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Abstract

We present two sampled quasi-Newton methods: sampled LBFGS and sampled LSR1. Contrary
to the classical variants that sequentially build Hessian approximations, our proposed methods
sample points randomly around the current iterate to produce these approximations. As a result, the
approximations constructed make use of more reliable (recent and local) information, and do not
depend on past information that could be significantly stale. We provide convergence guarantees
for our proposed methods, and illustrate their performance in practice.

1. Introduction

In supervised machine learning, one seeks to minimize the empirical risk,

min F'(w Zf w; y Zfz (1.1)

wERY

where f : R? — R is the composition of a prediction function (parametrized by w) and a loss
function, and (a:i, yi), fori =1,...,n, denote the training examples (samples).

In the last decades, much effort has been devoted to the development of stochastic first-order
methods [6, 19, 20, 27, 30, 40, 45, 47] that have a low per-iteration cost, enjoy optimal complexity,
are easy to implement, and that have proven to be effective for many machine learning applications.
However, these methods have several issues: (1) they are highly sensitive to the choice of hyper-
parameters (e.g., steplength and batch size) and tuning can be cumbersome; (2) they suffer from
ill-conditioning; and, (3) they often offer limited opportunities for parallelism; see [3, 7, 31, 46, 51].
In order to alleviate these issues, stochastic Newton [5, 12, 25, 37, 46, 52] and stochastic quasi-
Newton [2, 13, 16, 24, 28, 39, 48] methods have been proposed. These methods attempt to combine
the speed of Newton’s method and the scalability of first-order methods by incorporating curvature
information in a judicious manner, and have proven to work well for several machine learning tasks
[3, 28, 46, 51].

This paper focuses on (full) batch methods that incorporate local second-order (curvature) in-
formation of the objective function. Specifically, we propose two variants of classical quasi-Newton
methods' that sample a small number of random points at every iteration to build Hessian approxi-
mations.

We are motivated by the results presented in Figure 1 that illustrate the performance (for 10
different starting points) of several first- and second-order methods on a toy neural network clas-
sification task, given budget; see Section 4 for details. As is clear from the results, first-order

1. For a literature review of deterministic and stochastic quasi-Newton methods see Appendix A
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methods converge very slowly, and
sometimes even fail to achieve
100% accuracy. Similarly, classi-
cal quasi-Newton methods are also
slow or stagnate. On the other
hand, methods that use the true

Hessian are able to converge in
very few iterations from all Starting Figure 1: Performance of GD, ADAM, BFGS, LBFGS, SR1, LSR1,

points. This seems to suggest that Newton-TR(CG, Exact) on a toy problem.

for some neural network training tasks second-order information is important, and that the curva-
ture information captured by classical quasi-Newton methods may not be adequate or useful.

The key idea of our proposed methods is to leverage the fact that quasi-Newton methods can
incorporate second-order information using only gradient information at a reasonable cost, but at
the same time to enhance the (inverse) Hessian approximations by using more reliable (recent and
local) information. The fundamental component of our methods, and what differentiates them from
the classical variants, is the manner in which the curvature pairs are constructed. To this end, we
propose to forget past curvature information and sample new curvature pairs at every iteration.

2. Sampled Quasi-Newton Methods

In this section, we describe our two proposed sampled quasi-Newton methods; S-LBFGS and S-
LSR1. The main idea of these methods, and what differentiates them from the classical variants, is
the way in which curvature pairs are constructed. At every iteration, a small number (m) of points
are sampled around the current iterate and used to construct a new set of curvature pairs. In other
words, contrary to the sequential nature of classical quasi-Newton methods, our proposed methods
forget all past curvature pairs and construct new curvature pairs from scratch via sampling.

Figure 2: Comparison of the eigenvalues of (L)SR1 and S-LSR1 (@ A, B, C) for a toy classification problem.

