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Abstract
While second order optimizers such as natural gradient descent (NGD) often speed up optimization,
their effect on generalization has been called into question. This work presents a more nuanced
view on how the implicit bias of optimizers affects the comparison of generalization properties.
We provide an exact bias-variance decomposition of the generalization error of overparameterized
ridgeless regression under a general class of preconditioner P , and consider the inverse population
Fisher information matrix as a particular example. We determine the optimal P for both the bias
and variance, and find that the relative generalization performance of different optimizers depends
on label noise and “shape” of the signal (true parameters): when the labels are noisy, the model is
misspecified, or the signal is misaligned, NGD can achieve lower risk; conversely, GD generalizes
better under clean labels, a well-specified model, or aligned signal. Based on this analysis, we
discuss approaches to manage the bias-variance tradeoff, and the benefit of interpolating between
first- and second-order updates. We then extend our analysis to regression in the reproducing kernel
Hilbert space and demonstrate that preconditioned GD can decrease the population risk faster than
GD. Lastly, we empirically compare the generalization error of first- and second-order optimizers
in neural network, and observe robust trends matching our theoretical analysis.

1. Introduction

We study the generalization property of an estimator θ̂ obtained by minimizing the empirical risk
(or the training error) L(fθ) via a preconditioned gradient update:

θt+1 = θt − ηP (t)∇θtL(fθt), t = 0, 1, . . . (1.1)

Setting P = I recovers gradient descent (GD). Choices of P which exploit second-order informa-
tion include the inverse Fisher information matrix, which gives the natural gradient descent (NGD)
[3]; the inverse Hessian, which leads to Newton’s method; and diagonal matrices estimated from
past gradients, corresponding to adaptive gradient methods [26, 44]. These preconditioners often
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WHEN DOES PRECONDITIONING HELP OR HURT GENERALIZATION?

alleviate the effect of pathological curvature and speed up optimization, but their generalization
properties has been under debate. While [42, 81, 83] reported that in neural network optimization,
adaptive or second-order methods generalize worse than gradient descent, other empirical studies
suggested that second-order methods can achieve comparable, if not better generalization [86, 87].

The generalization property of optimizers relates to the dis-
cussion of implicit bias [32], i.e. preconditioning may lead to a
different converged solution, as shown in Figure 1. Among
many propose explanations, our starting point is the well-
known observation that GD implicitly regularizes the param-
eter `2 norm. For instance in overparameterized least squares
regression, GD and many first-order methods find the mini-
mum `2 norm solution from zero initialization (without explicit
regularization), but preconditioned updates often do not. While
the minimum norm solution may generalize well in the overpa-
rameterized regime [11], it is unclear whether preconditioning
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Figure 1: Function output of inter-
polating two-layer sigmoid network
(1D) trained with preconditioned GD.

leads to inferior solutions – even in the simple setting of overparameterized linear regression, quan-
titative understanding of how preconditioning affects generalization is large lacking.

Motivated by the observation above, in Section 2 we start with overparameterized least squares
regression and analyze the stationary solution of update (1.1) under time-invariant P . Extending
previous analysis in the proportional limit [34], we derive the generalization error in its bias-variance
decomposition. We then decide the optimal P within a general class of preconditioners for both the
bias and variance, and focus on the comparison between GD (P =Id), and NGD (P is the inverse
population Fisher1). We find that comparison of generalization is affected by the following factors:
1. Label Noise: Additive noise in the labels contributes to the variance term in the risk. We show

that NGD achieves the optimal variance among a general class of preconditioned updates.

2. Model Misspecification: Under misspecification, there does not exist fθ that perfectly learns
the true function (target). We argue that this factor has similar effect as label noise.

3. Data-Signal-Alignment: Alignment describes how the target signal distributes among input
features. We show that GD achieves lower bias for isotropic signal, whereas NGD is preferred
under “misalignment” — when large directions of the features match the small signal directions.

In Section 3.1 and 3.2 we discuss how the bias-variance tradeoff can be realized by choices of P
(e.g. interpolating between GD and NGD) or early stopping. In Section 3.3 we extend our analysis to
regression in the RKHS and show that an update that interpolates between GD and NGD reduces the
population risk faster than GD. Finally, in Section 4 we empirically show that our findings in linear
model carry over to neural networks: under a student-teacher setup, we compare the generalization
of GD with preconditioned updates and confirm the influence of all aforementioned factors.

2. Asymptotic Risk of Ridgeless Interpolants

We consider the following setup: given training points {xi}ni=1 labeled by a teacher model (target
function) f∗ with additive noise: yi = f∗(xi) + εi, we learn a linear student fθ by minimizing
L(X, fθ) =

∑n
i=1

(
yi − x>i θ

)2. We assume a random design: xi = Σ
1/2
X zi, where zi ∈ Rd is

1. From now on we use NGD to denote the population Fisher-based update, and we write “sample NGD” when P is
the inverse or pseudo-inverse of the sample Fisher; see Appendix B for discussion.
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an i.i.d. vector with zero-mean, unit-variance, and finite 12th moment; ε is i.i.d. noise with variance
σ2. We aim to compute the population risk R(f) = EPX [(f∗(x)− f(x))2] in the following limit:
• (A1) Overparameterized Proportional Limit: n, d→∞, d/n→ γ ∈ (1,∞).

(A1) entails that the number of features (or parameters) is larger than the number of samples, and
there exist multiple empirical risk minimizers with potentially different generalization properties.

DenoteX = [x>1 , ...,x
>
n ]> ∈ Rn×d the data matrix and y ∈ Rn the corresponding label vector.

We optimize the parameters θ via a preconditioned gradient flow with preconditioner P (t) ∈ Rd×d,

∂θ(t)

∂t
= −P (t)

∂L(θ(t))

∂θ(t)
=

1

n
P (t)X>(y −Xθ(t)), θ(0) = 0. (2.1)

In this linear setup, many common choices of preconditioner do not change through time: under
Gaussian likelihood, the sample Fisher (and also Hessian) corresponds to the sample covariance
X>X/n up to variance scaling, whereas the population Fisher corresponds to the population co-
variance F = ΣX . We thus limit our analysis to fixed preconditioner of the form P (t) =: P .

Write parameters at time t under update (2.1) with fixed P as θP (t). For positive definite P ,
the stationary solution is given as: θ̂P := limt→∞ θP (t) =PX>(XPX>)−1y. One may check
that the discrete time update (with appropriate step size) and other variants that do not alter the span
of gradient (e.g. stochastic gradient or momentum) converge to the same solution as well.

Remark 1 For positive definite P , θ̂P is the minimum ‖θ‖P−1 norm interpolant. For GD this
translates to the parameter `2 norm, whereas for NGD the implicit bias is the ‖θ‖F norm. Since
EPX [f(x)2]=‖θ‖2ΣX

, NGD finds an interpolating function with smallest norm under the data dis-
tribution. We also empirically observe this divide in neural networks (see Figure 1 and Appendix A).

We highlight the following choices of P and the corresponding stationary solution θ̂P .

• Identity: P =Id recovers GD that converges to the min `2 norm
interpolant (also true for momentum GD and SGD), which we
write as θ̂I := X>(XX>)−1y and refer to as the GD solution.

• Population Fisher: P = F−1 = Σ−1
X leads to the estimator

θ̂F−1 , which we refer to as the NGD solution.

• Sample Fisher: since the sample Fisher is rank-deficient, we
may add a damping term P = (X>X +λId)

−1 or take the
pseudo-inverse P = (X>X)†. In both cases, the gradient is
still spanned by X , and thus the update finds the same min `2-
norm solution θ̂I , although the trajectory differs (see Figure 2).

Remark 2 The above choices reveal a gap between sample- and
population-based preconditioners: while the sample Fisher accel-
erates optimization [89], we demonstrate certain generalization
properties only possessed by the population Fisher.
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Figure 2: Population risk of
preconditioned linear regression
vs. time with the following P : I
(red), Σ−1X (blue) and (X>X)†

(cyan). Time is rescaled differ-
ently for each curve (convergence
speed is not comparable). Ob-
serve that GD and sample NGD
give the same stationary risk.

We compare the population risk of the GD solution θ̂I and the NGD solution θ̂F−1 in its bias-
variance decomposition w.r.t. the label noise, and discuss the two components separately:

R(θ) = EPX [(f∗(x)− x>EPε [θ])2]︸ ︷︷ ︸
B(θ), bias

+ tr(Cov(θ)ΣX)︸ ︷︷ ︸
V (θ), variance

.
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(c) well-specified bias (misaligned).

Figure 3: We set eigenvalues of ΣX as two point masses with κX = 20 and ‖ΣX‖2F = d; empirical values
(dots) are computed with n = 300. (a) NGD (blue) achieves minimum variance. (b) GD (red) achieves lower
bias under isotropic signal: Σθ = Id. (c) NGD achieves lower bias under “misalignment”: ΣX = Σ−1θ .

2.1. The Variance Term: NGD is Optimal

We first characterize the stationary variance which only depends on the label noise but not the
teacher model f∗. We restrict ourselves to preconditioners satisfying the following condition:
• (A2) Converging Eigenvalues: P is positive definite and as n, d → ∞, the spectral distribution

of ΣXP := P 1/2ΣXP
1/2 converges weakly toHXP supported on [c, C] for c, C > 0.

The following theorem characterizes the asymptotic variance and the corresponding optimal P .

Theorem 1 Given (A1-2), V (θ̂P )→ σ2
(
limλ→0+ m

′(−λ)m−2(−λ)− 1
)
, wherem(z) > 0 is the

Stieltjes transform of the limiting distribution of eigenvalues of 1
nXPX

> (for z beyond its support)
defined as the solution to m−1(z) = −z + γ

∫
τ(1 + τm(z))−1dHXP (τ).

Furthermore, under (A1-2), V (θ̂P ) ≥ σ2(γ − 1)−1, and the equality is achieved by P = F−1.

The above risk formula is a direct extension of Hastie et al. [34, Thorem 4] and can also be
obtained from earlier random matrix theoretical results [24, 46]. Formula (??) is a direct extension
of Hastie et al. [34, Thorem 4], which can be obtained from Dobriban et al. [24, Thorem 2.1] or
Ledoit and Péché [46, Thorem 1.2]. We note that the eigenvalue condition in (A2) may also be
relaxed as in [85]. Theorem 1 implies that preconditioning with the inverse population Fisher F
results in the optimal stationary variance, which is supported by Figure 3(a). In other words, when
the labels are noisy so that the risk is dominated by the variance term, we expect NGD to generalize
better upon convergence. We emphasize that this advantage is only present when the population
Fisher is used, but not its sample-based counterpart (which converges to θ̂I as commented above).

2.2. The Bias Term: Well-specified Case

We now analyze the bias term under linear teacher: f∗(x) = x>θ∗. Extending the setting in Do-
briban et al. [24], we assume a general prior E[θ∗θ∗>] = d−1Σθ and the following joint relations:

• (A3) Joint Convergence: ΣX and P share the same eigenvector matrixU . The empirical distri-
butions of elements of (ex, eθ, exp) jointly converge to random variables (υx, υθ, υxp) supported
on [c′, C ′] for c′,C ′>0, where ex, exp are eigenvalues of ΣX , ΣXP , and eθ = diag (U>ΣθU).

When P = Id, Hastie et al. [34], Xu and Hsu [85] considered the special case of isotropic prior
Σθ = Id. We remark that our generalized prior Σθ gives rise to interesting phenomena that are
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not captured by simplified settings, such as non-monotonic bias and variance (see Figure 12), and
epoch-wise double descent (see Figure 10). Under the general setup, we have the following result:

Theorem 2 Under (A1)(A3), the expected bias B(θ̂P ) := Eθ∗ [B(θ̂P )] is given as

B(θ̂P )→ lim
λ→0+

m′(−λ)m−2(−λ)E
[
υxυθ(1 + υxpm(−λ))−2

]
,

where expectation is taken over υ and m(z) is the Stieltjes transform defined in Theorem 1.
Furthermore, among allP satisfying (A3), the optimal bias is achieved byP = U diag (eθ)U

>.

Note that the optimal P depends on orientation of the teacher Σθ, which is usually not known.
This result can thus be interpreted as a no-free-lunch characterization in choosing an optimal pre-
conditioner: when parameters of the teacher model have roughly equal magnitude (isotropic), GD
achieves lower bias (see Figure 3(b) where Σθ=Id). On the other hand, when ΣX is “misaligned”
with Σθ, i.e. when the most varying directions of the input features contain little information about
θ∗ (see Figure 3(c) where Σθ =Σ−1

X ), NGD results in lower bias. In the analogy of source condi-
tion, the extent of “misalignment” translates to the hardness of learning; the above discussion thus
suggests that GD is beneficial in “easy” tasks, whereas NGD is preferable under “difficult” teacher.

