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Abstract

We study the best arm identification problem in linear multi-armed bandits (LMAB) in the fixed
confidence (6-PAC) setting; this is also the problem of optimizing an unknown linear function over
a discrete ground set with noisy, zeroth-order access. We propose an explicitly implementable
and provably order-optimal sample-complexity algorithm to solve this problem. Most previous
approaches rely on access to a minimax optimization oracle which is at the heart of the complexity
of the problem. We propose a method to solve this optimization problem (upto suitable accuracy) by
interpreting the problem as a two-player zero-sum game, and attempting to sequentially converge to
its saddle point using low-regret learners to compute the players’ strategies in each round which
yields a concrete querying algorithm. The algorithm, which we call the Phased Elimination Linear
Exploration Game (PELEG), maintains a high-probability confidence ellipsoid containing §* in
each round and uses it to eliminate suboptimal arms in phases. We analyze the sample complexity
of PELEG and show that it matches, up to order, an instance-dependent lower bound on sample
complexity in the linear bandit setting without requiring boundedness assumptions on the parameter
space. PELEG is, thus, the first algorithm to achieve both order-optimal sample complexity and
explicit implementability for this setting. We also provide numerical results for the proposed
algorithm consistent with its theoretical guarantees.

1. Introduction

We study the problem of best arm identification (BAI) in linearly parameterised multi-armed bandits.
Given a (finite) set of feature vectors X = {z1,z2,...,zx}, a confidence parameter § and an
unknown vector 6%, the goal is to identify argmax, y x7 0*, with probability at least 1 — J, using
noisy measurements of the form x” 6* (fixed-confidence setting) as quickly as possible. Formally,
the agent plays sequentialy and in every round ¢ = 1,2,... the agent chooses an arm x; € X,
and receives a reward y(z;) = H*Txt + n¢. Recently, Degenne et al.[4] use an approach similar
to Degenne et al. [3] to design an algorithm called LinGame for pure exploration in LMAB. Their
algorithm achieves the information-theoretic lower bound for sample complexity in the limit as § | 0.
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A closer look, however, indicates various interesting directions for improvement. Firstly, being a
fully adaptive algorithm, the stopping criteria used in Degenne et al. [4] rely on potentially weaker
concentration results, which aim at controlling deviations in all (i.e., 24 directions. We address this
by proposing a phased algorithm which relies on tighter deviation bounds, along only the difference
directions obtained from the surviving arms in each phase. Second, LinGame requires knowledge of
an explicit upper bound on ||6*||, — an unknown model parameter. In fact, Degenne et.al. [4] leave
it as an open problem to remove the requirement of a bound on ||#*||,. We instead make use of an
action-set property, namely, C' := Ay, <Z zEXy xxT>, which is computable in advance, indicating
that this is possible, but with the additional dependence on C. Here X'p denotes a barycentric spanner
of the armset which consists of atmost d arms. We note that the lower bound (i.e., with constant
factor 1) in Degenne et al. [4] is achieved only in the limit as 0 | 0; its non-asymptotic (in 1/9)
version has additive (second-order) terms (see Table 1) which can be large and effect the sample
complexity of their algorithm.

We try to follow, at a high level, the template of Fiez et al. [5], who give an algorithm with
information-theoretically optimal (instance-dependent) PAC sample complexity. Their algorithm
however, requires repeated oracle access to a minimax optimization problem,; it is not clear, from a
performance standpoint, in what manner (and to what accuracy) this optimization problem should
be practically solved (for its experiments, the paper implements a (approximate) minimax oracle
using the Frank-Wolfe algorithm and a heuristic stopping rule, but this is not rigorously justifiable
for nonsmooth optimization, see Sec. 3) to enjoy the claimed sample complexity. In this paper, we
give an explicit linear bandit best-arm identification algorithm with instance-optimal PAC sample
complexity and, more importantly, a clearly quantified computational effort by using new techniques:
the main ingredient in the proposed algorithm is a game-theoretic interpretation of the minimax
optimization problem that is at the heart of the instance-based sample complexity lower bound. This
in turn yields an adaptive, sample-based approach using carefully constructed confidence sets for the
unknown parameter 6*. The adaptive sampling strategy is driven by the interaction of 2 no-regret
online learning subroutines that attempt to solve the minimax problem approximately.

Assumptions and Notation. The noise 7, is zero-mean assumed to be conditionally 1— sub-
Gaussian. We denote by Vé“* the distribution of the reward obtained by pulling arm k& € [K],
ie, Vt > 1,y(z;) ~ vk, whenever z; = z;. Given two probability distributions p, v over R,
K L(p,v) denotes the KL Divergence of p and v (assuming p < v). Given 6 € R?, let a* =
a*(0) = argmax 07 z,, where we assume that 6 is such that the argmax is unique. We assume that

a€[K]
llzkll, < 1,V € X. Given a positive definite matrix A, ||z|| 4 := VT Az denotes the matrix
norm induced by A. For any i € [K],i # a*, let A; := 0" (x4 — x;) be the gap between the
largest expected reward and the expected reward of (suboptimal) arm z;. Let Ay, 1= minie[ K] A;.
We denote B(z,r) as the closed ball with center z and radius . We define Pk to be the set of
all probability mass functions on an alphabet of size K .For the benefit of the reader, we provide a
glossary of commonly used symbols in Sec. A.

2. The Minimax Optimization Problem and Pure-exploration games

We first note that a lower bound on the sample complexity of any §- PAC algorithm for the canon-
ical (i.e., unstructured) bandit setting [6] was generalized by Fiez et al [5] to the linear bandit
setting. This result states that any §-PAC algorithm in the linear setting must satisfy Eg-[7] >
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However, x* is unknown. Fiez et al [5] design a nontrivial strategy (RAGE) that attempts to mimic
the optimal allocation w* in phases. Specifically, in phase m, it tries to eliminate arms that are about
2~ ™-suboptimal (in their gaps), by solving (1) with a plugin estimate of §*. This approach, however,
is based crucially on solving minimax problems of the form (1). Though the inner (max) function is
convex as a function of w on the probability simplex (see e.g., Lemma 1 in [12]), it is non-smooth,
and it is not clear how, and to what extent, it must be solved in [5]. We are able to circumvent this
obstacle by using ideas from games between no-regret online learners with optimism, as introduced
by the work of Degenne et al [3] for unstructured bandits.