Our motivation stems from the following observation: by constructing Hessian approximations
via sampling, one is able to better capture curvature information of the objective function. In Figure
2, we show the spectrum of the true Hessian, and compare it to the spectra of different SR1 Hessian
approximations at several points. As is clear from the results, the eigenvalues of the S-LSR1 Hessian
approximations better match the eigenvalues of the true Hessian compared to the eigenvalues of the
SR1 and LSR1 Hessian approximations. This is not surprising since S-LSR1 uses newly sampled
local information, and unlike the classical variants does not rely on past information that could be
significantly stale. Similar results were obtained for other problems; see Appendix C.2 for details.

This, of course, does not come for free. The classical variants construct curvature pairs as the
optimization progresses at no additional cost, whereas the sampled quasi-Newton methods require
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the construction of m new curvature pairs at every iteration. We discuss implementation issues and
the computational cost of the sampled quasi-Newton methods in Sections 2.1 and D.2.

2.1. Sampling Curvature Pairs Algorithm 1 Compute new (S,Y") curvature pairs

As mentioned above, the key component Input: w (iterate), m (memory), r (sampling radius), S =
of our proposed algorithms is the way |l-Y = [] (curvature pair containers).
in which curvature pairs are constructed. 1 fori=1,2,...,mdo
A pseudo-code of our proposed sampling %~ Sample a random direction o

. . . . 3: Construct w = w + roj
strategy is given in Algorithm 1. Let _ 2
S, Y € R¥™ denote the matrices of all x Sets =w ~ wandy = V'F(w)s

’ ) i 5: Set S =[S s]andY = [V y]

curvature pairs constructed. At every it- 4. end for
efatlon, given the curr.ent iterate and gra- o o put: 5,V
dient, m curvature pairs are constructed.
The subroutine first samples points around the current iterate along random directions o; and sets
the iterate displacement curvature pair (s), and then creates the gradient difference curvature pair
(y) via Hessian vector products. Forming the y curvature pairs in this way has two main benefits:
(1) it only requires a single Hessian matrix product which can be computed very efficiently on a
GPU, as the y curvature pairs can be constructed simultaneously, i.e., Y = V?F(w)S, and thus
only requires accessing the data once, and (2) is scale invariant.

2.2. Sampled LBFGS (S-LBFGS) Algorithm 2 Sampled LBFGS (S-LBFGS)
At the kth iteration, the S-LBFGS method Input: wp (initial iterate), m (memory), r (sampling ra-

. . . dius).
(Algorithm 2) computes a new iterate via I for k= 0,12, ... do

Wey1 = Wy, — g HyVF (wy), (2.1) 2 Compute new (S, Yk) pairs via Algorithm 1
3: Compute the search direction px = —HcV F (wk)
where ay is the step length, VF(wy) is 4 Choose the steplength a > 0
the gradient of (1.1) and Hy, is the inverse 5: Set wk+1 = Wk + akPk
BFGS Hessian approximation [42] that is  6: end for
updated at every iteration using the set of curvature pairs sampled by Algorithm 1.

Algorithm 2 is almost identical to the classical (L)BFGS algorithm [42]; however, it has two key
differentiating features: (1) the way in which curvature pairs are created; and, (2) the location in the
algorithm where the curvature pairs are constructed. The latter, possibly the important feature of the
method, allows the method to take quasi-Newton-type (well-scaled) steps from the first iteration,
which is not the case for classical BEGS methods that usually take a gradient-type step in the first
iteration and in which imposing the correct scale is always an issue.

2.3. Sampled LSR1 (S-LSR1)

At the kth iteration, the S-LSR1 method computes a new iterate via w1 = wi + pg, where pg is
the minimizer of the following subproblem

min ) <a, mk(p) = F(wy) + VE(wi)"p + 5p" Bip, (22)

Ay is the trust region radius and By, is the SR1 Hessian approximation [42] that is updated at every
iteration by using the set of curvature pairs sampled by Algorithm 1.
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AJgorithm 3 Sampled LSR1 (S-LSR1)
l@put: W (initial iterate), ¢ (initial trust region radius)n
t{)r_nemory),r (sampling radius).