2.3. Misspecification ≈ Label Noise

Under misspecification, there does not exist a linear predictor achieving zero bias. In this case, we
may decompose the teacher into a linear component and its residual: f∗(x) = x>θ∗ + f∗c (x).

For simplicity, we first consider f∗c to be a linear function on unobserved features (similar to
[34]): yi = x>i θ

∗+x>c,iθ
c+εi, where xc,i ∈ Rdc is independent to xi with covariance Σc

X , and
E[θcθc>] = d−1

c Σc
θ. In this setting, the misspecification bias is analogous to the variance:

Proposition 3 For the above unobserved features model, given (A1-3), the bias can be writ-
ten as B(θ̂) = Bθ(θ̂P ) + Bc(θ̂P ), where Bθ is the well-specified bias in Thm. 2, and Bc =
d−1
c tr(Σc

XΣc
θ)(V (θ̂P )+1), where V (θ̂P ) is the variance in Thm. 1.

Misspecification can thus be interpreted as additional label noise (also noted in Hastie et al. [34,
Thorem 4]), for which NGD is beneficial due to Theorem 1. While Proposition 3 only describes one
example of misspecified model, we expect such finding to hold under broader settings. In particular,
Mei and Montanari [60, Remark 5] suggests that for many f∗c , the
misspecified bias is the same as variance due to label noise. This
result is only rigorously shown for isotropic data, but we empirically
verify similar phenomenon under general covariances in Figure 4,
in which f∗c is a quadratic function: f∗c (x)=α(x>x−tr(ΣX)) and
Σθ = Id, where α controls the extent of nonlinearity. Observe that
NGD achieves lower bias as we further misspecify the model. extent of nonlinearity
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Figure 4: Misspecified bias.

3. Bias-variance Tradeoff
Our characterization of the stationary risk suggests that preconditioners that achieve the optimal
bias and variance are in general different. This section discusses how the bias-variance tradeoff can
be realized by interpolating between preconditioners or by early stopping. In addition, we analyze
regression in the RKHS and show that by balancing the bias and variance, a preconditioned update
that interpolates between GD and NGD also decreases the population risk faster than GD.
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3.1. Interpolating between Preconditioners

Intuitively, given P 1 that minimizes the bias and P 2 that mini-
mizes the variance, we may expect a preconditioner that interpo-
lates betweenP 1 andP 2 to balance the bias and variance and thus
generalize better. We confirm this intuition in a setup of general
ΣX and isotropic Σθ, for which GD achieves optimal stationary
bias and NGD achieves optimal variance.

Proposition 4 (Informal) Let ΣX 6= Id and Σθ = Id. Consider
the following preconditioners: (i) P α = αΣ−1

X +(1−α)Id, (ii)
P α = (αΣX+(1−α)Id)

−1, (iii) P α = Σ−αX . The stationary
variance monotonically decreases with α ∈ [0, 1] for all three
choices. For (i), the bias monotonically increases with α∈ [0, 1],
and for (ii)(iii), the monotonicity holds for α in certain range.

interpolation coefficient
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GD NGD

bias
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geometric
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bias & variance

Figure 5: Bias-variance tradeoff
(SNR=32/5). As we additively
or geometrically interpolate from
GD to NGD (left to right), the sta-
tionary bias (blue) increases and
the variance (orange) decreases.

In other words, as the signal-to-noise ratio (SNR) decreases (i.e. more label noise), one can
increase α, which makes the update closer to NGD, to improve generalization, and vice versa2

(small α entails GD-like update). This intuition is supported by Figure 5 and 13(c): for certain
SNR, interpolating between Σ−1

X and Σθ can lead to lower stationary risk than both GD and NGD.

Remark 3 Two aforementioned interpolation schemes summarize common choices in practice: ad-
ditive interpolation (ii) corresponds to the damping to stably invert the Fisher, whereas geometric
interpolation (iii) includes the square-root scaling in adaptive gradient methods [26, 44].

3.2. The Role of Early Stopping

We previously considered the stationary solution of the unregularized objective. It is known that
the bias-variance tradeoff can also be controlled by either explicit or algorithmic regularization. We
briefly comment on the effect of early stopping, starting from the monotonicity of the variance term.

Proposition 5 For all P satisfying (A2), the variance V (θP (t)) monotonically increases with t.

The proposition confirms that early stopping reduces overfitting. Variance reduction can benefit
GD in its comparison with NGD, which achieves the lowest stationary variance: Figure 2 and 16
show that GD can be advantageous under early stopping even if NGD has lower stationary risk.

On the other hand, early stopping may not always improve the well-specified bias. While a
complete analysis is difficult due to the non-monotonicity of the bias term (see Appendix A), we
speculate that previous observations on the stationary bias also translate to early stopping. As a
concrete example, we consider well-specified settings in which either GD or NGD achieves the
optimal stationary bias, and demonstrate that such optimality is also preserved under early stopping:

Proposition 6 Given (A3) and denote the optimal early stopping bias asBopt(θ) = inft≥0B(θ(t)).
When Σθ = Σ−1

X , Bopt(θP ) ≥ Bopt(θF−1). Whereas when Σθ = Id, Bopt(θF−1) ≥ Bopt(θI).

Figure 16 illustrates that the observed trend in stationary bias (well-specified) is indeed pre-
served under optimal early stopping: GD or NGD achieves lower early stopping bias under isotropic
or misaligned teacher model, respectively. We leave the precise characterization as future work.

2. In Appendix D.5 we empirically verify the monotonicity bias over all α∈ [0, 1] beyond the proposition.
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3.3. Fast Decay of Population Risk

Our previous analysis suggests that certain preconditioners can achieve lower population risk, but
does not address which method decreases the risk more efficiently. Knowing that preconditioning
may accelerate optimization, one natural question to ask is, is this speedup also present for gener-
alization under fixed dataset? We provide an affirmative answer in a slightly different model: we
study least squares regression in the RKHS, and show that a preconditioned update that interpolates
between GD and NGD achieves the minimax optimal rate in much fewer steps than GD.

We provide a brief outline and defer the detailed setup to Appendix D. Let H be an RKHS
included in L2(PX) equipped with a bounded kernel function k, and Kx ∈ H be the Riesz repre-
sentation of the kernel function. Define S as the canonical operator from H to L2(PX), and write
Σ = S∗S and L = SS∗. Given a teacher model f∗, we assume the following:
• (A4) Source Condition: ∃r∈(0,∞), M>0 s.t. f∗=Lrh∗ for h∗∈L2(PX) and ‖f∗‖∞≤M .

• (A5) Capacity Condition: ∃s > 1 s.t. tr
(
Σ1/s

)
<∞ and 2r + s−1 > 1.

• (A6) Regularity of RKHS: ∃µ ∈ [s−1, 1], Cµ > 0 s.t. supx∈supp(PX)

∥∥Σ1/2−1/µKx
∥∥
H ≤ Cµ.

Note that in the source condition (A4), the coefficient r controls the complexity of the teacher
model and relates to the notions of model misalignment in Section 2: large r indicates a smoother
teacher model which is “easier” to learn, and vice versa [74]. Given training points {(xi, yi)}ni=1,
we consider the following preconditioned update on the student model ft ∈ H:

ft = ft−1 − η(Σ + αI)−1(Σ̂ft−1 − Ŝ∗Y ), f0 = 0, (3.1)

where Σ̂ = 1
n

∑n
i=1Kxi⊗Kxi , Ŝ∗Y = 1

n

∑n
i=1 yiKxi . In this setting, the population Fisher

corresponds to covariance operator Σ, and thus (3.1) can be interpreted as additive interpolation
between GD and NGD: update with large α behaves like GD, and small α like NGD. The following
theorem shows that with appropriate α, preconditioning leads to faster decay of population risk.

Theorem 7 (Informal) Define the population risk R(ft) = ‖Sft − f∗‖2L2(PX). Given (A4-6), if

r≥ 1/2 or µ≤ 2r, then preconditioned update (3.1) with α = n−
2s

2rs+1 achieves minimax optimal
rate R(ft) = Õ

(
n−

2rs
2rs+1

)
in t=Θ(log n) steps, whereas GD requires t=Θ

(
n

2rs
2rs+1

)
steps.

We remark that the optimal interpolation coefficient α and stopping time t are chosen to balance
the bias B(t) and variance V (t). Note that α depends on the teacher model in the following way:
for n > 1, α decreases as r becomes smaller, which corresponds to non-smooth and “difficult”
f∗, and vice versa. This agrees with our previous observation that NGD is advantageous when the
teacher model is difficult to learn. We defer empirical verification of this result to Appendix C.

4. Neural Network Experiments

Protocol. We compare the generalization performance of GD and NGD in neural network settings
and illustrate the influence of the following factors: (i) label noise; (ii) misspecification; (iii) signal
misalignment. In Appendix A we also verify the advantage of interpolating between GD and NGD.

To create a student-teacher setup, we split the training set into two halves, one of which (pre-
train split) along with the original labels is used to pretrain the teacher, and the other (distill split)
along with the teacher’s labels is used to distill [35] the student. We normalize the teacher’s labels

7
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Figure 6: Neural net experiments: in parentheses are amount of unlabeled data for estimating the Fisher.

(logits) [9] before potentially adding label noise, and fit the student by minimizing the L2 loss. We
implement NGD using Hessian-free optimization [56], and use 100k unlabeled data to estimate the
population Fisher. We report the test error when the training error is below 0.2% of its initial value
as a proxy for the stationary risk. We defer detailed setup to Appendix E.

4.1. Empirical Findings

Label Noise. We pretrain the teacher on the pretrain split and use 1024 examples from the distill
split to fit the student. Both the student and teacher are two-layer ReLU nets with 80 hidden units.
We corrupt the labels with isotropic Gaussian noise. Figure 6(a) shows that as the noise level
increases, the stationary risk of GD worsening faster, which aligns with our observation in Figure 3.

Misspecification. We use a ResNet-20 teacher and the same 80-neuron two-layer ReLU student.
We control the misspecification by varying amount of pretraining of the teacher. Intuitively, large
teacher models that are trained longer should be more complex and thus likely to be outside of
functions that the two-layer student can represent (i.e. more misspecified). Indeed, Figure 6(b)
shows that NGD eventually achieves better generalization as the teacher is trained for more steps.
In Appendix A we discuss a heuristic measure of misspecification that supports our construction.

Misalignment. We set the student and teacher to be the same two-layer ReLU network. We
construct the teacher by perturbing the student’s initialization, the direction of which is given by
F r, where F is the student’s Fisher and r∈ [−1, 0]. As r approaches −1, the important parameters
of the teacher (i.e. larger update directions) becomes misaligned with the student’s Hessian, and
thus learning is more “difficult”. While this analogy is rather superficial, Figure 6(c) shows that as
r becomes smaller (more misaligned), NGD begins to generalize better in terms of stationary risk.

5. Discussion and Conclusion
We analyzed the generalization of preconditioned gradient descent in overparameterized least squares
regression (with emphasis on NGD). We identified three factors that affect the relative generaliza-
tion performance, and determined the corresponding optimal P . We also provided justification
for common algorithmic choices by discussing the bias-variance tradeoff. Note that our current
setup is limited to time-invariant preconditioners, which does not cover many adaptive gradient
methods; understanding these optimizers in similar setting would be an interesting future direc-
tion. Another important problem is to further characterize the interplay between preconditioning
and explicit (e.g. weight decay) or algorithmic regularization (e.g. large step size).
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Bengio, and Nicolas Le Roux. On the interplay between noise and curvature and its effect
on optimization and generalization. In International Conference on Artificial Intelligence and
Statistics, pages 3503–3513, 2020.

[78] Sharan Vaswani, Reza Babanezhad, Jose Gallego, Aaron Mishkin, Simon Lacoste-Julien, and
Nicolas Le Roux. To each optimizer a norm, to each norm its generalization. arXiv preprint
arXiv:2006.06821, 2020.

[79] Neha S Wadia, Daniel Duckworth, Samuel S Schoenholz, Ethan Dyer, and Jascha Sohl-
Dickstein. Whitening and second order optimization both destroy information about the
dataset, and can make generalization impossible. arXiv preprint arXiv:2008.07545, 2020.

[80] Francis Williams, Matthew Trager, Claudio Silva, Daniele Panozzo, Denis Zorin, and
Joan Bruna. Gradient dynamics of shallow univariate relu networks. arXiv preprint
arXiv:1906.07842, 2019.

[81] Ashia C Wilson, Rebecca Roelofs, Mitchell Stern, Nati Srebro, and Benjamin Recht. The
marginal value of adaptive gradient methods in machine learning. In Advances in Neural
Information Processing Systems, pages 4148–4158, 2017.

[82] Blake Woodworth, Suriya Gunasekar, Jason D Lee, Edward Moroshko, Pedro Savarese, Itay
Golan, Daniel Soudry, and Nathan Srebro. Kernel and rich regimes in overparametrized mod-
els. arXiv preprint arXiv:2002.09277, 2020.