We consider the following related geometrical optimization problem of fitting an ellipsoid inside

a polygon, both centered at origin, namely max min NE r, where C,,,(z) is a
polye & y WEPK AeUzex,,Cm(x) ” HZ:ceX W TL m( )

union of halfspaces, defined in 1. By subsequently reducing the size of the polygon (i.e., value of &,
in alg 1) we get arbitary reduction in size of the confidence-ellipsoid. Consider the two-player, zero-
sum Pure-exploration Game in which the M AX player (or column player) plays an arm k; € [K]|
while the M IN (or row) player chooses an \; € Ucx,,Cpy(x). M AX then receives a payoff of
H)\tHng from MIN. With M AX moving first and playing a mixed strategy w € P(X), the value

of the game becomes B,,, = max min NE . As is shown in Appendix G Prop.
g m wGPK )\GUxEXmCm(w) H HZQ?EX wmIIT pp p

14 this quantity is directly related to 1/Dyg-.

We crucially employ no-regret online learners to solve this Pure Exploration Game. More
precisely, no-regret learning with the well-known Exponential Weights rule/Negative-entropy mirror
descent algorithm [9] on one hand, and a best-response convex programming subroutine on the other,
provides a direct sampling strategy that obviates the need for separate allocation optimization and
rounding for sampling as in [5]. One crucial advantage of our approach (inspired by [3]) is that we
only use a best response oracle to solve for Ty« (w), which gives us a computational edge over [5]
who employ the computationally more costly max-min oracle to solve Ty« (w), or, its linear bandit
equivalent, Dy-.

3. Algorithm and Sample Complexity Bound

Our algorithm, that we call “Phased Elimination Linear Exploration Game” (PELEG), is presented
in detail in Appendix B as Algorithm 1. PELEG proceeds in phases with each phase consisting
of multiple rounds, maintaining a set of active arms Xy, for testing during Phase m. An OLS
estimate 6, of 8* is used to estimate the mean reward of active arms and, at the end of phase
m, every active arm with a plausible reward more than ~ 27" below that of some arm in X, is
eliminated. Suppose S, := {z € X\ {z*} : 0T (2* —z) < > }. If we can ensure that X;,, C Sy,
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in every Phase m > 1, then PELEG will terminate within [logy(1/Ain)] phases, where Ay, =
MmN g4, o+ (z* — ) . This statement is proved in Corollary 13 in the Supplementary Material.
Approximating the minimax problem using no regret learners. We formulate the minimax
problem discussed in Sec. 2 as a two player, zero-sum game. We solve the game sequentially,
converging to its Nash equilibrium by invoking the use of the EXP-WTS algorithm [1]. Specifically,
in each round ¢ in a phase, PELEG supplies EXP-WTS (MAX player) with an appropriate loss
function (M ’l“X and receives the requisite sampling distribution w; . This wy is then fed to the second
no-regret learner (MIN player) — a best response subroutine — that finds the ‘most confusing’ plausible
model A to focus on. This is a minimization of a quadratic function over a union of finitely many
convex sets (halfspaces intersecting a ball) which can be transparently implemented in polynomial
time. Once the sampling distribution is found we use an efficient tracking procedure to ensure that

forevery t > 1, Z wk — (log K) < Z w¥ + 1 (see [4] for a proof). This procedure avoids

the use of exphclt roundlng technlques

Finally, in each phase m, we need to sample arms often enough to (i) construct confidence
intervals of size at most 2~ (™*+1) around (x — 2")T0*, Va,2' € X,,, (ii) ensure that X, C S, and
(iii) that z* € AX,. In Sec. F, we prove a Key Lemma (whose argument is discussed in Sec. 4) to show
that our novel Phase Stopping Criterion ensures this with high probability. It is worth remarking
that the use of phased elimination template of Fiez etal [5] eliminates the need to use more complex,
self-tuning online learners like AdaHedge [2], as used in [3] and more recently [4], in favour of the
simpler Exponential Weights (Hedge). The main theoretical result of this paper is the following
performance guarantee. A more detailed version is in Appendix Sec. G.

Theorem 1 (Sample Complexity of Algorithm 1) With probability at least 1 — 6, the worst-case
sample complexity of PELEG is bounded as

T<@<log2(m>.

C2Dp. 2

In Sec. 4, we sketch the arguments behind the result with the full proof in Sec. G.

Remark 2 As explained in Sec. 2, the optimal (oracle) allocation requires O ( 1 —log 5 ) samples.
Comparing this with (2), we see that our algorithm is instance optimal up to logarzthmlc factors,

barring the loggﬂ term. In most applications, feature vectors (i.e., 1, -+ ,Tk) are chosen to
represent the feature space well which translates to a high value of C(i.e.,C = Q(1)).

Remark 3 We conjecture that the extra log(1/0) factor arises only because of the way the analysis
is carried out. As is shown in the proof of lemma 9, in the definition of €., (line 1), whenever
Em == %)mﬂ, the phase length can be bounded without the extra log(1/9) term. On the other
hand, if an upperbound ||6*||, < S is known, then we can to use this information into our algorithm.
More details can be found in appendix (Sec. H), where we also sketch a sample complexity bound for
this new version of PELEG (we call PELEG-S, alg 2) which does not depend on the parameter C.

This brings out an intrinsic trade-off between the knowledge of S and C.
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4. Sketch of Sample Complexity Analysis

At a high level the proof of Theorem 1 involves two main parts: (1) a correctness argument for the
central while loop that eliminates arms, and (2) a bound for its length, which, when added across all
phases, gives the overall sample complexity bound.

1. Ensuring progress (arm elimination) in each phase. At the heart of the analysis is the
following result which guarantees that upon termination of the central while loop, the uncertainty in
estimating all differences of means among the surviving (i.e., non-eliminated) arms remai(ns boE{l)dzed.

()"

Lemma 4 (Key Lemma) After each phase m > 1, max |z — x’Hivm ) < ST K278
Nm m

z,x' € X, ;xFET!

Proof sketch. Phase m ends at round ¢ when the ellipsoid £(0, V™, r,,), with center 0 and shape
according to the arms played in the phase so far, becomes small enough to avoid intersecting the half
spaces C,,, (z), for all surviving arms z, within the ball NB(0, D,,) (Phase Stopping Criteria of the
algorithm) which is required to keep loss functions bounded for no-regret properties. Consider the
simpler situation when there are only two arms remaining: x;, ;. When a phase ends we have one of
two possibilities. Fig. 1 (a) shows a situation when the ellipsoid V", shaded in blue, has just broken
away from the red regions in the interior of the ball. Because its extent in the direction x; — x; lies
within the strip between the two hyperplanes bounding C,;, (%), C,,,(j), it can be shown (see proof of
lemma in appendix) that ||z; — x| (vymy-1 is small enough to not exceed roughly 27" The more
challenging situation is when the ellipsoid V" breaks away from the red regions by breaching the
boundary of the ball B(0, D,,,), as in Figure 1 (b). The while loop terminating at this time would not
satisfy the objective of controlling ||z; — x;|| (vmy-1 to within 277, since the extent of the ellipsoid

in the direction z; — x; is larger than the gap between the halfspaces Cy,, (x;) and Cp, ().