The S-LSR1 method has the same k
features as S-LBFGS that differentiates
from the classical SR1 methods. The su

1: fork =0;1;2;:::do

routine adjustTR  (Step 12, Algorithm Compute newSy: Yi) pairs via Algorithm 1

3) adjusts the trust-region based on thg. Computepy by solving the subproblem (2.2)

rogress made by the method. For brevity,. — F(wk) F(wk+pk)
prog y Wi Compute k = o5

we omit the details of this subroutine, ands: it | thenwist = Wi + px

refer the reader to Appendix C.3 for thes: elsewy+r = Wy

detalils. 7 k+1 = adjustTR ( «; k) [see Appendix C.3]
8: end for

3. Convergence Analysis

In this section, we present convergence analyses for the sampled quasi-Newton methods for non-
convex functions. For brevity, we omit the proofs from the paper; see Appendix B for the proofs.
See [4] for convergence results for strongly convex functions.

Sampled LBFGS For nonconvex functions, it is known that the (L)BFGS method can fail [17,

38]. To establish convergence in the nonconvex setting several techniques have been proposed
[32, 33, 44]. Here we employ @autious strategyhat is well suited to our particular algorithm; we
update the inverse Hessian approximation using only the set of curvature pairs that satisfy

s'y  ksk?; (3.1)

where > 0 is a predetermined constant. Using said mechanism we prove that the eigenvalues
of the inverse Hessian approximations generated by the S-LBFGS method are bounded above and
away from zero. For this analysis, we make the following standard assumptions:

Assumption 3.1 The functionF is twice continuously differentiable, and is bounded below by a
scalar®. Moreover, the gradients & are L -Lipschitz continuous for allv 2 RY.

Lemma 3.2 Suppose that Assumption 3.1 holds. flié{ g be the inverse Hessian approximations
generated by Algorithm 2, with the modi cation that the inverse approximation update is performed
using only curvature pairs that satis{.1), for some > 0, andHx = | if no curvature pairs
satisfy(3.1). Then, there exist constar@s< 4 2 such that, 11  Hyg ol .

We show that S-LBFGS withautious updatingonverges to a stationary point (Theorem 3.3).

Theorem 3.3 Suppose that Assumption 3.1 holds. twkg be the iterates generated by Algo-
rithm 2, with the modi cation that the inverse Hessian approximation update is performed using
only curvature pairs that satisf(8.1), for some > 0, where0 < | = —, andwy is the
P 2
starting point. Then, forany> 1,1, _Jkr F(w)k2 w oo

Sampled LSR1 In order to establish convergence results one needs to ensure that the SR1 Hessian
update equation is well de ned. To this end, we emplaaatious updating mechanisme update
the Hessian approximation using only the set of curvature pairs that satisfy

jsT(y Bs)j kskky Bsk; (3.2)

where > 0is a predetermined constant. For the analysis in this section, we make the following
assumption that implies that at every iteration the subproblem is solved suf ciently accurately.
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h [
Assumption 3.4 Forall k, mg(0) my(p«) kr F (wi)kmin w&"’k)k; k »where 2 (0;1)
and =1+ kBgk.

Lemma 3.5 Suppose that Assumption 3.1 holds. 1Bf g be the Hessian approximations gener-
ated by Algorithm 3, with the modi cation that the approximation update is performed using only
curvature pairs that satisf{3.2), for some > 0, andBy = | if no curvature pairs satisf{3.2).
Then, there exists a constant> 0 such thakBk 2.

We show that the S-LSR1 wittautious updatingonverges to a stationary point (Theorem 3.6).

Theorem 3.6 Suppose that Assumption 3.1 holds. et g be the iterates generated by Algorithm
3, with the modi cation that the Hessian approximation update is performed using only curvature
pairs that satisfy(3.2), for some > 0. Then/imy; kr F(wg)k =0:

4. Numerical Experiments

In this section, we present numerical experiments on a toy classi cation problem. For implementa-
tion details and experiments on popular benchmarking neural network training tasks, see Appendix
C.4 and C.6, respectively. Moreover, for details about the computational cost see Appendix D.