[83] Lei Wu, Chao Ma, and E Weinan. How sgd selects the global minima in over-parameterized
learning: A dynamical stability perspective. In Advances in Neural Information Processing
Systems, pages 8279–8288, 2018.

[84] Bo Xie, Yingyu Liang, and Le Song. Diverse neural network learns true target functions. arXiv
preprint arXiv:1611.03131, 2016.

[85] Ji Xu and Daniel Hsu. How many variables should be entered in a principal component re-
gression equation? arXiv preprint arXiv:1906.01139, 2019.

[86] Peng Xu, Fred Roosta, and Michael W Mahoney. Second-order optimization for non-convex
machine learning: An empirical study. In Proceedings of the 2020 SIAM International Con-
ference on Data Mining, pages 199–207. SIAM, 2020.

[87] Guodong Zhang, Chaoqi Wang, Bowen Xu, and Roger Grosse. Three mechanisms of weight
decay regularization. arXiv preprint arXiv:1810.12281, 2018.

[88] Guodong Zhang, Lala Li, Zachary Nado, James Martens, Sushant Sachdeva, George Dahl,
Chris Shallue, and Roger B Grosse. Which algorithmic choices matter at which batch sizes?
insights from a noisy quadratic model. In Advances in Neural Information Processing Systems,
pages 8194–8205, 2019.

[89] Guodong Zhang, James Martens, and Roger B Grosse. Fast convergence of natural gradient
descent for over-parameterized neural networks. In Advances in Neural Information Process-
ing Systems, pages 8080–8091, 2019.

14



WHEN DOES PRECONDITIONING HELP OR HURT GENERALIZATION?

Appendix A. Discussion on Additional Results

A.1. Implicit Bias of GD vs. NGD

It is known that gradient descent is the steepest descent with respect to the `2 norm, i.e. the update
direction is constructed to decrease the loss under small changes in the parameters measured by
the `2 norm [32]. Following this analogy, NGD is the steepest descent with respect to the KL
divergence on the predictive distributions [57]; this can be interpreted as a proximal update which
penalizes how much the predictions change on the data distribution.

Intuitively, the above discussion suggests GD tend to find solution that is close to the initial-
ization in the Euclidean distance between parameters, whereas NGD prefers solution close to the
initialization in terms of the function outputs on PX . This observation turns out to be exact in the
case of ridgeless interpolant under the squared loss, as remarked in Section 2. Moreover, Figure 1
and 7 confirms the same trend in neural network optimization. In particular, we observe that

• GD results in small changes in the parameters, and NGD results in small changes in the function.

• preconditioning with the pseudo-inverse of the sample Fisher, i.e., P = (J>J)†, leads to implicit
bias similar to that of GD, but not NGD with the population Fisher.

• interpolating between GD and NGD (P =F−1/2) results in properties in between GD and NGD.

Remark 4 The small change in the function output is the essential reason that NGD performs well
under noisy labels: NGD seeks to interpolate training data by changing the function only “locally”,
so that memorizing noisy labels has small impact on the “global” shape of the learned function.
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Figure 7: Illustration of implicit bias of GD and NGD. We set n = 100, d = 50, and regress a two-layer
ReLU network with 50 hidden units towards a teacher model of the same architecture on Gaussian input. The
x-axis is rescaled for each optimizer such that the final training error is below 10−3. GD finds solution with
small changes in the parameters, whereas NGD finds solution with small changes in the function. Note that
the sample Fisher (cyan) has implicit bias similar to GD and does not resemble NGD (population Fisher).

We note that the above observation also implies that wide neural networks trained with NGD
(population Fisher) is less likely to stay in the kernel regime: the distance traveled from initialization
can be large (see Figure 7(a)) and thus the Taylor expansion around the initialization is no longer
accurate. In other words, the analogy between wide neural net and its linearized kernel model
(which we partially employed in Section 4) may not be valid in models trained with NGD3.

3. Note that this gap is only present when the population Fisher is used; previous works have shown NTK-type global
convergence for sample Fisher-related update [17, 89].
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Implicit Bias of Interpolating Preconditioners. We also expect that as we interpolate from GD
to NGD, the distance traveled by the parameter space would gradually increase, and distance trav-
eled in the function space would decrease. Figure 8 demonstrate that this is indeed the case for linear
model as well as neural network: we use the same two-layer MLP setup on MNIST as in Section 4.
Note that updates that are closer to GD result in smaller change in the parameters, whereas ones
close to NGD lead to smaller change in the function outputs.
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Figure 8: Illustration of the implicit bias of preconditioned gradient descent that interpolates between GD
and NGD on MNIST. As the update becomes more similar to NGD (smaller damping or larger α), the distance
traveled in the parameter space increases, where as the distance traveled on the output space decreases.

A.2. Interpolating between Preconditioners
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Figure 9: (a) numbers in parentheses indicate the amount of unlabeled data used in estimating the Fisher
F ; we expect the estimated Fisher to be closer to the sample Fisher when the number of unlabeled data is
small. (a) additive interpolation P = (F + αId)

−1; larger damping parameter yields update closer to GD.
(b) geometric interpolation P = F−α; larger α parameter yields update closer to that of NGD (blue). We
use the singular value decomposition to compute the minus α power of the Fisher (CG is not applicable).

We empirically validate our observations in Section 2 and 3 on the difference between the sam-
ple Fisher and population Fisher, and the potential benefit of interpolating between GD and NGD,
in neural network experiments. Figure 9(a) shows that as we decrease the number of unlabeled data
in estimating the Fisher, which renders the preconditioner closer to the sample Fisher, the stationary
risk becomes more akin to that of GD, especially in the large noise setting. This agrees with our
remark on sample vs. population Fisher in Section 2 and Appendix A.

Figure 9(b)(c) confirms the finding in Section 3.1 that interpolating preconditioners provides
bias-variance tradeoff also holds in neural network settings: We optimize two-layer MLP student
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model with preconditioned update that interpolates between GD and NGD either additively (P =
(F+αId)

−1) or geometrically (P = F−α). We interpret the left end of the x-axis to correspond to a
bias-dominant regime (due to the same architecture of two-layer MLP for the student and teacher),
and the right end to correspond to the variance-dominant regime (due to the added label noise).
Observe that at a certain SNR, a preconditioner that interpolates between GD and NGD achieves
lower stationary risk.

A.3. Non-monotonicity of the Bias Term
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Figure 10: Epoch-wise double descent.
Note that non-monotonicity of the bias
term is present in GD but not NGD.

Many previous works on the high-dimensional characteri-
zation of linear regression assumed a random effects model
with an isotropic prior on the true parameters [24, 34, 85],
which may not be realistic. As an example of the limita-
tion of this assumption, we note that when Σθ = Id, it can
be shown that the expected bias B(θ̂(t)) monotonically de-
creases through time (see proof of Proposition 6 for details).
In contrast, when the target parameters do not follow an
isotropic prior, the bias of GD can exhibit non-monotonicity,
which gives rise to the surprising “epoch-wise double de-
scent” phenomenon also observed in deep learning [36, 63].

We empirically demonstrate this non-monotonicity
when the model is close to the interpolation threshold in Figure 10. We set eigenvalues of ΣX
to be two equally-weighted point masses with κX = 32, Σθ = Σ−1

X and γ = 16/15. Note that the
GD trajectory (red) exhibits non-monotonicity in the bias term, whereas for NGD the bias is mono-
tonically decreasing through time (which we confirm in the proof of Proposition 6). We remark that
this mechanism of epoch-wise double descent may not be related to the empirical findings in deep
neural networks (the robustness of which is also unknown), in which it is typically speculated that
the variance term exhibits non-monotonicity.

A.4. Heuristic Measure of Misspecification
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Figure 11: Neural net experiment
(CIFAR):

√
yK−1y vs. label noise

or pretrained iterations of the teacher.

To quantify the level of misspecification, we compute the quan-
tity

√
y>K−1y/n, which relates to generalization of wide

neural networks in the kernel regime. This quantity can be
interpreted as a proxy for measuring how much signal and
noise are distributed along the eigendirections of the NTK (see
[18, 25, 48, 75] for detailed discussion). Roughly speaking,
large value implies that the problem is difficult to learn by GD,
and vice versa. The quantity also relates to the HSIC [29] be-
tween the NTK features and the true labels.

Here we give a heuristic argument on how
√
y>K−1y/n

relates to label noise and misspecification in our setup. For the
ridgeless regression model considered in Section 2, if we write
the label as yi = f∗(xi) + f c(xi) + εi, where f∗(x) = x>θ∗, f c is the misspecified component,
and εi is the label noise, we have the following non-rigorous calculation:
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E
[
y>K−1y

]
=E
[
(f∗(X) + f c(X) + ε)>(XX>)−1(f∗(X) + f c(X) + ε)

]
(i)
≈tr

(
θ∗θ∗>X>(XX>)−1X

)
+ (σ2 + σ2

c )tr
(

(XX>)−1
)
, (A.1)

where we heuristically replaced the misspecified component with i.i.d. noise of the same variance σ2
c

(as argued in Section 2). The first term of (A.1) resembles an RKHS norm of the target θ∗, whereas
the second term is small when the data is well-conditioned or when the level of label noise σ and
misspecification σ2

c is small (note that these are conditions under which GD achieves good gener-
alization by Theorem 1 and Proposition 3). We expect similar trends for neural networks close to
the kernel regime. This provides a non-rigorous explanation of the trend we observed in Figure 11:√
y>K−1y/n becomes larger as we increase the level of label noise and model misspecification

(i.e. number of pretrain steps of the teacher model).

Appendix B. Background and Related Works

Natural Gradient Descent. NGD is a second-order optimization method originally proposed
in [2]. Consider a data distribution p(x) on the space X , a function fθ : X → Z parameter-
ized by θ, and a loss function L(X, fθ) = 1

n

∑n
i=1 l(yi, fθ(xi)), where l : Y × Z → R. Also

suppose a probability distribution p(y|z) = p(y|fθ(x)) is defined on the space of labels as part of
the model. Then, the natural gradient is the direction of steepest ascent in the Fisher information
norm given by ∇̃θL(X, fθ) = F−1∇θL(X, fθ), where

F = E[∇θ log p(x, y|θ)∇θ log p(x, y|θ)>] = −E[∇2
θ log p(x, y|θ)] (B.1)

is the Fisher information matrix, or simply the (population) Fisher. Note the expectations in (B.1)
are under the joint distribution of the model p(x, y|θ) = p(x)p(y|fθ(x)). In the literature, the
Fisher is sometimes defined under the empirical data distribution, i.e. based on a finite set of training
examples {xi}ni=1 [4]. We instead refer to this quantity as the sample Fisher, the properties of which
influence optimization and have been studied in various works [40, 45, 77]. Note that in linear
and kernel regression (unregularized) under the squared loss, sample Fisher-based preconditioned
updates give the same stationary solution as GD (see [89] and Section 2), whereas population Fisher-
based update may not.

While the population Fisher is typically difficult to obtain, extra unlabeled data can be used in
its estimation, which empirically improves generalization under appropriately damping [66]. More-
over, under structural assumptions, estimating the Fisher with parametric approaches can be more
sample-efficient [30, 55, 58, 65], and thus closing the gap between the sample and population Fisher.

When the per-instance loss l is the negative log-probability of an exponential family, the sample
Fisher coincides with the generalized Gauss-Newton matrix [57]. In least squares regression, which
is the focus of this work, the quantity also coincides with the Hessian due to the linear prediction
function. Therefore, we take NGD as a representative example of preconditioned update, and we
expect our findings to also translate to other second-order methods (not including adaptive gradient
methods) applied to regression problems.
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Implicit Regularization in Optimization. In overparameterized linear models, GD finds the min-
imum `2 norm solution under many loss functions. For the more general mirror descent, the implicit
bias is determined by the Bregman divergence of the update [7, 8, 33, 76]. Under the exponential or
logistic loss, recent works demonstrated that GD finds the max-margin direction in various models
[20, 38, 39, 54, 73]. The implicit bias of Adagrad has been analyzed under similar setting [68]. The
implicit regularization of the optimizer often relates to the model architecture; examples include
matrix factorization [5, 28, 31, 72] and various types of neural network [33, 49, 80, 82]. For neu-
ral networks in the kernel regime [37], the implicit bias of GD relates to properties of the limiting
neural tangent kernel (NTK) [6, 15, 84]. We also note that the implicit bias of GD is not always
explained by the minimum norm property [69].

Asymptotics of Interpolating Estimators. In Section 2 we analyze overparameterized estima-
tors that interpolate the training data. Recent works have shown that interpolation may not lead
to overfitting [11, 13, 14, 50], and the optimal risk may be achieved under no regularization and
extreme overparameterization [12, 85]. The asymptotic risk of overparameterized models has been
characterized in various settings, such as linear regression [24, 34, 41], random features regression
[21, 27, 60], max-margin classification [22, 62], and certain neural networks [10, 53]. Our analysis
is based on results in random matrix theory developed in [46, 70]. Similar tools can also be used to
study the gradient descent dynamics of linear regression [1, 51].

