xt, αt, yt)
T (α− αt) +

µα
2
‖α− αt‖2

= −f(xt, αt, yt)−∇αf(xt, αt, yt)
T (α− α̃t+1)−∇αf(xt, αt, yt)

T (α̃t+1 − αt)

+
µα
2
‖α− αt‖2

= −f(xt, αt, yt)− vTt+1(α− α̃t+1)− (∇αf(xt, αt, yt)− vt+1)T (α− α̃t+1)

−∇αf(xt, αt, yt)
T (α̃t+1 − αt) +

µα
2
‖α− αt‖2.
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Combine the above inequalities and we have

−f(xt, α, yt) ≥ −f(xt, αt, yt)− vTt+1(α− α̃t+1)− (∇αf(xt, αt, yt)− vt+1)T (α− α̃t+1)

−∇αf(xt, αt, yt)
T (α̃t+1 − αt) +

µα
2
‖α− αt‖2

≥ −f(xt, α̃t+1, yt)− vTt+1(α− α̃t+1)− (∇αf(xt, αt, yt)− vt+1)T (α− α̃t+1)

−
Lf
2
‖α̃t+1 − αt‖2 +

µα
2
‖α− αt‖2

(6)
Note that α̃t+1 = ΠA[αt + ταvt+1] = arg minα∈A

1
2‖α− αt − ταvt+1‖2. Since A is a convex

set and the function 1
2‖α − αt − ταvt+1‖2 is convex in α, according to the first order optimality

condition of convex function, we have

(α̃t+1 − αt − ταvt+1)T (α− α̃t+1) ≥ 0, ∀α ∈ A.

Then we obtain

vTt+1(α− α̃t+1) ≤ 1

τα
(α̃t+1 − αt)T (α− α̃t+1)

=
1

τα
(α̃t+1 − αt)T (α− αt) +

1

τα
(α̃t+1 − αt)T (αt − α̃t+1)

=
1

τα
(α̃t+1 − αt)T (α− αt)−

1

τα
‖αt − α̃t+1‖2

(7)

Combining (6) and (7) yields

−f(xt, α, yt) ≥ −f(xt, α̃t+1, yt)−
1

τα
(α̃t+1 − αt)T (α− αt)− (∇αf(xt, αt, yt)− vt+1)T (α− α̃t+1)

+
1

τα
‖αt − α̃t+1‖2 −

Lf
2
‖α̃t+1 − αt‖2 +

µα
2
‖α− αt‖2
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Take α = α(xt, yt) and we obtain

−f(xt, α̃t+1, yt) ≥ −f(xt, α(xt, yt), yt)

≥ −f(xt, α̃t+1, yt)−
1

τα
(α̃t+1 − αt)T (α(xt, yt)− αt)

− (∇αf(xt, αt, yt)− vt+1)T (α(xt, yt)− α̃t+1) +
1

τα
‖αt − α̃t+1‖2

−
Lf
2
‖α̃t+1 − αt‖2 +

µα
2
‖α(xt, yt)− αt‖2

≥ −f(xt, α̃t+1, yt)−
1

τα
(α̃t+1 − αt)T (α(xt, yt)− αt)

− 2

µα
‖∇αf(xt, αt, yt)− vt+1‖2 −

µα
4
‖α(xt, yt)− αt‖2 −

µα
4
‖αt − α̃t+1‖2

+
1

τα
‖αt − α̃t+1‖2 −

Lf
2
‖α̃t+1 − αt‖2 +

µα
2
‖α(xt, yt)− αt‖2

= −f(xt, α̃t+1, yt) +
1

2ηατα
(‖αt+1 − α(xt, yt)‖2 − ‖αt − α(xt, yt)‖2 − η2

α‖α̃t+1 − αt‖2)

− 2

µα
‖∇αf(xt, αt, yt)− vt+1‖2 −

µα
4
‖α(xt, yt)− αt‖2 −

µα
4
‖αt − α̃t+1‖2

+
1

τα
‖αt − α̃t+1‖2 −

Lf
2
‖α̃t+1 − αt‖2 +

µα
2
‖α(xt, yt)− αt‖2,

where the equality follows from 5.
Hence we have

‖αt+1 − α(xt, yt)‖2 ≤
(

1− µαηατα
2

)
‖αt − α(xt, yt)‖2 +

4ηατα
µα
‖∇αf(xt, αt, yt)− vt+1‖2

+ 2ηατα

(
ηα
2τα

+
µα
4
− 1

τα
+
Lf
2

)
‖αt − α̃t+1‖2

≤
(

1− µαηατα
2

)
‖αt − α(xt, yt)‖2 +

4ηατα
µα
‖∇αf(xt, αt, yt)− vt+1‖2

+ 2ηατα

(
3Lf

4
− 1

2τα

)
‖αt − α̃t+1‖2,
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where we use ηα ≤ 1/2, µα ≤ Lf and τα ≤ 1/(3Lf ).
As a result,

‖αt+1 − α(xt+1, yt+1)‖2 = ‖αt+1 − α(xt, yt) + α(xt, yt)− α(xt+1, yt+1)‖2

≤
(

1 +
ηαταµα

4

)
‖αt+1 − α(xt, yt)‖2

+

(
1 +

4

ηαταµα

)
‖α(xt, yt)− α(xt+1, yt+1)‖2‖2

≤
(

1 +
ηαταµα

4

)
‖αt+1 − α(xt, yt)‖2

+

(
1 +

4

ηαταµα

)
L2
α(‖xt − xt+1‖2 + ‖yt − yt+1‖2)

≤
(

1− µαηατα
4

)
‖αt − α(xt, yt)‖2 +

8ηατα
µα
‖∇αf(xt, αt, yt)− vt+1‖2

+
(

1 +
ηαταµα

4

)
2ηατα

(
3Lf

4
− 1

2τα

)
‖αt − α̃t+1‖2

+
8L2

α

ηαταµα
(‖xt − xt+1‖2 + ‖yt − yt+1‖2)

≤
(

1− µαηατα
4

)
‖αt − α(xt, yt)‖2 +

8ηατα
µα
‖∇αf(xt, αt, yt)− vt+1‖2

+
(

1 +
ηαταµα

4

) 2τα
ηα

(
3Lf

4
− 1

2τα

)
‖αt − αt+1‖2

+
8L2

α

ηαταµα
(‖xt − xt+1‖2 + ‖yt − yt+1‖2),

where we use (1 + ε/2)(1− ε) ≤ (1− ε/2− ε2) ≤ 1− ε/2 and Lemma 8.
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