N AT (2 — 25) < —¢}

NN (2 — 25) < —¢}

Ellipsoid extent
. sufficiently small

DN (@ - aj) > e}

Ellipsoid fits within this

= ||z — o < g-m Span(z; — ;) Ellipsoid fits within this
] (V-1 =

= [z — TjH(vtm)—x s2 ™ 7

Span(z; — ;)

(a) ‘Easy’ case: The blue ellipsoid separates from (b) ‘Difficult’ case: The green ellipsoid separates from

the halfspaces intersecting the ball (red) by staying the halfspaces intersecting the ball (red) by breaching.

within.

Figure 1: Phase stopping condition in Algorithm 1 ensures ||z; — ;| (V)1 < 27™ after phase m.
t

2. Bounding the number of arm pulls in a phase. The main bound on the length of the central
while loop is the following result.
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Lemma 5 (Phase length bound) Ler B, := min max |z — 2’ le/v—l- There exists O
wWEPK x,x' €Xp, ,xF#x!

such that ¥§ < dg, the phase length Ny, for any m is bounded as :
max {8Bm (2m)2 [(\%_1%] + 1,d} , Em = D’ff (%)m+1 )
max {8Bm (2?72 + 1, d} ) Em = (%)m+1 .

To prove this we use the no-regret property of both the best-response M IN and the EXP-WTS
M AX learner (the full proof appears in the appendix). A key novelty here is the introduction of
the ball B(0, D,,) as a technical device to control the 2-norm radius of the final stopped ellipsoid
E(0, V™, rp,) (inequality (7) in the proof).

N <

S. Experiments

We numerically evaluate PELEG, against the algorithms X Y-static ([10]), LUCB ([7]), ALBA ([11]),
LinGapE ([8]) and RAGE ([5]), for 3 common benchmark settings. The oracle lower bound is
also calculated. Note: In our implementation, we ignore the term B(0, D,,) in the phase stopping
criterion; this has the advantage of making the criterion check-able in closed form. We simulate
independent, A/ (0, 1) observation noise in each round. All results reported are averaged over 50 trials.
We also empirically observe a 100% success rate in identifying the best arm, although a confidence
value of 6 = 0.1 is passed in all cases.

Setting 1: Standard bandit. The arm set is the standard basis {e1,es,...,e5} in 5 dimen-
sions. The unknown parameter 6* is set to (A,0,...,0), where A > 0, with A swept across
{0.1,0.2,0.3,0.4,0.5}. As noted in [8], for A close to 0, X')-static’s essentially uniform allocation
is optimal, since we have to estimate all directions equally accurately. However, PELEG performs
better (Fig. 2(a)) due to being able to eliminate suboptimal arms earlier instead of uniformly across
all arms. Fig. 2(b) compares PELEG and RAGE in the smaller window A € [0.11,0.19], where
PELEG is found to be competitive (and often better than) RAGE.

Setting 2: Unit sphere. The arms set comprises of 100 vectors sampled uniformly from
the surface of the unit sphere S?~!. We pick the two closest arms, say u and v, and then set
0* = u+~y(v—u) for v = 0.01, making u the best arm. We simulate all algorithms over dimensions
d =10, 20,...,50. This setting was first introduced in [11], and PELEG is uniformly competitive
with the other algorithms (Fig. 2(c)).

Setting 3: Standard bandit with a confounding arm [10]. We instantiate d canonical basis
arms {e1, €9, ..., eq} and an additional arm 2441 = (cos(w), sin(w),0,...,0),d =2,...,10, with
0* = e so that the first arm is the best arm. By setting 0 < w << 1, the d 4+ 1th arm becomes
the closest competitor. Here, the performance critically depends on how much an agent focuses on
comparing arm 1 and arm d 4 1. LinGapE performs very well in this setting, and PELEG and RAGE
are competitive with it (Fig. 2(d)).

6. Concluding Remarks

We proposed a new, explicitly described algorithm for BAI in linear bandits, using tools from
game theory and no-regret learning to solve minimax games. The algorithm proposed is the first
attempt towards instance-optimality without the explicit knowledge of a bound on the parameter
space available to the learner. Several interesting directions remain unexplored. Removing the extra
logarithmic dependence on log(1/4) is perhaps the most interesting technical question. It is also of
great interest to see whether machinery can be extended to solve for best policies in general MDPs.
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Figure 2: Sample complexity performance of LMAB algorithms for 3 different settings: Standard
bandit (Figs. a, b), Unit Sphere (Fig. ¢) and Standard bandit with confounding arm (Fig. d).
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Appendix A. Glossary of symbols

1.

10.
11.
12.

13.
14.
15.
16.

17.

18.

19.
20.
21.
22.
23.
24.

AM AX": the EXP-WTS algorithm, used to compute the mixed strategy of the M AX player in
each round of PELEG.

. a* : the index of the best arm, i.e., a* := argmax;e(g| J:Z»TO*.

. B(0, Dyy,) : the closed ball of radius D, in RY, centered at 0.

€ = huin (e 227

 Cp(z) == {XeRY: I € Xy, 2 # x|\Ta/ > ATz + €, } is the union of all hyperplanes

AeRINT (2 —z) = e ).
Dy = 2(v/2 — 1)\/ o

max lz—a'||3 log K ©
20! € Xy ta!

. d : dimension of space in which the feature vectors x1, - - - , T reside.

A= (2 —2)T0%, i £ at

Apin = mini;éa* A;.
0 : maximum allowable probability of erroneous arm selection (a.k.a confidence parameter).

Om = 5.

£(0,V,r) := {x € R? | \TV X < r?}, is the confidence ellipsoid with center 0, shaped by V/
and 7.

K = |X| number of feature vectors.
N, : the length of Phase m.
vy, : rewards from Arm k are all drawn IID from v,.

P(Q) := {p € [0,1] ;|| p |[1= 1}, the set of all probability measures on some given set ).

Tm = \/SIOg?—Z.

6* : fixed but unknown vector in R? that parameterizes the means of v, i.e., the mean of v}, is
T p*

x; 0%,
k

n¥ : number of times Arm & has been sampled up to Round ¢ of PELEG.

0., : OLS estimate of 6* at the end of Phase m of PELEG.
Vi => s<t zsx! the design matrix in Round ¢ of Phase m.
Wi =3, cx weza” the design matrix formed by sampling arms~ w € P(X).