Analysis of Preconditioned Gradient Descent. While Wilson et al. [81] outlined one example
under fixed training data where GD generalizes better than adaptive methods, in the online learning
setting, for which optimization speed relates to generalization, several works have shown the advan-
tage of preconditioning [47, 88]. In addition, global convergence and generalization guarantees were
derived for the sample Fisher-based update in neural networks in the kernel regime [17, 89]. Lastly,
the generalization of different optimizers also connects to “sharpness” of the solution [23, 43], and
it has been argued that second-order updates tend to find sharper minima [83].

We note that two concurrent works also discussed the generalization performance of precon-
ditioned updates. Wadia et al. [79] connected second-order methods with data whitening in linear
models, and qualitatively showed that whitening (thus second-order update) harms generalization in
certain cases. Vaswani et al. [78] analyzed the complexity of the maximumP -margin solution in lin-
ear classification problems. We emphasize that instead of upper bounding the risk (e.g. Rademacher
complexity), which may not decide the optimal P (for generalization), we compute the exact risk
for least squares regression, which allows us to precisely compare different preconditioners.

Appendix C. Additional Figures

C.1. Ridgeless Regression

Non-monotonicity of the Risk. Under our generalized (anisotropic) assumption on the covari-
ance of the features and the target, both the bias and the variance term can exhibit non-monotonicity
w.r.t. the overparameterization level γ > 1: in Figure 12 we observe two peaks in the bias term and
three peaks in the variance term. In contrast, it is known that when ΣX = Id, both the bias and
variance are monotonic for when γ > 1.

Additional Figures for Section 2 and 3. We include additional figures on (a) well-specified bias
when Σθ = Id (GD is optimal); (b) misspecified bias under unobserved features (predicted by
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Figure 12: Illustration of the “multiple-descent” curve of the risk for γ > 1. We take n = 300, eigenvalues of
ΣX as three equally-spaced point masses with κX = 5000 and ‖ΣX‖2F = d, and Σθ = Σ−1X (misaligned).
Note that for GD, both the bias and the variance are highly non-monotonic for γ > 1.

Proposition 3); (c) bias-variance tradeoff by interpolating between preconditioners (SNR=5). Ob-
serve that in all cases the experimental values match the theoretical predictions.
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Figure 13: We set eigenvalues of ΣX as a uniform distribution with κX = 20 and ‖ΣX‖2F = d.

1.5 2.0 2.5 3.0
= d/n

0.000

0.025

0.050

0.075

0.100

0.125

0.150

bi
as

P = I
P = 1

X

P = 1/2
X

prediction

(a) well-specified bias (aligned).

0.0 0.5 1.0 1.5
magnitude of unobserved features

0.0

0.5

1.0

1.5

bi
as

P = I
P = 1

X

prediction

(b) misspecified bias
(unobserved features).

1.5 2.0 2.5 3.0
= d/n

0.2

0.3

0.4

0.5

0.6

ris
k

P = Id (GD)
P = 1

X  (NGD)
P = 1/2

X

P = (0.5 X + 0.5Id) 1

prediction

(c) bias-variance tradeoff.

Figure 14: We construct eigenvalues of ΣX with a polynomial decay: λi(ΣX) = i−1 and then rescale the
eigenvalues such that κX = 500 and ‖ΣX‖2F = d.

Early Stopping Risk. Figure 15 compares the stationary risk with the optimal early stopping risk
under varying misalignment level. To increase the extent of misalignment, we set Σθ = Σ−αX and
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vary α from 0 to 1: larger α entails more “misaligned” teacher, and vice versa. Note that as the
problem becomes more misaligned, NGD achieves lower stationary and early stopping risk.

Figure 16 reports the optimal early stopping risk under misspecification (same trend can be
obtained when the x-axis is label noise). In contrast to the stationary risk (Figure 4), GD can be ad-
vantageous under early stopping even with large extent of misspecification (for isotropic teacher).
This aligns with our finding in Section 3.2 that early stopping reduces the variance and the misspec-
ified bias.
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Figure 15: Well-specified bias against different extent of “alignment”. We set n = 300, eigenvalues of ΣX
as two point masses with κX = 20, and take Σθ = Σ−αX and vary α from 0 to 1. (a) GD achieves lower
bias when Σθ is isotropic, whereas NGD dominates when ΣX = Σ−1θ ; P = Σ

−1/2
X (interpolates between

GD and NGD) is advantageous in between. (b) optimal early stopping bias follows similar trend as stationary
bias.
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Figure 16: Optimal early stopping risk vs. increasing model misspecification. We follow the same setup as
Figure 3(c). (a) Σθ = Id (favors GD); unlike Figure 3(c), GD has lower early stopping risk even under large
extent of misspecification. (b) Σθ = Σ−1X (favors NGD); NGD is also advantageous under early stopping.

C.2. RKHS Regression

We simulate the optimization in the coordinates of RKHS via a finite-dimensional approximation
(using extra unlabeled data). In particular, we consider the teacher model in the form of f∗(x) =∑N

i=1 hiµ
r
iφi(x) for square summable {hi}Ni=1, in which r controls the “difficulty” of the learning

problem. We find {µi}Ni=1 and {φi}Ni=1 by solving the eigenfunction problem for some kernel k.
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The student model takes the form of f(x) =
∑N

i=1
ai√
µi
φi(x) and we optimize the coefficients

{ai}Ni=1 via the preconditioned update (3.1). We set n = 1000, d = 5, N = 2500 and consider the
inverse multiquadratic (IMQ) kernel: k(x,y) = 1√

1+‖x−y‖22
.

Recall that Theorem 7 suggests that for small r, i.e. “difficult” problem, the damping coeffi-
cient λ would need to be small (which makes the update NGD-like), and vice versa. This result is
(qualitatively) supported by Figure 17, from which we can see that small λ is beneficial when r is
small, and vice versa. We remark that this observed trend is rather fragile and sensitive to various
hyperparameters, and we leave a comprehensive characterization of this observation as future work.
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Figure 17: Population risk of the preconditioned update in RKHS that interpolates between GD and NGD.
We use the IMQ kernel and set n = 1000, d = 5, N = 2500, σ2 = 5× 10−4. The x-axis has been rescaled
for each curve and thus convergence speed is not directly comparable. Note that (a) large λ (i.e., GD-like
update) is beneficial when r is large, and (b) small λ (i.e., NGD-like update) is beneficial when r is small.

C.3. Neural Networks

Label Noise. In Figure 18, (a) we observe the same phenomenon on CIFAR-10 that NGD gener-
alizes better as more label noise is added to the training data, and vice versa. Figure 18 (b) shows
that in all cases with varying amounts of label noise, the early stopping risk is however worse than
that of GD. This agrees with the observation in Section 3 and Figure 16(a) that early stopping can
potentially favor GD due to the reduced variance.
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Figure 18: Additional label noise experiment on CIFAR-10.

Misalignment. We illustrate the finding in Proposition 6 and Figure 15(b) in neural networks un-
der synthetic data: we consider 50-dimensional Gaussian input, and both the teacher and the student
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model are two-layer ReLU networks with 50 hidden units. We construct the teacher by perturbing
the initialization of the student as described in Section 4. Figure 19 shows that as r approaches
-1 (more “misaligned”), NGD achieves lower early stopping risk (b), whereas GD dominates the
early stopping risk in less misaligned setting (a). We note that this phenomenon is difficult to ob-
serve in practical neural network training on real-world data, which may be partially due to the
fragility of the analogy between neural nets and linear models, especially under NGD (discussed in
Appendix A).
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Figure 19: Population risk of two-layer neural networks in the misalignment setup (noiseless) with synthetic
Gaussian data. We set n = 200, d = 50, the damping coefficient λ = 10−6, and both the student and
the teacher are two-layer ReLU networks with 50 hidden units. The x-axis and the learning rate have been
rescaled for each curve. When r is sufficiently small, NGD achieves lower early stopping risk, and vice versa.

Appendix D. Proofs and Derivations

D.1. Missing Derivations in Section 2

Gradient Flow of Preconditioned Updates. Given positive definite P and γ > 1, it is clear that
the gradient flow solution at time t can be written as

θP (t) = PX>
[
In − exp

(
− t
n
XPX>

)]
(XPX>)−1y.

Taking t → ∞ yields the stationary solution θ̂P = PX>(XPX>)−1y. We remark that the
damped inverse of the sample Fisher P = (XX> + λId)

−1 leads to the same minimum-norm
solution as GD θ̂I = X>(XX>)−1y since PX> and X share the same eigenvectors. On the
other hand, when P is the pseudo-inverse of the sample Fisher (XX>)† which is not full-rank, the
trajectory can be obtained via the variation of constants formula:

θ(t) =

[
t

n

∞∑
k=0

1

(k + 1)!

(
− t
n
X>(XX>)−1X

)k]
X>(XX>)−1y,

for which taking the large t limit also yields the minimum-norm solutionX>(XX>)−1y.

Minimum ‖θ‖P−1 Norm Interpolant. For positive definite P and the corresponding stationary
solution θ̂P = PX>(XPX>)−1y, note that given any other interpolant θ̂

′
, we have (θ̂P −

θ̂
′
)P−1θ̂P = 0 because both θ̂P and θ̂

′
achieves zero empirical risk. Therefore, ‖θ̂′‖2

P−1 −
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‖θ̂P ‖2P−1 = ‖θ̂′ − θ̂P ‖2P−1 ≥ 0. This confirms that θ̂P is the unique minimum ‖θ‖P−1 norm
solution.

D.2. Proof of Theorem 1

Proof By the definition of the variance term and the stationary θ̂,

V (θ̂) = tr
(

Cov(θ̂)ΣX

)
= σ2tr

(
PX>(XPX>)−2XPΣX

)
.

Write X̄ = XP 1/2. Similarly, we define ΣXP = P 1/2ΣXP
1/2. The equation above thus

simplifies to

V (θ̂P ) = σ2tr
(
X̄
>

(X̄X̄
>

)−2X̄ΣXP

)
.

The analytic expression of the variance term follows from a direct application of Hastie et al.
[34, Thorem 4], in which conditions on the population covariance are satisfied by (A2).

Taking the derivative of m(−λ) yields

m′(−λ) =

(
1

m2(−λ)
− γ

∫
τ2

(1 + τm(−λ))2
dHXP (τ)

)−1

.

Plugging the quantity into the expression of the variance (omitting the scaling σ2 and constant shift),

m′(−λ)

m2(−λ)
=

(
1− γm2(−λ)

∫
τ2

(1 + τm(−λ))2
dHXP (τ)

)−1

.

From the monotonicity of x
1+x on x > 0 or the Jensen’s inequality we know that

1− γ
∫ (

τm(−λ)

1 + τm(−λ)

)2

dHXP (τ) ≤ 1− γ
(∫

τm(−λ)

1 + τm(−λ)
dHXP (τ)

)2

.

Taking λ → 0 and omitting the scalar σ2, the RHS evaluates to 1 − 1/γ. We thus arrive at the
lower bound V ≥ (γ − 1)−1. Note that the equality is only achieved when HXP is a point mass,
i.e. P = Σ−1

X . In other words, the minimum variance is achieved by NGD. As a verification, the
variance of the NGD solution θ̂F−1 agrees with the calculation in Hastie et al. [34, A.3].