A Toy Classication Problem Consider the simple classi cation

problem, illustrated in Figure 3, consisting of two classes each with 50

data points. We trained three fully connected neural netwarks# |,

medium andlarge —with sigmoid activation functions and 4 hidden

layers; see Appendix C.5, Table 1 for details. For this problem, we ran

each method 100 times starting from different initial points and show

the results for different budget levels in Figure 4. As is clear from th&igure 3: Toy Problem

gures, the proposed methods outperform their classical variants as well as the rst-order methods.
See Appendix C.5 and [4] for more results.

Figure 4: Performance of GD, ADAM, BFGS, LBFGS, SR1, LSR1, S-LSR1 and S-LBFGS on toy classi -
cation problems. Networksmall (left); medium (right); large (right).

5. Final Remarks and Future Work

This paper describes two novel quasi-Newton methods; S-LBFGS and S-LSR1. Contrary to classi-
cal quasi-Newton methods, these methfmiget past curvature information arsmplenew curva-

ture information at every iteration. Numerical results show that the methods are ef cient in practice,
and the convergence guarantees of the methods match those of the classical variants.
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Appendix A. Brief Literature Review

Quasi-Newton methods, such as BFGS [8, 21, 23, 49] and SR1 [11, 14, 29] and their limited-
memory variants LBFGS [34, 41] and LSR1 [9, 36], respectively, have been studied extensively in
the deterministic nonlinear optimization literature. These methods incorporate curvature (second-
order) information using only gradient ( rst-order) information, have good theoretical guarantees,
and have proven to be effective in practice.

In the context of deep neural networks, both full batch and stochastic quasi-Newton methods
seem to perform worse than (stochastic) rst-order methods. Nevertheless, several stochastic quasi-
Newton methods have been proposed; see e.g., [1, 13, 48]. What distinguishes these methods from
one another is the way in which curvature pairs are constructed. Our methods borrow some of the
ideas proposed in [13, 24, 35]. Speci cally, we use Hessian vector products in lieu of gradient
displacements.

Possibly the closest works to ours are Block BFGS [22] and its stochastic variant [24]. These
methods construct multiple curvature pairs to update the quasi-Newton matrices. However, there
are several key features that are different from our approach; in these (@ptke Hessian approx-
imation is not updated at every iteration, &) they enforce that multiple secant equations hold
simultaneously.

Appendix B. Theoretical Results and Proofs

We rst restate the Assumptions that we use in the Convergence Analysis section (Section 3). We
them prove all the results that appear in the main paper (Lemmas 3.2 & 3.5; Theorems 3.3 & 3.6).
B.1. Assumptions

Assumption 3.1 The functiorf is twice continuously differentiable. The functi®(w) is bounded

below by a scala®. The gradients of are L-Lipschitz continuous for allv 2 RY.

Assumption 3.4 For all k,

Me©) M) ke Fwikmin <K,
k

where 2 (0;1)and x =1+ kBgk.

B.2. Proof of Lemma 3.2

Lemma 3.2 Suppose that Assumption 3.1 holds. ild{ g be the inverse Hessian approximations
generated by Algorithm 2, with the modi cation that the inverse approximation update is performed
using only the curvature pairs that satigf§.1), for some > 0, andHy = | if no curvature pairs
satisfy(3.1). Then, there exist constar@s< ; 2 such that

1l H ol; fork=0:;1;2;:::: (B.1)
Proof First, note that there is a chance that no curvature pairs are selected in Algorithm 1. In this
case, the inverse Hessian approximatiodjs= |, and thus ; = , =1 and condition (B.1) is
satis ed.