X ={x1, -+ ,xK}, the feature set.

X, the set of features that survive Phase m of PELEG.
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A.1. Sample complexity comparison of BAI algorithms for LMAB in literature

Algorithm Sample Complexity Remarks
. Static allocation, worst-case optimal
- d 1 1 2 ,
AY-static [10] O<Ami" (I3 +In K +In g 70) +d ) Dependence on d cannot be removed
LinGapE' [8] O(dH olog (dHO log %)) Fully adaptive, sub-optimal in general.
ALBA [11] O(Zle A% In (% +In 3 L ) ) Fully adaptive, sub-optimal in general (see [5])
%
1 oo ((E2108% 1/ Amin )) Instance-optimal, but
RAGE[3] o (De* log1/Amin log ( s Minimax oracle required
o2 32 (loo 3/4 i *
LinGame [4] o (los1/3+I3dy /log 1/5+S2(log 1/5) 'Requn'es knowlgdge qf a upperb.ound on .H(J I
Do Optimal lower bound is achieved only in the limitas ¢ | 0
) Instance-optimal (upto a factor of log(K/5)/C?),
2 252
PELEG (this paper) | O <log2(llj/ﬁm in) {log ((logxl/ﬁ;’m)) K /Jq > Explicitly implementable
Only requires knowledge of C' which can be computed in advance

Table 1: Comparison of Sample complexities achieved by various algorithms for LMAB in the
literature. Here S is a bound on 2-norm of * and Hj) is a complicated term defined in terms of a
solution to an offline optimization problem in [8].

Appendix B. Details of Algorithm 1
Appendix C. Technical lemmas

C.0.1. DETAILS OF AMAX (EXP-WTS)

We employ the EXP-WTS algorithm to recommend to the MAX player, the arm to be played in
round ¢ > K. At the start of every phase m > 1, an EXP-WTS subroutine is instantiated afresh,
with initial weight vectors to be 1 for each of the K experts. The K experts are taken to be standard
unit vectors (0,0,...,0,1,0,...,0) with 1 at the k" position, k € [K]. The EXP-WTS subroutine
recommends an exponentially-weighted probability distribution over the number of arms, depending
upon the weights on each expert. The loss function supplied to update the weights of each expert, is
indicated in Step 1 of Algorithm 1.

EXP-WTS requires a bound on the losses (rewards) in order to set its learning parameter optimally.
This is ensured by passing an upper-bound of D2, (. in any Phase m, |All; < Dy, see Step 2? of
Algorithm 1).

Lemma 6 In any phase m, at any round t > K, AM AX has a regret bounded as

2

D
—m_ Jtlog K.
V2 -1 &

Proof The proof involves a simple modification of the proof of the regret analysis of the EXP-WTS
algorithm (see for example, [1]), with loss scaled by [0, D2,] followed by the well-known doubling
trick. |

Ry <

10
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Algorithm 1 Phased Elimination Linear Exploration Game (PELEG)
Input: X', a barycentric spanner of X': X, d.

Init: m «+ 1, &, + X.

while {|X,,,| > 1} do

Om 25

—1
Dm<—2(\/§—1)\/0< max HJ:—:U’HglogK)
z,2' € X ,xF !

Tm < \/8log (K?2/4,,)
Em 4 Mmin {1, Dm\/ar;f} (%)mJrl .
Let Cp(z) := {)\ eRY: 3" € A, 2! # x| \Ta! > N + sm}, forxz € X,,.
Play each arm in X'p once and collect rewards. Burn-in period
Vk € [K|,nd = 1{xr € Xp}, V"« > aal, t <+ d.

reEXp
Initialize AMAX = EXP — WTS with expert set {€1,---,ex} C RX and loss function
l%‘{lX() MAX player: EXP-WTS
Phase Stopping Criterion

while min A2 <2 L do
{)\EUzemem(a:)mB(O,Dm)H ||Vf X m}

K
Get w; from A% AX and form the matrix W, = wf T kxf
k=1
At argmin H)\H%,Vt MIN player: Best response
AEUzex,, Com (2)NB(0,Dn)
2
Fork € [K],UF := (M=)
Construct loss function I[M4X (w) = —wT U,

Play arm k; = argmax Zt: wk —n¥ | Tracking
ke[K] s=1

nft « nft 1

Collect sample Y; = O*Txkt +

Vit =V + .kat.’L‘ktT.

end
Ny, +—t

- /Ny,
Om — (VA) ! <Z stk> LSE of 6*
s=1
./ferl <— argmax afnw Xng1 {gp c Xm|é?n(-/f\m+1 _ $) < 27(m+2)} )

TEX
m <+ m + 1.

end
Return X, Output surviving arm

11
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Appendix D. Proof of Key Lemma
Lemma 7 (Key Lemma) At the end of each phase m > 1,

()

gy < 8log K2/6

max
2 € X ,xFx!

T —

Proof Let r,,, := \/8log K?/0,,, for ease of notation. The phase stopping criterion is

STOP at round ¢t > K if: i Moy > 2. 3
atrount e U crrﬁg)lmB(o,Dm)H H(Vzvm) m 3)
rEXm

Note that the set C,,, (z) depends on the value that &, takes in phase m. Depending on the value
of &, we divide the analysis into the following two cases.

Case 1. g, = (1/2)"".

D/ C

In this case

Tm

> 1. For any phase m > 1, and ¢ > 1, let us define the ellipsoid & (0, V™, ry,) 1=
{0 eRe: ||0va <r } The phase stopping rule at round ¢ > K is equivalent to :

STOP if : O, V™, ﬂ{ U Cm(x)nB(0,D )} = () (empty set)
rEXm
& {E(O,Vtm,rm)ﬂB(O,Dm)}ﬂ{ U Cm(:x)} =
TEXm,

However by Rayleigh’ inequality? followed by the fact that £ mf > 1, we have for any 0 €
E(0, Vi, rm),

012, (% 0|1 2
1613 < AH‘ Hg;m) 2| l(vt <<l
min\ V¢ )\mzn(kzl mkx%)

K ¢
The inequality (*) follows from the following fact: fort > K, V" = > apal + > zsal 3=
k=1 s=K+1

=
8

T
k.ka.

b
Il
—

0,V rp,) C B(0, Dy,),Vt > K. Hence the phase stopping rule reduces to,

STOP if: 5(o,vtm,rm)ﬂ{ U Cm(x)} —(0<  min )H)\H%/tm > 72

A€U T
r€EXm pEXmm

VN min INZm > 72,
xe U {VNToeXNToy(1/2)m ¢
(z,z’)GX,,Qn

2. for any PSD matrix A and € R%, Apin(A) < 2l Az Amaz (A)
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The above reduction is a minimization problem over union of halfspaces. For any fixed pair
(z,2") € X2, x # 2/, this is a quadratic optimization problem with linear constraints, which can be
explicitly solved using standard Lagrange method.