D.3. Proof of Theorem 2

Proof By the definition of the bias term (note that ΣX , Σθ, P are all positive semi-definite),

B(θ̂P ) = Eθ∗
[∥∥∥PX>(XPX>)−1Xθ∗ − θ∗

∥∥∥2

ΣX

]
=

1

d
tr

(
Σθ

(
Id − PX>(XPX>)−1X

)>
ΣX

(
Id − PX>(XPX>)−1X

))
(i)
=

1

d
tr

(
Σθ/P

(
Id − X̄

>
(X̄X̄

>
)−1X̄

)>
ΣXP

(
Id − X̄

>
(X̄X̄

>
)−1X̄

))
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(ii)
= lim

λ→0+

λ2

d
tr

(
Σθ/P

(
1

n
X̄
>
X̄ + λId

)−1

ΣXP

(
1

n
X̄
>
X̄ + λId

)−1
)

(iii)
= lim

λ→0+

λ2

d
tr

((
1

n
X̂
>
X̂ + λΣ−1

θ/P

)−2

Σ
−1/2
θ/P ΣXPΣ

−1/2
θ/P

)
,

where we utilized (A3) and defined X̄ = XP 1/2, ΣXP = P 1/2ΣXP
1/2, Σθ/P = P−1/2ΣθP

−1/2

in (i), applied the equality (AA>)†A = limλ→0(A>A + λI)−1A in (ii), and defined X̂ =

XP 1/2Σ
−1/2
θ in (iii). To proceed, we first assume that Σθ/P is invertible (i.e. λmin(Σθ/P ) is

bounded away from 0) and observe the following relation via a leave-one-out argument similar to
that in [85],

1

d
tr

(
1

n
X̂
>
X̂

(
1

n
X̂
>
X̂ + λΣ−1

θ/P

)−2
)

(D.1)

(i)
=

1

d

n∑
i=1

1
n x̂
>
i

(
1
nX̂

>
X̂ + λΣ−1

θ/P

)−2

¬i
x̂i(

1 + 1
n x̂
>
i

(
1
nX̂

>
X̂ + λΣ−1

θ/P

)−1

¬i
x̂i

)2

(ii)→
p

1
dtr

((
1
nX̂

>
X̂ + λΣ−1

θ/P

)−2
Σ
−1/2
θ/P ΣXPΣ

−1/2
θ/P

)
(

1 + 1
ntr

((
1
nX̄

>
X̄ + λId

)−1
ΣXP

))2 , (D.2)

where (i) is due to the Woodbury identity and we defined
(

1
nX̂

>
X̂ + λΣ−1

θ/P

)
¬i

= 1
nX̂

>
X̂ −

1
n x̂ix̂

>
i +λΣ−1

θ/P which is independent to x̂i (see Xu and Hsu [85, Eq. 58] for details), and in (ii) we
used (A3), the convergence to trace [46, Lemma 2.1] and its stability under low-rank perturbation
(e.g., see Ledoit and Péché [46, Eq. 18]) which we elaborate below. In particular, denote Σ̂ =
1
nX̂

>
X̂ + λΣ−1

θ/P , for the denominator we have

sup
i

∣∣∣∣λntr
(
Σ̂
−1

Σ
−1/2
θ/P ΣXPΣ

−1/2
θ/P

)
− λ

n
tr
(
Σ̂
−1
¬i Σ

−1/2
θ/P ΣXPΣ

−1/2
θ/P

)∣∣∣∣
≤λ
n

∥∥∥Σ−1/2
θ/P ΣXPΣ

−1/2
θ/P

∥∥∥
2

sup
i

∣∣∣tr(Σ̂−1
(
Σ̂− Σ̂¬i

)
Σ̂
−1
¬i

)∣∣∣
≤λ
n

∥∥∥Σ−1/2
θ/P ΣXPΣ

−1/2
θ/P

∥∥∥
2

∥∥∥Σ̂−1
∥∥∥

2
sup
i

∥∥∥Σ̂−1
¬i

∥∥∥
2
tr
(
Σ̂− Σ̂¬i

)
(i)→ Op

(
1

n

)
,

where (i) is due to the definition of Σ̂¬i and (A1)(A3). The result on the numerator can be obtained
via a similar calculation, the details of which we omit.

Note that the denominator can be evaluated by previous results (e.g. Dobriban et al. [24, Theo-
rem 2.1]) as follows,

1

n
tr

((
1

n
X̄
>
X̄ + λId

)−1

ΣXP

)
a.s.→ 1

λm(−λ)
− 1. (D.3)
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On the other hand, following the same derivation as Dobriban et al. [24], Hastie et al. [34], (D.1)
can be decomposed as

1

d
tr

(
1

n
X̂
>
X̂

(
1

n
X̂
>
X̂ + λΣ−1

θ/P

)−2
)

=
1

d
tr

((
1

n
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>
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)−1

Σθ/P

)
− λ

d
tr

((
1

n
X̄
>
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)−2

Σθ/P

)

=
1

d
tr

((
1

n
X̄
>
X̄ + λId

)−1

Σθ/P

)
+
λ

d

d

dλ
tr

((
1

n
X̄
>
X̄ + λId

)−1

Σθ/P

)
. (D.4)

We employ Rubio and Mestre [70, Theorem 1] to characterize (D.4). In particular, For any
deterministic sequence of matrices Θn ∈ Rd×d with finite trace norm, as n, d→∞ we have

tr

(
Θn

(
1

n
X̄
>
X̄ − zId

)−1

−Θn(cn(z)ΣXP − zId)−1

)
a.s.→ 0,

in which cn(z)→ −zm(z) for z ∈ C\R+ and m(z) is defined in Theorem 1 due to the dominated
convergence theorem. By (A3) we are allowed to take Θn = 1

dΣθ/P . Thus we have

λ

d
tr

(
Σθ/P

(
1

n
X̄
>
X̄ + λId

)−1
)
→λ

d
tr
(
Σθ/P (λm(−λ)ΣXP + λId)

−1
)

(i)
=E

[
υxυθυ

−1
xp

1 +m(−λ)υxp

]
, ∀λ > −cl, (D.5)

in which (i) is due to (A3), the fact that the LHS is almost surely bounded for λ > −cl, where cl
is the lowest non-zero eigenvalue of 1

nX̄
>
X̄ , and the application of the dominated convergence

theorem. Differentiating (D.5) (note that the derivative is also bounded on λ > −cl) yields

λ

d

d

dλ
tr

((
1

n
X̄
>
X̄ + λId

)−1

Σθ/P

)
→ E

[
υxυθυ

−1
xp

λ(1 +m(−λ)υxp)
− m′(−λ)υxυθ

(1 +m(−λ)υxp)2

]
.(D.6)

Note that the numerator of (D.2) is the quantity of interest. Combining (D.1) (D.2) (D.3)
(D.4) (D.5) (D.6) and taking λ → 0 yields the formula of the bias term. Finally, when Σθ/P is
not invertible, observe that if we increment all eigenvalues by some ε > 0 to ensure invertibility
Σε
θ/P = Σθ/P + εId, the bias term is bounded and also decreasing w.r.t. ε. Thus by the dominated

convergence theorem we take ε→ 0 and obtain the desired result. We remark that similar (but less
general) characterization can also be derived based on Ledoit and Péché [46, Theorem 1.2] when
the eigenvalues of ΣXP and Σθ/P exhibit certain relations.

To show that P = U diag (eθ)U
> achieves the lowest bias, first note that under the definition

of random variables in (A3), our claimed optimal preconditioner is equivalent to υxp
a.s.
= υxυθ. We

therefore define an interpolation υα = αυxυθ + (1 − α)ῡ for some ῡ and write the corresponding
Stieltjes transform asmα(−λ) and the bias term asBα. We aim to show that argminα∈[0,1]Bα = 1.
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For notational convenience define gα , mα(0)υxυθ and hα , mα(0)υα. One can check that

Bα = E
[

υxυθ
(1 + hα)2

]
E
[

hα
(1 + hα)2

]−1

;
dmα(−λ)

dα

∣∣∣
λ→0

=
mα(0)E

[
hα−gα

(1+hα)2

]
(1− α)E

[
hα

(1+hα)2

] .
We now verify that the derivative of Bα w.r.t. α is non-positive for α ∈ [0, 1]. A standard simplifi-
cation of the derivative yields

dBα
dα
∝− 2E

[
(gα − hα)2

(1 + hα)3

](
E
[

hα
(1 + hα)2

])2

− 2

(
E
[
gα − hα

(1 + hα)2

])2

E
[

h2
α

(1 + hα)3

]
+ 4E

[
hα(gα − hα)

(1 + hα)3

]
E
[
gα − hα

(1 + hα)2

]
E
[

hα
(1 + hα)2

]
(i)

≤ − 4

√
E
[

(gα − hα)2

(1 + hα)3

]
E
[

h2
α

(1 + hα)3

](
E
[
gα − hα

(1 + hα)2

])2(
E
[

hα
(1 + hα)2

])2

+ 4E
[
hα(gα − hα)

(1 + hα)3

]
E
[
gα − hα

(1 + hα)2

]
E
[

hα
(1 + hα)2

]
(ii)

≤ 0,

where (i) is due to AM-GM and (ii) due to Cauchy-Schwarz on the first term. Note that the two
equalities hold when gα = hα, from which one can easily deduce that the optimum is achieved
when υxp

a.s.
= υxυθ, and thus we know that the proposed P is the optimal preconditioner that is

codiagonazable with ΣX .

D.4. Proof of Proposition 3

Proof Via calculation similar to Hastie et al. [34, Section 5], the bias can be decomposed as

E
[
B(θ̂P )

]
=Ex,x̂,θ∗,θc

[(
x>PX>

(
XPX>

)−1
(Xθ∗ +Xcθc)− (x>θ∗ + x̂>θc)

)2
]

(i)
=Ex,θ∗

[(
x>PX>

(
XPX>

)−1
Xθ∗ − x>θ∗

)2
]

+ Exc,θx
[
(x̂>θc)2

]
+ Ex,θc

[(
x>PX>

(
XPX>

)−1
Xcθcθc>Xc>

(
XPX>

)−1
XPx

)2
]

(ii)→Bθ(θ̂P ) +
1

dc
tr(Σc

XΣc
θ)(1 + V (θ̂P )),

where we used the independence of x, x̂ and θ∗,θc in (i), and (A1-3) as well as the definition of
the well-specified bias Bθ(θ̂P ) and variance V (θ̂P ) in (ii).

D.5. Proof of Proposition 4

Proof We first outline a more general setup where P α = f(ΣX ;α) for continuous and differen-
tiable function of α and f applied to eigenvalues of Σx. For any interval I ⊆ [0, 1], we claim
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(a) Suppose all four functions 1
xf(x;α) , f(x;α), ∂f(x;α)

∂α /f(x;α) and x∂f(x;α)
∂α are decreasing

functions of x on the support of vx for all α ∈ I. In addition, ∂f(x;α)
∂α ≥ 0 on the support of

vx for all α ∈ I. Then the stationary bias is an increasing function of α on I.

(b) For all α ∈ I, suppose xf(x;α) is a monotonic function of x on the support of vx and
∂f(x;α)
∂α /f(x;α) is a decreasing function of x on the support of vx. Then the stationary vari-

ance is a decreasing function of α on I.
Let us verify the three choices of P α in Proposition 4 one by one.
• When P α = (1 − α)Id + α(ΣX)−1, the corresponding f(x;α) is (1 − α) + αx. It is clear

that it satisfies all conditions in (a) and (b) for all α ∈ [0, 1]. Hence, the stationary variance is a
decreasing function and the stationary bias is an increasing function of α ∈ [0, 1].

• When P α = (ΣX)−α, the corresponding f(x;α) is x−α. It is clear that it satisfies all conditions
in (a) and (b) for all α ∈ [0, 1] except for the condition that x∂f(x;α)

∂α = −x1−α lnx is a decreasing
function of x. Note that x∂f(x;α)

∂α = −x1−α lnx is a decreasing function of x on the support of
vx only for α ≥ ln(κ)−1

ln(κ) where κ = sup vx/ inf vx. Hence, the stationary variance is a decreasing

function of α ∈ [0, 1] and the stationary bias is an increasing function of α ∈ [max(0, ln(κ)−1
ln(κ) ), 1].

• WhenP α = (αΣX+(1−α)Id)
−1, the corresponding f(x;α) is 1/(αx+(1−α)). It is clear that

it satisfies all conditions in (a) and (b) for all α ∈ [0, 1] except for the condition that x∂f(x;α)
∂α =

x(1−x)
(αx+(1−α))2

is a decreasing function of x. Note that x∂f(x;α)
∂α = x(1−x)

(αx+(1−α))2
is a decreasing

function of x on the support of vx only for α ≥ κ−2
κ−1 . Hence, the stationary variance is a decreasing

function of α ∈ [0, 1] and the stationary bias is an increasing function of α ∈ [max(0, κ−2
κ−1), 1].

To show (a) and (b), note that under the conditions on Σx and Σθ assumed in Proposition 4, the
stationary bias B(θ̂Pα) and the stationary variance V (θ̂Pα) can be simplified to

B(θ̂Pα) =
m′α(0)

m2
α(0)

E
vx

(1 + vxf(vx;α)mα(0))2
and V (θ̂Pα) = σ2 ·

(
m′α(0)

m2
α(0)

− 1

)
,

where mα(z) and m′α(z) satisfy

1 = −zmα(z) + γE
vxf(vx;α)mα(z)

1 + vxf(vx;α)mα(z)
(D.7)

m′α(z)

m2
α(z)

=
1

1− γE
(

f(vx;α)mα(z)
1+f(vx;α)mα(z)

)2 . (D.8)

For notation convenience, let fα := vxf(vx;α). From (D.8), we have the following equivalent
expressions.

B(θ̂Pα) =
E vx

(1+fαmα(0))2

1− γE
(

fαmα(0)
1+fαmα(0)

)2 , (D.9)

V (θ̂Pα) = σ2

 1

1− γE
(

fαmα(0)
1+fαmα(0)

)2 − 1

. (D.10)
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We first show that (b) holds. Note that from (D.10), we have

∂V (θ̂Pα)

∂α
=γσ2

 1

1−γE
(

fαmα(0)
1+fαmα(0)

)2


2

E
[

2fαmα(0)

(1+fαmα(0))3

(
fα
∂mα(z)

∂α

∣∣∣
z=0

+
∂fα
∂α

mα(0)

)]
.