Lemma 8 (Supporting Lemma for Lem. 7) For any two arms x and ', we have that

()™’

H.’I} — X H(Vtm)—l

ANV N T =X Tet (1))

Proof The result follows by solving the optimization problem explicitly using the Lagrange multiplier
method. |

By using the above lemma we obtain:

» ((%)m+1)2
8log K2 /b
(@)

Hence, at round t = N,,, we have, Vz, 2’ € X, x # 2, ||z — :C’H?V]Qnm),l < ST K270

STOP if:Vx, 2’ € X,z # o,

x_mlll?v

Dm\/» ( )m—l-l.

Case 2. ¢,,, = 3

In this case, we have D, f < 1.

The phase ends when V(:E, z') € X2, min ||)\|le > 72, Let us de-

Ae{AeR¥AT 2/ >AT z+ep }NB(0,Dim)
compose the optimization problem defining the phase stopping criteria into smaller sub-problems,
depending on pair of arms (z, ) in X2 That is, we split the set Ucx, Cp () in equation (3), and
consider the following problem: for any pair of distinct arms (z, z’) € X,,, consider

P(z,2) : min ||)\||%/tm
Ae{AEREAT &/ > AT 242 }NB(0, D)

let t,, ,» be the first round when min N[} > 72,. Clearly, we have
AE{AERINT &/ > AT z+e,, }NB(0,Dim) t

Ny = max . Inaddition, forany t > t, ./, H)\va =\T (Vtm + 50 £y b1 LT ) A=
(z,2")eX?, x#a’

||)\||Vm + ZS —t, /+1( rI)\)? > ||AH%/fm o> r2,. Hence, once the inequality for a given pair of

arms (JJ a') is fulﬁlled it is satisfied for all subsequent rounds. We will now analyze the problem
P(z, ") for each pair of arms (z,z’) € X2 individually.

For any ¢t > 1, define \} € argmin I \|[3-m. Note that A} is specific to the pair
A{AEREAT 2/ AT 2tem } '
AB(0,Dum)
(x,2").

13



EMPLOYING NO REGRET LEARNERS FOR PURE EXPLORATION IN LINEAR BANDITS

CLAaM 1. X T(2) — x) = £,,,Vt > 1.

Proof [Proof of Claim 1] For the proof, let’s denote A* = A;. Now, suppose that the claim was not
true, i.e., \*7 (2 — x) = €,, + a for some a > 0. Let b = m Then 0 < b < 1. Define

N := (1 — b)A*. By construction, N7 (¢/ — ) = &, and || X[, = (1 — b) [|A*]|, < [|A*]l,. Hence
Ne{xeR: AT > Xz + €, }NB(0, Dy, ). However, [INlym = (1= 0) [IA*[[ym < [IA"[[ym,
which is a contradiction. n
Att =t, ,, we have min IA|[Zm > 2,. We have two sub-cases depending
Ae{AeRINT 2/ >N wten, } ¢
AB(0,D,)
on the 2-norm of ;.

SUB-CASE 1. [}y < Dp,.

In this case, we have the following equivalence:
. 2 . 2
min H)\H‘/;n == min ”)\H‘/;n .

Ae{AeREAT 2/ 2N T tepm } Ae{AeRENT 2/ 2N T tem }
NB(0,Dm)

This can be seen by noting that if |A}||, < D,,, then the corresponding Lagrange multiplier is
zero. Hence at round ¢ = t, ./, by solving a standard Lagrange optimization problem, we get

9 52 D2 c (l)Q('mA»l) 1 2(m+1)
— / m — m 2 2 . .
|z —x H(Vtm)_l < Slg k2o, = 1% SlgKZ/on < Blog KI5, The last inequality follows from

the hypothesis of Case 2. Since N,, > t, ./, we get ||z — :E’||?VI(],L -1 < |z —z

(&)Y’

8Tog K2/om °

2 -1 <
(v.)

SUB-CASE 2. |[A}]|5 = Dp,.

The sub-case when ||Af||, = D,,, is more involved. Let’s enumerate the properties of \j att = t, ./
that we have.

2
o [Ailly = D
o T (z—2') =ep.

We divide the analysis of this sub-case into two further sub-cases.

SUB-SUB-CASE 1. 72, ||z — @/[{ymy-1 > .

Let 0f := argmax 67 (2’ — z). Then, one can verify by solving the maximization problem
QEE(O,Wm,Tm)
*T (.1
9i @'=%) (1) _ z). We have the
[Eetid |

following properties of #; by construction, which are straight-forward to verify.

explicitly that 677 (2/ — z) = 7, |2/ — [l (ymy-1. Let 01 =

7'm||33,_$||(vtm)71

o ll6ally = —r=r,

14
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o 0T (07 —6y) = 0.

_N@ ) _ e o,
Let A\; := = (' — ). It follows that, ||A1]|, = =l = o sl
. e TmHII*xH(Vm)_l * € *
Finally, let us define two more quantities. Let Ay := —————~——M\} and 0 := ———=2——0;.
Em Tﬂlllx -Z’H(thn)fl

We have by the hypothesis of sub-sub-case 1, that ||f]3 < [|f]|3. This implies that 6, €
EWO, V™ ).
Next, we make the following two claims on the 2-norms of 63 and 6; — 6;.

CLAIM. ||02||y > Dy,.

Proof [Proof of Claim.] Suppose that 8, € B(0, D,,). By construction, 61 (2’ — x) = ¢,,. Hence,
0o € {NeR: X2/ > X'z +¢,,} N B(0,Dy,). Since, 6, € £(0, V™, ry,), this implies that

162]]y/m < rvm. However, this is a contradiction since at round ¢, min > 72, |
¢ Ae{ A2 2N zte, }
NB(0,Dm)

Hence, we have the following,

2 2 €2, w2 D2 Lo 12 2
Dy, < [|62]|5 = 2 3 107115 = S0z = 10515 > [[X2ll; -
I P - el

CLAIM. [|0; — 6113 > [|A2 — 61]]5.

Proof [Proof of Claim.] First we note that,

*T () T'm l'/—ﬂf my—
eﬂﬁ—xg—@@x%f—wf(ﬁ— ” W”)lx)

2" — I3 Em

2 2
r2 ||z’ — [ (ymy 1 r2, ||’ — l[(ymy 1 B

2 2
[Ed [Ed

Next observe that,
* * T
167 — 61115 = (167115 + 161115 — 265" 61
= 116715 + 161115 — 2(6; — A2)"61 — 261 X
= 165115 + 1161115 — 267 A
> (A2l + 16115 — 261 A2 = [|A2 = 615 -

Putting things together we have,

* (12 * 2 2
107115 = 1105 — 61115 + [1611]5

2 * 12 * 2

= 10115 = 1015 — 1165 — 011]3

2 2 2
= [10ullz < 116112 = A2 = 013

15
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r2, |z — 2||Fym- 2 D2 1
T (L Lt Pl e
|2/ — |5 t Em |l =
2’ = &lfymy 1 ) D2 1
5> ——t < — |2 =z | - ———
2’ — I3 ¢l vz en |l — a3
2 2
||1:/_:L'”(‘/fm)—1 < l _ H /_ H2 ) % ||l'/_$||(‘/tm)—1
2 my— 2
2" — |3 c V™™ e 2" — |3
1\m+1 2
el S DRC (1Y ©ka
r — X my— = — S
VM=t T D20 r2,D2,C \2 8log K2/6,

SUB-SUB-CASE 2. 72, ||z — 2/[[fym) -1 < €2,

This case is trivial as by the hypothesis,

1\ 2

2 2 e (Y ()
Hx_x/H < m _ Tm= = — < S
(Vtm)—l\rgn 7,7271 ,,n2 2 810gK2/5m

This completes the proof of the key lemma.

Appendix E. Proofs of bounds on phase length

In this section we will provide an upper-bound on the length of any phase m > 1. Clearly, the length
of any phase m is governed by the value of €, in that phase. Towards this, we have the following
lemma.

Lemma 9 (Phase length bound) Ler B, := min max |z — 2 le/v—l- There exists O
wEPK x,x' €Xpy ,xF#x!

such that ¥ < 0y, the length Ny, of any phase m is bounded as :

max{2Bm (2m+1)2 [(&%_13%‘)7%2} + 1,d} if ey = Pm¥C (%)m+17

N, <
" max {2Bm (2’”“)2 r2 +1, d} if €m = (%)mJrl )

Proof Clearly by the design of the algorithm, every phase has a minimum of d phases as —Xg| = d.
Recall that r,,, = \/8log K?2/4,,. Let t be the last round in phase m, before the phase ends. Then by
definition of phase stopping rule (Step 12 of the algorithm),

2 . 2
re > min AM|Trm
"7 N6 U Cm(2)NB(0,Dm) | ”Vt"

TEXm,

(i) ¢
> i M2, — D2 Klog K
e U CﬁgﬂB(ome);ll Iy, — D2, K log

TEXm

16
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(i)
> 3 A, - DAK log K

WSS wk (Aay)? — D2 K log K

s=1 k=1
(@) S kT2 B 2
> max w” (A xx) — vtlog K — D Klog K
wepleg ( s k) f_ 1 & m g
2
= Z; [ Xslliy — \[m tlog K — D? K log K
=t. max Z [IA SHW tlog K — D; Klog K
(v) . 2 : 2
> t. max min Exq [H)\HW] - m—\/tlog K — D; Klog K
wePK f— 1
q67’< U Cm(fv)ﬂB(O,Dm)>
TEXm
(vi) _ > ; 2
> t. max min Exvg [H)\HW] n 1\/tlogK —D; KlogK
we _
KqEP( U Cm(I))
TEXm
(vii) | €2,
= tlog K — D, Klog K.
B,

Here the inequalities follow because of (i) lemma ??, (ii) best-response of MIN player as given in
Step 15 of the algorithm (iii) by definition of Wy in Step 14, (iv) regret property of MAX player

(see lemma 6), (v) E sI{A=X}eP| U Cun(z)nB(0, Dm)> , (vi) taking minimum over
TEXm
a larger set, and (v11) follows by explicitly solving the minimization problem and recalling the

definition of B,,, We have that,

B, B
e —=— D \/log KVt < T’” mt 3 DnKlogK. (4)
- €m m

We will do the analysis depending on the value that €, takes in phase m.

Casel. g, = 2nVC (;)mﬂ.

Tm

Dmf

In this case we have, < 1. Applying the value of ¢,,, in eq. (4), we have

B,

_W
Bm

. m+1)2 m
=t (\/i—l)CTm@ ) \/logK\/igDQC

B
\/logK\/ Tm +TmenKlogK
5
m

m

4 (2m+1)2 + BFmTfn (2m+1)2 Klog K.
)

17
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Let T}, := DB2 ST, (2m+1) + Bé”r (2m+1) Klog K. The function t — /% is a differentiable

concave function, meaning for any t1,ts > 0, \/f2 < /1 + ﬁ(tg — t1). We therefore have

—T,,).
Applying both these to (5) and rearranging, we get
2B 2m+t1)* | Slog K
t<Tn|1+ mm ( ) o8 5 .
2(v/2 — 1)CV/Ty, — Bpr2, (2717 \/log K

Note that for small enough 9, the first term in the definition of 7},, dominates the second term, i.e.,
there exists 5(() ) > 0 such that Vo < ¢ (1 )

Bm +1 Bm 4 +1)2
el 2 (2" Klog K < D?ncrm(gm )%,
=12 > Klog KD?, 6)

. 2
This means that 7,,, < 2 DBQmCrﬁl (2m*1)7 | and hence,

Byrd (2mt! 2B,,r2, (2m1)7 Vg K
tgzrpgc Il rin (27)" VIog
12
" 2(v2 — 1)Cy ) BmrmP 0T 2 (2m41)? log K
B (277 [ 2D,/ By (27+1) log K
= _— +
2
DinC 2(VZ — DVC = D/ By (271 log K

We note here the following lower bound on B,,.

B,, = min max
wEPK w,x’eX,,L,a,’;éx’

> min s dmin W [l =],

_ 1 o 2
N wHEIg}(xacer.r)l(i ,xFEx! Amax(W) HH? o H2

> min max
wEPK x,x' €Xpy ,xF#T!

Il
x T 9

= max
z,x' € X, xFx!

By using the value of D,,, as given in Step 6 of the algorithm, we note that

C

a — 2|2 log K
xﬁx,ergl(mfx#x,\lx '||3 log

Dm\/Bm (2m+1)?log K = 2(vV2 — 1) \/Bm (2m+1)? log K

18
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C
>2(V/2-1) max |z — /|2 (27*+1)? log K
H)}(a Hx — 2| log K \| w2/ €Xm 2w’
x,x ‘e m T

= (2™ 2(vV2 - VO > 2(V2 - 1)VC.