(D.11)

To calculate ∂mα(z)
∂α

∣∣∣
z=0

, we take derivatives with respect to α on both sides of (D.7),

0 = γE
[

1

(1 + fαmα(0))2
·
(
fα
∂mα(z)

∂α

∣∣∣
z=0

+
∂fα
∂α

mα(0)

)]
. (D.12)

Therefore, plugging (D.12) into (D.11) yields

∂V (θ̂Pα)

∂α
=2γσ2

 mα(0)

1− γE
(

fαmα(0)
1+fαmα(0)

)2


2(

E
fα

(1 + fαmα(0))2

)−1

×

(
E

fα
∂fα
∂α

(1 + fαmα(0))3E
fα

(1 + fαmα(0))2
− E

f2
α

(1 + fαmα(0))3E
∂fα
∂α

(1 + fαmα(0))2

)
Thus showing V (θ̂Pα) is a decreasing function of α is equivalent to showing that

E
f2
α

(1 + fαmα(0))3E
∂fα
∂α

(1 + fαmα(0))2
≥ E

fα
∂fα
∂α

(1 + fαmα(0))3E
fα

(1 + fαmα(0))2
. (D.13)

Let µx be the probability measure of vx. We define a new measure µ̃x = fαµx
(1+fαmα(0))2

, and let

ṽx follow the new measure. Since ∂f(x;α)
∂α /f(x;α) is a decreasing function of x and xf(x;α) is a

monotonic function of x,

E
ṽxf(ṽx;α)

1 + ṽxf(ṽx;α)mα(0)
E

∂ṽxf(ṽx;α)
∂α

ṽxf(ṽx;α)
≥ E

∂ṽxf(ṽx;α)
∂α

1 + ṽxf(ṽx;α)mα(0)
.

Changing ṽx back to vx, we arrive at (D.13) and thus (b).
For the bias term B(θ̂Pα), note that from (D.7) and (D.9), we have

∂B(θ̂Pα)

∂α
=

1

γ

(
1

γ
− E

(
fαmα(0)

1 + fαmα(0)

)2
)−2

×
(
−E
[
2

vx

(1 + fαmα(0))3 ·
(
fα
∂mα(z)

∂α

∣∣∣
z=0

+
∂fα
∂α

mα(0)

)]
E

fαmα(0)

(1 + fαmα(0))2

+ E
vx

(1 + fαmα(0))2E
[
2

fαmα(0)

(1 + fαmα(0))3 ·
(
fα
∂mα(z)

∂α

∣∣∣
z=0

+
∂fα
∂α

mα(0)

)])
.(D.14)

Similarly, we combine (D.12) and (D.14) and simplify the expression. To verify B(θ̂Pα) is an
increasing function of α, we need to show that

0 ≤

(
E

vxfαmα(0)

(1 + fαmα(0))3
E

∂fα
∂α

(1 + fαmα(0))2
− E

vx
∂fα
∂α

(1 + fαmα(0))3
E

fαmα(0)

(1 + fαmα(0))2

)
E

fαmα(0)

(1 + fαmα(0))2
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− E
vx

(1 + fαmα(0))2

(
E

(fαmα(0))2

(1 + fαmα(0))3
E

∂fα
∂α

(1 + fαmα(0))2
− E

fαmα(0)∂fα∂α
(1 + fαmα(0))3

E
fαmα(0)

(1 + fαmα(0))2

)
,

(D.15)

Let hα , fαmα(0) = vxf(vx;α)mα(0) and gα , ∂fα
∂α = vx

∂f(vx;α)
∂α . Then (D.15) can be further

simplified to the following equation

0 ≤E
vxhα

(1 + hα)3
E

gα
(1 + hα)3

E
hα

(1 + hα)3
− E

vx
(1 + hα)3

E
gα

(1 + hα)3
E

h2
α

(1 + hα)3︸ ︷︷ ︸
part 1

+ E
vx

(1 + hα)3
E

gαhα
(1 + hα)3

E
hα

(1 + hα)3
− E

vxgα
(1 + hα)3

E
hα

(1 + hα)3
E

hα
(1 + hα)3︸ ︷︷ ︸

part 2

+ 2E
vxhα

(1 + hα)3
E

gαhα
(1 + hα)3

E
hα

(1 + hα)3
− 2E

vxgα
(1 + hα)3

E
h2
α

(1 + hα)3
E

hα
(1 + hα)3︸ ︷︷ ︸

part 3

+ E
vxhα

(1 + hα)3
E

gαhα
(1 + hα)3

E
h2
α

(1 + hα)3
− E

vxgα
(1 + hα)3

E
h2
α

(1 + hα)3
E

h2
α

(1 + hα)3︸ ︷︷ ︸
part 4

. (D.16)

Note that under condition of (a), we know that both hα and vx/hα are increasing functions of vx;
and both gα/hα and gα are decreasing functions of vx. Hence, with calculation similar to (D.13),
we know part 1,2,3,4 in (D.16) are all non-negative, and therefore (D.16) holds.
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Figure 20: Illustration of the monotonicity of the bias term under Σθ = Id. We consider two distributions
of eigenvalues for ΣX : two equally weighted point masses (circle) and a uniform distribution (star), and vary
the condition number κX and overparameterization level γ. In all cases the bias in monotone in α ∈ [0, 1].

Remark 5 The above characterization provides sufficient but not necessary conditions for the
monotonicity of the bias term. In general, the expression of the bias is rather opaque, and de-
termining the sign of its derivative can be tedious, except for certain special cases (e.g. γ = 2 and
the eigenvalues of ΣX are two equally weighted point masses, for which mα has a simple form and
one may analytically check the monotonicity). We conjecture that the bias is monotone for α ∈ [0, 1]
for a much wider class of ΣX , as shown in Figure 20.
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D.6. Proof of Proposition 5

Proof Taking the derivative of V (θP (t)) w.r.t. time yields (omitting the scalar σ2),

dV (θP (t))

dt
=

d

dt

∥∥∥∥Σ1/2
X PX>

(
In − exp

(
− t
n
XPX>

))(
XPX>

)−1
∥∥∥∥2

F

(i)
=

1

n
tr

ΣXP X̄
>
SP exp

(
− t
n
SP

)
S−2
P

(
In − exp

(
− t
n
SP

))
X̄︸ ︷︷ ︸

p.s.d.

 (ii)
> 0,

where we defined X̄ = XP 1/2 and SP = XPX> in (i), and (ii) is due to (A2-3) the inequality
tr(AB) ≥ λmin(A)tr(B) for positive semi-definiteA andB.

D.7. Proof of Proposition 6

Proof Recall the definition of the bias (well-specified) of θ̂P (t),

B(θP (t))
(i)
=

1

d
tr

(
Σθ

(
Id − PX>WP (t)S−1

P X
)>

ΣX

(
Id − PX>WP (t)S−1

P X
))

(ii)
=

1

d
tr

(
Σθ/P

(
Id − X̄

>
WP (t)S−1

P X̄
)>

ΣXP

(
Id − X̄

>
WP (t)S−1

P X̄
))

(iii)

≥ 1

d
tr

((
Σ

1/2
XP

(
Id − X̄

>
WP (t)S−1

P X̄
)
Σ

1/2
θ/P

)2
)
, (D.17)

where we defined SP = XPX>, WP (t) = In − exp
(
− t
nSP

)
in (i), X̄ = XP 1/2 in (ii), and

(iii) is due to the inequality tr
(
A>A

)
≥ tr

(
A2
)
.

When ΣX = Σ−1
θ , i.e. NGD achieves lowest stationary bias, (D.17) simplifies to

B(θP (t)) ≥ 1

d
tr

((
Id − X̄

>
WP (t)S−1

P X̄
)2
)

=

(
1− 1

γ

)
+

1

d

n∑
i=1

exp

(
− t
n
λ̄i

)2

, (D.18)

where λ̄ is the eigenvalue of SP . On the other hand, since F = ΣX , for the NGD iterate θ̂F−1(t)
we have

B(θF−1(t)) =
1

d
tr

((
Id − X̂

>
W F−1(t)S−1

F−1X̂
)2
)

=

(
1− 1

γ

)
+

1

d

n∑
i=1

exp

(
− t
n
λ̂i

)2

,(D.19)

where X̂ = XΣ
−1/2
X and λ̄ is the eigenvalue of SF−1 = X̂X̂

>
. Comparing (D.18)(D.19), we

see that given θ̂P (t) at a fixed t, if we run NGD for time T > λ̄max

λ̂min
t (note that T/t = O(1) by

(A2-3)), then we have B(θP (t)) ≥ B(θF−1(T )) for any P satisfying (A3). This thus implies that
Bopt(θP ) ≥ Bopt(θF−1).

On the other hand, when Σθ = Id, we can show that the bias term of GD is monotonically
decreasing through time by taking its derivative,

d

dt
B(θI(t)) =

1

d

d

dt
tr

((
Id −X>W I(t)S

−1
I X

)>
ΣX

(
Id −X>W I(t)S

−1
I X

))
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= − 1

nd
tr

ΣXX
>S exp

(
− t
n
S

)
S−1X

(
Id −X>W I(t)S

−1
I X

)
︸ ︷︷ ︸

p.s.d.

 < 0. (D.20)

Similarly, one can verify that the expected bias of NGD is monotonically decreasing for all
choices of ΣX and Σθ satisfying (A2-4),

d

dt
tr

(
Σθ

(
Id − F−1X>W F−1(t)S−1

F−1X
)>

ΣX

(
Id − F−1X>W F−1(t)S−1

F−1X
))

=
d

dt
tr

(
ΣXθ

(
Id − X̂

>
W F−1(t)S−1

F−1X̂
)>(

Id − X̂
>
W F−1(t)S−1

F−1X̂
)) (i)

< 0,

where (i) follows from calculation similar to (D.20). Since the expected bias is decreasing through
time for both GD and NGD when Σθ = Id, and from Theorem 2 we know thatB(θ̂I) ≤ B(θ̂F−1),
we conclude that Bopt(θI) ≤ Bopt(θF−1).

D.8. Proof of Theorem 7

D.8.1. SETUP AND RESULT

We restate the setting and assumptions. H is an RKHS included inL2(PX) equipped with a bounded
kernel function k. Kx ∈ H is the Riesz representation of the kernel function k(x, ·), that is,
k(x,y) = 〈Kx,Ky〉H. S is the canonical embedding operator from H to L2(PX). We write
Σ = S∗S : H → H and L = SS∗. Note that the boundedness of the kernel gives ‖Sf‖L2(PX) ≤
supx |f(x)| = supx |〈Kx, f〉| ≤ ‖Kx‖H‖f‖H ≤ ‖f‖H. Hence we know ‖Σ‖ ≤ 1 and ‖L‖ ≤ 1.
Our analysis will be made under the following assumptions.
• There exist r∈(0,∞) and M>0 such that f∗=Lrh∗ for some h∗∈L2(PX) and ‖f∗‖∞≤M .

• There exists s > 1 s.t. tr
(
Σ1/s

)
<∞ and 2r + s−1 > 1.

• There exist µ ∈ [s−1, 1] and Cµ > 0 such that supx∈supp(PX)

∥∥Σ1/2−1/µKx
∥∥
H ≤ Cµ.

• supx∈supp(PX) k(x,x) ≤ 1.
We remark that (A5-6) are standard assumptions in the literature that provide capacity control

of the RKHS [19, 67]. It is also worth noting that previous works mostly consider r ≥ 1/2 which
implies f∗∈H.

The training data is generated as yi = f∗(xi) + εi, where εi is an i.i.d. noise satisfying |εi| ≤ σ
almost surely. Let y ∈ Rn be the label vector. We identify Rn with L2(Pn) and define

Σ̂ =
1

n

n∑
i=1

Kxi ⊗Kxi : H → H, Ŝ∗Y =
1

n

n∑
i=1

YiKxi , (Y ∈ L2(Pn)).

We consider the following preconditioned update on ft ∈ H:

ft = ft−1 − η(Σ + λI)−1(Σ̂ft−1 − Ŝ∗Y ), f0 = 0.