Using this we get a bound on ¢ as:

b oBm mrd, (2m11)? _ o Bm mrd, (2m11)? N2 1os K
SETDe T T Pave - 107 e |7 108
4 log K
< 2B 2m+1 2 |: T'm 108 :|
m ( ) (\/§ - 1)202

K

Since, by assumption, C' = A\jin (Z xkx%g) = 0O(1),wehavet < lim O (Bm (2’”“)2 i log K) , Vo <
k=1

sb.

Case2. ¢, = (%)mﬂ.

We have in this case that, 2 m\f > 1. Applying the value of €, in eq. (4), we obtain

B, B
— " D% log KVt < —’” 2 17" D2 Klog K 7
(V2 —1)e s ez, m g Hm 08 @
B
:>t—(\/§7ml) (2m+1) VIog KvVE < Bpr?, (271)% + B, (271 D3 K log K. (8)

Let Ty, := Bpr2, (2m+1) + B, (2’”“)2 D2 Klog K.. As before, noting that ¢t + +/ is a
concave, differentiable function, we have

—T,,).
2\/ m)
Applying this to (8) and rearranging, we get
2B 2m+t1) % Slog K
t<Tn|1+ mm ( ) & 5 .
2(v/2 — 1)CV/Ty, — Bpr2, (2m1)° \/log K

Going along the same lines as Case 1, we see that there exists 5(()2) > (O such that V § < 6(2)
T < 2By12, (2m+1) , whence
t < 2B, (271)? 12

m*

We now set g = m1n{5(1) 6 )}

19
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Appendix F. Justification of elimination criteria

In this section, we argue that progress is made after every phase of the algorithm. We will also show
the correctness of the algorithm. Let us define a few terms which will be useful for analysis.

Let S, = eX: 0T (z* —1z) < LY. Let BY := min max | E—

m {x (‘T x) 2 } m wE’}DK (27 I/)e 'mvx¢$/ ”x v HW !

where W = E w”xy,. Finally, define T7, DB;”C T (2m+1) - %rfn (2’”“)2 D2 Klog K.

k=1

Define a sequence of favorable events {gm}m>1 as,

2B (2m+1)2 log K
{ ( —1)C\/T}, — Bir, (2m+1)? /log K (= ()Xt g

Remark 10 Conditioned on the event Gp,—1, v* € X, and X,,, C S,,. Hence, By, < B}, and
T, < T,. Hence, under the event G,,_1,

2B r2 (2m+1)? /log K
Np, < T, <1+ m )" Vo a.s

V2 —1)C\/T5 — B2, (212 log K
Note here that the right hand side is a non-random quantity.

Lemmall P [gm ‘ gm_l,...,gl] >1— 6.

Proof [Proof of lemma 11] Let y = x; — x; for some z;,x; € Xy, x; # x;. Since 0, is a
least squares estimate of 6*, conditioned on the realization of the set X, y? (ém — 9*) is a

HyH?VzUlm )-1 —sub-Gaussian random variable.

By the key lemma 7 we have that HyH?VJGL )1 Using property of sub-

< 1
= 8 log(K2/6m)”
Gaussian random variables, we write for any € (0, 1),

£ ()

which implies that

e[l (1)

Taking intersection over all possible iy € ) (X,,,), and setting n = 26,,/K?, gives

> 21l -1 108 (2/n) | Gt G1] <,

2log (2/n)
. \/8 (27 +1)? log (K2 /6,n) | gm_l,...,gll <.

[Vy eV (X ‘y (9* 0 )‘ <2 (m+2) | gm_l,...,gl} > 1= 6, )

Conditioned on G,,_1, z* € X,,,. Let 2’ € X, be such that 2’ ¢ S, 1. Lety = (2* — 2’). Then
y € Y (Xn)- By eq. (9) we have with probability > 1 — d;,:

(m* — x’)T (9* — é\m) <2 (m+2) o 9 (:13 —x ) > 2= (m+1) _g=(m+2) _ o—(m+2)

20
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Thus arm 2’ will get eliminated after phase m by the elimination criteria of algorithm 1(see step 25
of algorithm 1). Hence X,;,+1 C Spp1 W.p. = 1 — .

Next, we show that conditioned on G, _1, * € X411, w.p. > 1 — J,,. Recall that Z,, is the
empirically best arm at the end of phase m. Hence Z,,, € AX},+1. Suppose that x* gets eliminated at
the end of phase m. This means that 5}2 (Zp — %) > 27(™+2) However, by eq. 9,

(F — )T (ém - e*) <2+ o grT (2 — 3,) < 0

which is a contradiction, since x* is a best arm. This, along with note 10 shows that [P [Qm ’ Gm—1,.--, gl] >
1—9,,.
|

Corollary 12 Let G := () Gm.

m>1
]P’[ﬂ gm] > ﬁ (1-‘2) >1-4.
m>=1 m=1 m

Corollary 13 Under the event G, the maximum number of phases of Algorithm 1 is bounded by

1
1Og2 A'mzn :

Proof Recall that A, = mingey .o o7 (z* — x) . The proof follows by observing that after
any phase m, under the favorable event G,,,_1, X;;, C S,,,. Since the size S,,, shrinks exponentially
with the number of phases (because S, = {7 € X : 0*7 (z* — z) < 5% }), we have the result. W

Appendix G. Proof of bound on sample complexity

We begin by observing the following useful result from [5]. Recall that

. (Q*T (x* _ x))2
Dy = max  min 3
wWEA K xEX ,xFT* Hx* — ;(;HW_I

Proposition 14 ([5])
10g2 A'rrln'n
> o < Mo /)
m=1 D@*

Using proposition 14 we now give a bound on the asymptotic sample complexity of algorithm 1.

Theorem 15 With probability at least 1 — §, PEPEG returns the optimal arm after T rounds, with

logy (1/Ammin) (10% ((logz (1/Amin))? K /5))2 log K
Dee (V2 —1)2C?

<256 IOgQ (1/Amin)

T < | 2048 +

Do~ log ((logz (1/Amin))* K* /5)> '
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Proof The proof follows from Lemma 9 (phase length bound), Corollary 13 (bound on number of
phases), Prop. 14 above and the fact that the sum of several non negative quantities is bigger than
their max.