We aim to show the following theorem:
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Theorem 8 Given the assumptions above, if the sample size n is sufficiently large so that 1/(nλ)�
1, then for η < ‖Σ‖ with ηt ≥ 1 and 0 < δ < 1 and 0 < λ < 1, it holds that

‖Sft − f∗‖2L2(PX) ≤ C(B(t) + V (t)),

with probability 1− 3δ, where C is a constant and

B(t) := exp(−ηt) ∨
(
λ

ηt

)2r

,

V (t) := V1(t) + (1 + ηt)

λ−1B(t) + σ2tr
(

Σ
1
s

)
λ−

1
s

n
+
λ−1(σ +M + (1 + tη)λ−( 1

2
−r)+)2

n2

 log(1/δ)2,

in which

V1(t) :=

exp(−ηt) ∨
(
λ

ηt

)2r

+ (tη)2

β′(1 ∨ λ2r−µ)tr
(

Σ
1
s

)
λ−

1
s

n
+
β′2(1 + λ−µ(1 ∨ λ2r−µ)

n2

(1 + tη)2,

for β′ = log

(
28C2

µ(22r−µ∨λ−µ+2r)tr(Σ1/s)λ−1/s

δ

)
. When r ≥ 1/2, if we set λ = n−

s
2rs+1 =: λ∗ and

t = Θ(log(n)), then the overall convergence rate becomes

‖Sgt − f∗‖2L2(PX) = Õp

(
n−

2rs
2rs+1

)
,

which is the minimax optimal rate (Õp(·) hides a poly-log(n) factor). On the other hand, when

r < 1/2, the bound is also Õp
(
n−

2rs
2rs+1

)
except the term V1(t). In this case, if 2r ≥ µ holds

additionally, we have Vt(t) = Õp

(
n−

2rs
2rs+1

)
, which again recovers the optimal rate.

Note that if the GD (with iterates f̃t) is employed, from previous work [52] we know that the

bias term
(
λ
ηt

)2r
is replaced by

(
1
ηt

)2r
, and therefore the upper bound translates to

‖Sf̃t − f∗‖2L2(PX) ≤ C

{
(ηt)−2r +

1

n

(
tr
(

Σ1/s
)

(ηt)1/s +
ηt

n

)(
σ2 +

(
1

ηt

)2r

+
M2 + (ηt)−(2r−1)

n

)}
,

with high probability. In other words, by the condition η = O(1), we need t = Θ(n
2rs

2rs+1 ) steps to
sufficiently diminish the bias term. In contrast, the preconditioned update that interpolates between
GD and NGD (3.1) only require t = O(log(n)) steps to make the bias term negligible. This is
because the NGD amplifies the high frequency component and rapidly captures the detailed “shape”
of the target function f∗.

D.8.2. PROOF OF MAIN RESULT

Proof We follow the proof strategy of [52]. First we define a reference optimization problem with
iterates f̄t that directly minimize the population risk:

f̄t = f̄t−1 − η(Σ + λI)−1(Σf̄t−1 − S∗f∗), f̄0 = 0.
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Note that E[ft] = f̄t. In addition, we define the degrees of freedom and its related quantity as

N∞(λ) := Ex[〈Kx,Σ−1
λ Kx〉H] = tr

(
ΣΣ−1

λ

)
, F∞(λ) := sup

x∈supp(PX)
‖Σ−1/2

λ Kx‖2H.

We can see that the risk admits the following bias-variance decomposition

‖Sft − f∗‖2L2(PX) ≤ 2(‖Sft − Sf̄t‖2L2(PX)︸ ︷︷ ︸
V (t), variance

+ ‖f̄t − f∗‖2L2(PX)︸ ︷︷ ︸
B(t), bias

).

We upper bound the bias and variance separately.

Bounding the bias term B(t): Note that by the update rule (3.1), it holds that

Sf̄t − f∗ = Sf̄t−1 − f∗ − ηS(Σ + λI)−1(Σf̄t−1 − S∗f∗)
⇔ Sf̄t − f∗ = (I − ηS(Σ + λI)−1S∗)(Sf̄t−1 − f∗).

Therefore, unrolling the recursion gives Sf̄t − f∗ = (I − ηS(Σ + λI)−1S∗)t(Sf̄0 − f∗) =
(I − ηS(Σ + λI)−1S∗)t(−f∗) = −(I − ηS(Σ + λI)−1S∗)tLrh∗. Write the spectral decom-
position of L as L =

∑∞
j=1 σjφjφ

∗
j for φj ∈ L2(PX) for σj ≥ 0. We have ‖(I − ηS(Σ +

λI)−1S∗)tLrh∗‖L2(PX) =
∑∞

j=1(1 − η
σj

σj+λ
)2tσ2r

j h
2
j , where h =

∑∞
j=1 hjφj . We then apply

Lemma 9 to obtain

B(t) ≤ exp(−ηt)
∑
j:σj≥λ

h2
j +

(
2r

e

λ

ηt

)2r ∑
j:σj<λ

h2
j ≤ C

[
exp(−ηt) ∨

(
λ

ηt

)2r
]
‖h∗‖2L2(PX),

where C is a constant depending only on r.

Bounding the variance term V (t): We now handle the variance term V (t). For notational con-
venience, we write Aλ := A + λI for a linear operator A from a Hilbert space H to H . By the
definition of ft, we know

ft = (I − η(Σ + λI)−1Σ̂)ft−1 + η(Σ + λI)−1Ŝ∗Y

=

t−1∑
j=0

(I − η(Σ + λI)−1Σ̂)jη(Σ + λI)−1Ŝ∗Y

= Σ
−1/2
λ η

 t−1∑
j=0

(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )j

Σ
−1/2
λ Ŝ∗Y =: Σ

−1/2
λ GtΣ

−1/2
λ Ŝ∗Y,

where we defined Gt := η
[∑t−1

j=0(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )j

]
. Accordingly, we decompose V (t) as

‖Sft − Sf̄t‖2L2(PX) ≤2(‖S(ft − Σ
−1/2
λ GtΣ

−1/2
λ Σ̂f̄t)‖2L2(PX)︸ ︷︷ ︸

(a)

+ ‖S(Σ
−1/2
λ GtΣ

−1/2
λ Σ̂f̄t − f̄t)‖2L2(PX)︸ ︷︷ ︸

(b)

).
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We bound (a) and (b) separately.
Step 1. Bounding (a). Decompose (a) as

‖S(ft − Σ
−1/2
λ GtΣ

−1/2
λ Σ̂f̄t)‖2L2(PX) = ‖SΣ

−1/2
λ GtΣ

−1/2
λ (Ŝ∗Y − Σ̂f̄t)‖2L2(PX)

≤‖SΣ
−1/2
λ ‖2‖GtΣ−1/2

λ Σ̂λΣ
−1/2
λ ‖2‖Σ1/2

λ Σ̂−1
λ Σ

1/2
λ ‖

2‖Σ−1/2
λ (Ŝ∗Y − Σ̂f̄t)‖2H.

We bound the terms in the RHS individually.
(i) ‖SΣ

−1/2
λ ‖2 = ‖Σ−1/2

λ ΣΣ
−1/2
λ ‖ ≤ 1.

(ii) Note that Σ
−1/2
λ Σ̂λΣ

−1/2
λ = I − Σ

−1/2
λ (Σ− Σ̂)Σ

−1/2
λ � (1− ‖Σ−1/2

λ (Σ− Σ̂)Σ
−1/2
λ ‖)I.

Proposition 6 of [71] and its proof implies that for λ ≤ ‖Σ‖ and 0 < δ < 1, it holds that

‖Σ−1/2
λ (Σ− Σ̂)Σ

−1/2
λ ‖ ≤

√
2βF∞(λ)

n
+

2β(1 + F∞(λ))

3n
=: Ξn, (D.21)

with probability 1 − δ, where β = log

(
4tr(ΣΣ−1

λ )
δ

)
= log

(
4N∞(λ)

δ

)
. By Lemma 12, β ≤

log

(
4tr(Σ1/s)λ−1/s

δ

)
and F∞(λ) ≤ λ−1. Therefore, if λ = o(n−1 log(n)) and λ = Ω(n−1/s),

the RHS can be smaller than 1/2 for sufficiently large n, i.e. Ξn = O(
√

log(n)/(nλ)) ≤ 1/2. In
this case we have,

Σ
−1/2
λ Σ̂λΣ

−1/2
λ � 1

2
I.

We denote this event as E1.
(iii) Note that

GtΣ
−1/2
λ Σ̂λΣ

−1/2
λ = η

 t−1∑
j=0

(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )j

Σ
−1/2
λ Σ̂λΣ

−1/2
λ

= η

 t−1∑
j=0

(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )j

(Σ
−1/2
λ Σ̂Σ

−1/2
λ + λΣ−1

λ ).

Thus, by Lemma 10 we have

‖GtΣ−1/2
λ Σ̂λΣ

−1/2
λ ‖

≤

∥∥∥∥∥∥η
 t−1∑
j=0

(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )j

Σ
−1/2
λ Σ̂Σ

−1/2
λ

∥∥∥∥∥∥︸ ︷︷ ︸
≤1 (due to Lemma 10)

+

∥∥∥∥∥∥η
 t−1∑
j=0

(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )j

λΣ−1
λ

∥∥∥∥∥∥
≤1 + η

t−1∑
j=0

‖(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )j‖‖λΣ−1

λ ‖ ≤ 1 + ηt.

(iv) Note that

‖Σ−1/2
λ (Ŝ∗Y − Σ̂f̄t)‖2H ≤ 2(‖Σ−1/2

λ [(Ŝ∗Y − Σ̂f̄t)− (S∗f∗ − Σf̄t)]‖2H + ‖Σ−1/2
λ (S∗f∗ − Σf̄t)‖2H).
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First we bound the first term of the RHS. Let ξi = Σ
−1/2
λ [Kxiyi − Kxi f̄t(xi) − (S∗f∗ − Σf̄t)].

Then, {ξi}ni=1 is an i.i.d. sequence of zero-centered random variables taking value inH and thus we
have

‖Σ−1/2
λ [(Ŝ∗Y − Σ̂f̄t)− (S∗f∗ − Σf̄t)]‖2H =

∥∥∥∥∥ 1

n

n∑
i=1

ξi

∥∥∥∥∥
2

H

.

The RHS can be bounded by using Bernstein’s inequality in Hilbert space [19]. To apply the in-
equality, we need to bound the variance and sup-norm of the random variable. The variance can be
bounded as

E[‖ξi‖2H] ≤ E(x,y)

[
‖Σ−1/2

λ (Kx(f∗(x)− f̄t(x)) +Kξε)‖2H
]

≤ 2
{
E(x,y)

[
‖Σ−1/2

λ (Kx(f∗(x)− f̄t(x))‖2H + ‖Σ−1/2
λ (Kxε)‖2H

]}
≤ 2

{
sup

x∈supp(PX)
‖Σ−1/2

λ Kx‖2‖f∗ − Sf̄t‖2L2(PX) + σ2tr
(
Σ−1
λ Σ

)}
≤ 2
{
F∞(λ)B(t) + σ2tr

(
Σ−1
λ Σ

)}
≤ 2
{
λ−1B(t) + σ2tr

(
Σ−1
λ Σ

)}
,

The sup-norm can be bounded as follows. Observe that ‖f̄t‖∞ ≤ ‖f̄t‖H, and thus by Lemma 11,

‖ξi‖H ≤ 2 sup
x∈supp(PX)

‖Σ−1/2
λ Kx‖H(σ + ‖f∗‖∞ + ‖f̄t‖∞)

. F1/2
∞ (λ)(σ +M + (1 + tη)λ−(1/2−r)+)

. λ−1/2(σ +M + (1 + tη)λ−(1/2−r)+).

Therefore, for 0 < δ < 1, Bernstein’s inequality (see Proposition 2 of [19]) yields that∥∥∥∥∥ 1

n

n∑
i=1

ξi

∥∥∥∥∥
2

H

≤ C

√λ−1B(t) + σ2tr
(
Σ−1
λ Σ

)
n

+
λ−1/2(σ +M + (1 + tη)λ−(1/2−r)+)

n

2

log(1/δ)2

with probability 1− δ where C is a universal constant. We define this event as E2.
For the second term ‖Σ−1/2

λ (S∗f∗ − Σf̄t)‖2H we have

‖Σ−1/2
λ (S∗f∗ − Σf̄t)‖2H ≤ ‖Σ

1/2
λ (f∗ − Sft)‖2H = ‖f∗ − Sf̄t‖2L2(PX) ≤ B(t).

Combining these evaluations, on the event E2 where P (E2) ≥ 1− δ for 0 < δ < 1 we have

‖Σ−1/2
λ (Ŝ∗Y − Σ̂f̄t)‖2H

(i)

≤C

√λ−1B(t) + σ2tr
(
Σ−1
λ Σ

)
n

+
λ−1/2(σ +M + (1 + tη)λ−(1/2−r)+)

n

2

log(1/δ)2 +B(t).

where we used Lemma 12 in (i).
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Step 2. Bounding (b). On the event E1, the term (b) can be evaluated as

‖S(Σ
−1/2
λ GtΣ

−1/2
λ Σ̂f̄t − f̄t)‖2L2(PX)

≤‖Σ1/2(Σ
−1/2
λ GtΣ

−1/2
λ Σ̂f̄t − f̄t)‖2H

≤‖Σ1/2Σ
−1/2
λ (GtΣ

−1/2
λ Σ̂Σ

−1/2
λ − I)Σ

1/2
λ f̄t‖2H

≤‖Σ1/2Σ
−1/2
λ ‖‖(GtΣ−1/2

λ Σ̂Σ
−1/2
λ − I)Σ

1/2
λ f̄t‖2H

≤‖(GtΣ−1/2
λ Σ̂Σ

−1/2
λ − I)Σ

1/2
λ f̄t‖2H. (D.22)

where we used Lemma 11 in the last inequality. The term ‖(GtΣ−1/2
λ Σ̂Σ

−1/2
λ − I)Σ

1/2
λ ft‖H can be

bounded as follows. First, note that

(GtΣ
−1/2
λ Σ̂Σ

−1/2
λ − I)Σ

1/2
λ =

η
 t−1∑
j=0

(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )j

Σ
−1/2
λ Σ̂Σ

−1/2
λ − I

Σ
1/2
λ

= (I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )tΣ

1/2
λ .

Therefore, the RHS of (D.22) can be further bounded by

‖(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )tΣ

1/2
λ f̄t‖H

=‖(I − ηΣ
−1/2
λ ΣΣ

−1/2
λ + ηΣ

−1/2
λ (Σ− Σ̂)Σ

−1/2
λ )tΣ

1/2
λ f̄t‖H

=‖
t−1∑
k=0

(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )k(ηΣ

−1/2
λ (Σ− Σ̂)Σ

−1/2
λ )(I − ηΣ−1

λ Σ)t−k−1Σ
1/2
λ f̄t − (I − ηΣ−1

λ Σ)tΣ
1/2
λ f̄t‖H

(i)

≤‖(I − ηΣ−1
λ Σ)tΣ

1/2
λ f̄t‖H

+ η
t−1∑
k=0

‖(I − ηΣ
−1/2
λ Σ̂Σ

−1/2
λ )kΣ

−1/2
λ (Σ− Σ̂)Σ

−1/2+r
λ (I − ηΣ−1

λ Σ)t−k−1Σ
1/2−r
λ f̄t‖H

≤‖(I − ηΣ−1
λ Σ)tΣ

1/2
λ f̄t‖H + tη‖Σ−1/2

λ (Σ− Σ̂)Σ
−1/2+r
λ ‖‖Σ1/2−r

λ f̄t‖H
=‖(I − ηΣ−1

λ Σ)tΣr
λ‖‖Σ

1/2−r
λ f̄t‖H + tη‖Σ−1/2

λ (Σ− Σ̂)Σ
−1/2+r
λ ‖‖Σ1/2−r

λ f̄t‖H
.‖(I − ηΣ−1

λ Σ)tΣr
λ‖+ tη‖Σ−1/2

λ (Σ− Σ̂)Σ
−1/2+r
λ ‖(1 + tη)‖h∗‖L2(PX), (D.23)

where (i) is due to exchangeability of Σλ and Σ. By Lemma 9, for the RHS we have

‖(I − ηΣ−1
λ Σ)tΣr

λ‖ ≤ exp(−ηt/2) ∨
(

1

e

λ

ηt

)r
.

Next, as in the (D.21), by applying the Bernstein inequality for asymmetric operators (Corollary
3.1 of [61] with the argument in its Section 3.2), it holds that

‖Σ−1/2
λ (Σ− Σ̂)Σ

−1/2+r
λ ‖

≤C ′
√β′C2

µ(22r−µ ∨ λ2r−µ)N∞(λ)

n
+
β′((1 + λ)r + C2

µλ
−µ/2(22r−µ ∨ λr−µ/2)

n

 =: Ξ′n,
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with probability 1−δ, whereC ′ is a universal constant and β′ ≤ log

(
28C2

µ(22r−µ∨λ−µ+2r)tr(Σ1/s)λ−1/s

δ

)
.

We also used the following bounds on the sup-norm and the second order moments:

(sup-norm) ‖Σ−1/2
λ (KxK

∗
x − Σ)Σ

−1/2+r
λ ‖

≤ ‖Σ−1/2
λ KxK

∗
xΣ
−1/2+r
λ ‖+ ‖Σr

λ‖

≤ ‖Σ−µ/2λ Σ
µ/2−1/2
λ KxK

∗
xΣ
−1/2+µ/2
λ Σ

r−µ/2
λ ‖+ ‖Σr

λ‖
≤ C2

µλ
−µ/2(2r−µ/2 ∨ λr−µ/2) + (1 + λ)r (a.s.),

(2nd order moment 1) ‖Ex[Σ
−1/2
λ (KxK

∗
x − Σ)Σ−1+2r

λ (KxK
∗
x − Σ)Σ

−1/2
λ ]‖

≤ ‖Σ−1/2
λ ΣΣ

−1/2
λ ‖ sup

x∈supp(PX)
[K∗xΣ

−1/2+µ/2
λ Σ−µ+2r

λ Σ
−1/2+µ/2
λ Kx]

≤ C2
µ(22r−µ ∨ λ2r−µ),

(2nd order moment 2) ‖Ex[Σ
−1/2+r
λ (KxK

∗
x − Σ)Σ

−1/2
λ Σ

−1/2
λ (KxK

∗
x − Σ)Σ

−1/2+r
λ ]‖

≤ ‖Ex[Σ
−1/2+r
λ KxK

∗
xΣ−1

λ KxK
∗
xΣ
−1/2+r
λ ]‖

≤ C2
µ(22r−µ ∨ λ2r−µ)Ex[K∗xΣ−1

λ Kx]

= C2
µ(22r−µ ∨ λ2r−µ)tr

(
ΣΣ−1

λ

)
= C2

µ(22r−µ ∨ λ2r−µ)N∞(λ).

We define this event as E3. Therefore, the RHS of (D.23) can be further bounded by

[‖(I − ηΣ−1
λ Σ)tΣr

λ‖+ Ctη‖Σ−1/2
λ (Σ− Σ̂)Σ

−1/2+r
λ ‖](1 + tη)‖h∗‖L2(PX)

≤
[
exp(−ηt/2) ∨

(
1

e

λ

ηt

)r
+ tηΞ′n

]
(1 + tη)‖h∗‖L2(PX).

Finally, note that when λ = λ∗ and 2r ≥ µ,

Ξ′2n = Õ

(
λ∗2r−µ−1/s

n
+
λ∗2(r−µ)

n2

)
≤ Õ(n−

s(4r−µ)
2rs+1 + n−

s(4r−2µ)+2
2rs+1 ) ≤ Õ(n−

2rs
2rs+1 ).

Step 3. Combining the calculations in Step 1 and 2 leads to the desired result.

D.8.3. AUXILIARY LEMMAS

Lemma 9 For t ∈ N, 0 < η < 1, 0 < σ ≤ 1 and 0 ≤ λ, it holds that(
1− η σ

σ + λ

)t
σr ≤

{
exp(−ηt/2) (σ ≥ λ)(

2r
e
λ
ηt

)r
(σ < λ)

.

Proof When σ ≥ λ, we have(
1− η σ

σ + λ

)t
σr ≤

(
1− η σ

2σ

)t
σr = (1− η/2)tσr ≤ exp(−tη/2)σr ≤ exp(−tη/2)

38



WHEN DOES PRECONDITIONING HELP OR HURT GENERALIZATION?

due to σ ≤ 1. On the other hand, note that(
1− η σ

σ + λ

)t
σr ≤ exp

(
−ηt σ

σ + λ

)
×
(
σηt

σ + λ

)r(σ + λ

ηt

)r
≤ sup

x>0
exp(−x)xr

(
σ + λ

ηt

)r
≤
(

(σ + λ)r

ηte

)r
,

where we used supx>0 exp(−x)xr = (r/e)r.

Lemma 10 For t = N, 0 < η and 0 ≤ σ such that ησ < 1, it holds that η
∑t−1

j=0(1− ησ)jσ ≤ 1.

Proof If σ = 0, then the statement is obvious. Assume that σ > 0, then

t−1∑
j=0

(1− ησ)jσ =
1− (1− ησ)t

1− (1− ησ)
σ =

1

η
[1− (1− ησ)t] ≤ η−1.

This yields the desired claim.

Lemma 11 Under (A5-7), for any 0 < λ < 1 and q ≤ r, it holds that

‖Σ−sλ f̄t‖H . (1 + λ−(1/2+(q−r))+ + λtηλ−(3/2+(q−r))+)‖h∗‖L2(PX).

Proof Recall that

f̄t = (I − η(Σ + λI)−1Σ)f̄t−1 + η(Σ + λI)−1S∗f∗ =

t−1∑
j=0

(I − η(Σ + λI)−1Σ)jη(Σ + λI)−1S∗f∗.

Therefore, we obtain the following

‖Σ−qλ f̄t‖H = η‖
t−1∑
j=0

(I − ηΣ−1
λ Σ)jΣ−1−q

λ S∗Lrh∗‖H

=η‖
t−1∑
j=0

(I − ηΣ−1
λ Σ)jΣ−1

λ (Σ + λI)Σ−q−1
λ S∗Lrh∗‖H

≤η‖
t−1∑
j=0

(I − ηΣ−1
λ Σ)jΣ−1

λ ΣΣ−q−1
λ S∗Lrh∗‖H + λη‖

t−1∑
j=0

(I − ηΣ−1
λ Σ)jΣ−1

λ Σ−q−1
λ S∗Lrh∗‖H

≤η‖
t−1∑
j=0

(I − ηΣ−1
λ Σ)jΣ−1

λ Σ‖‖Σ−q−1
λ S∗Lrh∗‖H + λη‖

t−1∑
j=0

(I − ηΣ−1
λ Σ)jΣ−1

λ Σ−q−1
λ S∗Lrh∗‖H

≤‖Σ−q−1
λ S∗Lrh∗‖H + λtη‖Σ−1

λ Σ−q−1
λ S∗Lrh∗‖H

≤‖S∗L−q−1+r
λ h∗‖H + λtη‖S∗L−q−2+r

λ h∗‖H

≤
√
〈h∗, L−q−1+r

λ SS∗L−q−1+r
λ h∗〉L2(PX) + λtη

√
〈h∗, L−q−2+r

λ SS∗L−q−2+r
λ h∗〉L2(PX)
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=
√
〈h∗, L−q−1+r

λ LL−q−1+r
λ h∗〉L2(PX) + λtη

√
〈h∗, L−q−2+r

λ LL−q−2+r
λ h∗〉L2(PX)

≤(λ−1/2−(q−r) + λtηλ−3/2−(q−r))‖h∗‖L2(PX) ≤ (1 + tη)λ−1/2−(q−r)‖h∗‖L2(PX).

Lemma 12 Under (A5-7) and for λ ∈ (0, 1), it holds thatN∞(λ) ≤ tr
(
Σ1/s

)
λ−1/s, andF∞(λ) ≤

1/λ.

Proof For the first inequality, we have

N∞(λ) =tr
(
ΣΣ−1

λ

)
= tr

(
Σ1/sΣ1−1/sΣ

−(1−1/s)
λ Σ

−1/s
λ

)
≤tr
(

Σ1/sΣ1−1/sΣ
−(1−1/s)
λ

)
λ−1/s ≤ tr

(
Σ1/s

)
λ−1/s.

As for the second inequality, note that

F∞(λ) = sup
x
〈Kx,Σ−1

λ Kx〉H ≤ sup
x
λ−1〈Kx,Kx〉H ≤ λ−1 sup

x
k(x,x) ≤ λ−1.
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Appendix E. Experiment Setup

E.1. Processing the Datasets

To obtain extra unlabeled data to estimate the Fisher, we zero pad pixels on the boarders of each
image before randomly cropping; a random horizontal flip is also applied for CIFAR10 images. We
preprocess all images by dividing pixel values by 255 before centering them to be located within
[−0.5, 0.5] with the subtraction by 1/2. For experiments on CIFAR10, we downsample the original
images using a max pooling layer with kernel size 2 and stride 2.

E.2. Setup and Implementation for Optimizers

In all settings, GD uses a learning rate of 0.01 that is exponentially decayed every 1k updates
with the parameter value 0.999. For NGD, we use a fixed learning rate of 0.03. Since inverting a
parameter-by-parameter-sized Fisher estimate per iteration would be costly, we adopt the Hessian
free approach [56] which computes approximate matrix-inverse-vector products using the conjugate
gradient (CG) method [16, 64]. For each approximate inversion, we run CG for 200 iterations
starting from the solution returned by the previous CG run. The precise number of CG iterations
and the initialization heuristic roughly follow [59]. For the first run of CG, we initialize the vector
from a standard Gaussian, and run CG for 5k iterations. To ensure invertibility, we apply a very
small amount of damping (0.00001) in most scenarios.

E.3. Other Details

For experiments in the label noise and misspecification sections, we pretrain the teacher using the
Adam optimizer [44] with its default hyperparameters and a learning rate of 0.001.

For experiments in the misalignment section, we downsample all images twice using max pool-
ing with kernel size 2 and stride 2. Moreover, only for experiments in this section, we implement
natural gradient descent by exactly computing the Fisher on a large batch of unlabeled data and
inverting the matrix by calling PyTorch’s torch.inverse before right multiplying the gradient.
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