To begin with, the discussion in Sec. F shows that in every phase, B,, < B, . Next, Lemma 9
gives us (w.h.p),

10g2 (I/Amzrw)

T = Z Ny,
m=1

logy(1/Amin) ) ’1”4 logK )
< Z max{QB:n (2m+h) [Mg—l)?(ﬂ} ,2B;, (2™ r?n} + dlogy (1/Amin)
m=1
logs(1/Amin) ) 7a4 IOgK logs (1/Amin) )
< 2B;, (2 [m] + 2B, (2™ 12, + dlogy (1/Apin)
> Vi)t

Hence, using the fact that r,, = y/8log K?/,, and invoking Prop. 14 we get

10g2 ( I/Amin)

T< Y 5123;;(27”)2[(

log (K2/6,,))* log K]

m=1 (\/§ - 1)202
10g2(1/Amin) 9
+ > 64B;, (2™) log (K?/6m) + dlogy (1/ Amin)
m=1
2

© 041082 (1/Bwmin) (102; ((logz (1/Amin))” K2/5)> log K
h Do~ (V2 —1)2¢C?

+ 2560g2(D/9*) log ((logs (1/Amin))* K2/6) + d1ogy (1/Amin)

where (x) follows from the fact that g% = m25K 2 g Uoeal/ Ag’”'”))QKQ. |

Appendix H. Knowledge of a bound on ||6*||

In this section we give a sketch for the sample complexity in the case when an upperbound on ||6*||
is known. The algorithm is shown here (Alg. 2).

Let S be an upperbound on ||6*||,. We use a regularized version for the grammian matrix. Note
a separate burn-in phase for each phase is not reqiured in this case. For A > 0 and any phase m > 1,

t ~ ~ N
let V;" = A + > szl The ridge estimate 6,, of 0* is given by 6,, = V](}?m_l > Ysap,. Let
s=1 s=1
t
Sy =Y Ysxy,. We sketch the sample complexity analysis of algorithm 2.
s=1

e Concentration. We first observe the following useful lemma.
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Algorithm 2 Phased Elimination Linear Exploration Game-known S (PELEG-S)
Input: X', S, 6.

Init: m «+ 1, &, + X.

while {|X,,,| > 1} do

Om 25

(€my D, 7m) = SetParams-S(X', S, m, 0,,)

Let Cpp(z) := {/\ eERY: I € A, 2’ # x| \NTa! > AT + 5m}, forz € X,,.

Vk € [K],nd =0, V" < A\, t < 0.

Initialize AMAX = EXP — WTS with expert set {€1,---,éx} C RX and loss function
IMAX(), MAX player: EXP-WTS

Phase Stopping Criterion

while min IN[Fm <72, ¢ do
xe U Cm(z)NB(0,Dm) ¢
TEXm
t+—t+1
K
Get w; from .A% AX and form the matrix W; = wkaxz
k=1
At argmin H)‘”t?/[/t MIN player: Best response
AEUge 2y, Con ()NB(0, Dy )
For k € [K], U} := ()\tTa:k)Q.
Construct loss function [M4X (w) = —wTU;

Play arm k; = argmax i wk —nf | Tracking
ke[K] s=1

nft — nft 41

Collect sample Y; = G*Ta:kt +

Vit = V;STI + :thxktT.

end
Ny, &

~ Nm
Oy < (Vi) <2 Y:Uk> LSE of 6*

Tma1 ¢ argmax

rEX,
Xpy1 {x € Xp|0L Fpsr — ) < 2*<m+2>} .
m < m + 1.

end
Return X, Output surviving arm

Lemma 16 N
Hem s

<[Shllym -1 + VAS.
ym Nm

Nm

Nm Nm
Proof Let V()\) := A + Y x5l and Vg := 3 zgal.
s=1 s=1

oo

= v ) Vd* — 0
vo = VOO S, V)

V(N
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Algorithm 3 SetParams-S(X', S, m, d,,)

Dm<—2(ﬂ—1)\/ A

max Hz—x’HglogK
z,x! € X ,xFx!

T 4V d + 21/ (10g(K2/6,)) + VAS.
Dm\ﬂA)} (1™

Em ¢ min< 1,

Return ¢,,,, D;,, 7.

= [V tsw, + (v e - 1) o7

V(A

*

(R R

vy Ik
= 5% vy + /0T (VOO Vo = 1) V( ( NV 1) 0"
1)

= ”S’Nm”v(,\r1 +4/07 (V < 1V0 - Vo — o

= 13y + VAT (1= VO W6) 0 < I, gy -+ -+ VAS
|

By standard sub-Gaussianity bounds and by observing that Vt_l/ 28, ~ N (O, Vt_l/ 2VtVt_1/ 2) ,
we get the following result.

Lemma 17
#[fi-v
Vi

Hence for any fixed y € R?, with probability > 1 — §,,,

‘ (@m - 0*>Ty’ < yllyge - (4\/& +2/(log(1/6,)) + \FAS) : (10)

Hence we have,

P | € 9 s | (B =) o] < Iyl - (v + 20 ToatRZ )+ VAs) | 1

< AVd +2+/(1og(1/6,,)) + \FAS] >1-—

(1D
¢ Uncertainity control. After every phase m > 1,
2
max 117 > <(/) .
z,x’ xF#x Nm Tm
(z,2")EXT,

The proof is same as D.
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e Phase length bound. With 7, := 4v/d + 2+/(log(K?2/6,,)) + V/AS, as defined in Alg 3 we
follow similar steps as in E to obtain the following bound on phaselength.

Lemma 18 (Phase length bound for alg. 2) Let B, := min max ||z —a ||%V_1.
wEPK z,x' € X ,xF#2!

There exists 6o such that ¥§ < dg, the length Ny, of any phase m is bounded as :

e {2 N R 11 e P

2B,, (271?12, 4+ 1 ifem = (3"

e Finally, putting things together we get the following bound for high probability sample
complexity bound.

Theorem 19 With probability at least 1 — §, PEPEG-S returns the optimal arm after T rounds,
with

togy (1/8n) | (105 (085 (1/8050))2 K2/5) ) log K + A25°
1

<
r< | C De- 2 +
1 .
(CQW log ((logg (1/Apmin))? K2/5>> + C3d® 10y (1/ Apin).-
9*

Appendix I. Experiment Details

In this section, we provide some details on the implementation of each algorithm. Each experiment
was repeated 50 times and the errorbar plots show the mean sample complexity with 1-standard
deviations.

e For implementation of PELEG, as mentioned in Sec. 5, we ignore the intersection with the
ball B(0, D,,) in the phase stopping criterion. This helps in implementing a closed form
expression for the stopping rule. The learning rate parameter in the EXP-W'TS subroutine is

set to be equal to (1/D?2)/8log K /t.

e LinGapE: In the paper of [8] LinGapE was simulated using a greedy arm selection strategy that
deviates from the algorithm that is analyzed. We instead implement the LinGapE algorithm in
the form that it is analyzed.

e For implementation of RAGE, ALBA and XY —ORACLE, we have used the code provided in
the Supplementary material of Fiez et al [5]. We refer the readers to Appendix Sec. F of [5]
for further details of their implementations.
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