10



SAMPLED QUASI-NEWTON METHODS FORDEEP LEARNING

We now consider the case where at least one curvature pair is selected by Algorithm 1. Instead
of analyzing the inverse Hessian approximatlép, we study the direct Hessian approximation
Bk = H 1 In this case, the sampled LBFGS updating formula is given as follows rre®
f 1;::;; mg denote the number of curvature pairs that satisfy (3.1) dtttméeration, wheren is the

memory. At thekth iteration, given a set of curvature pafsg;j ; yi;j ), forj =1;:::;my
T N
1. et = Z#” ;’E: |, wherel is chosen uniformly at random frofiL; : : : ; myg.
k;l )
2. Fori =1;:::;mg compute
(i 1) (i 1)
g = gli D B ~Ski Sk By Yii Vi
koK T gl D T Se
SkiBk Ski kii 2kii

3. SetBysy = B™.
In our algorithm, there are two options for updating the curvature ggjrandyy; :

Skj = Wk Wj; Yij = ?F(wg)sk  Option II; (B.2)

kth iteration, wheren is the memory.
In this setting, the skipping mechanism (3.1) provides both an upper and lower bound on the

. K2
quantity)'f%’k”skk_ , for both Options, which in turn ensures that the initial sampled LBFGS Hessian
k;j )

approximation is bounded above and away from zero.
The lower bound is attained by repeated application of Cauchy's inequality to condition (3.1).
We have from (3.1) that

1
kSk;j k2 y[;j Sk;j k Ykij kkSk;j k ) k Sk;j k fkyk;j k:

It follows that

1 Kyk;j k?
Shvig K S kkyigk  Ckyg k2 ) 2k (B.3)
Si;j Ykii
The upper bound is attained by the Lipschitz continuity of gradients,
y;;j Sk;j kSk;j k2
kv i k2 kv . k2 L2
LL" y i (B.4)
S;j Ykii
Combining (B.3) and (B.4), we have
kvi-i k2 2
Wak® L% (B.5)
Yi;j Skij

T of
%I at the start of the sampled LBFGS update cycles are
k;l )

bounded above and away from zero, forkalindl.

eigenvalues of the matric@go) =

11
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We now use a Trace-Determinant argument to show that the eigenvaliis at bounded
above and away from zero.

LetTr(B) anddet(B) denote the trace and determinant of maBixrespectively. The trace of
the matrixBy+1 can be expressed as,

0 1
Yk B(I 1)S -'ST.-B(i 1) Yok ) T
Tr(Bg+1) = Tr(Bl((O)) Tr @k k,(li kl; K A4 Ty Y:|Yk,|
i=1 SI;in Sk;i i=1 Vi Skii
Xk Ly, . k2
Tr(B?)+ Y
i=1 Yiki Skii
2
Tr(8©)+ .
L2
TI’(BI((O))+ m— Cl’ (86)

for some positive constafl;, where the inequalities above are due to (B.5), the fact that the eigen-
values of the initial L-BFGS matri éo) are bounded above and away from zero, and the fact that
m, m forallk.

Using a result due to Powell [43], the determinant of the ma&jix; generated by the sampled
LBFGS method can be expressed as,

Wk T._ Skii
det(By+1) = det( B) Tyk('.il;
i=1 Sk;iBx Skii
_ O« T YiSki Sk Ski
=det(B,”) T 0D

My

)

B _

det(8) &

detB@) — " (B.7)
k Cl !

for some positive constar@,, where the above inequalities are due to the fact that the largest
eigenvalue o8, is less tharC; and (B.5).
The trace (B.6) and determinant (B.7) inequalities derived above imply that largest eigenvalues

of all matricesBy are bounded above, uniformly, and that the smallest eigenvalues of all matrices
B are bounded away from zero, uniformly.

B.3. Proof of Theorem 3.3

Theorem 3.3 Suppose that Assumption 3.1 holds. fwig be the iterates generated by Algo-
rithm 2, with the modi cation that the inverse Hessian approximation update is performed using

12
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only the curvature pairs that satis{g.1), for some > 0, andHy = | if no curvature pairs satisfy
(3.1), where

0< k= —
2L
andwy is the starting point. Then,
kI'ilm kr F(we)k! O; (B.8)

and, moreover, for any> 1,
1 X1
= kr F(w)k?
k=0

2[F (wo) 1]
1

Proof We have that
F(wk+1) = F(We  H «r F(wy))

Fw)+ 1 FO)T( H 6 )+ Sk H i F )k

2 2
F(we) 1 F(we) THir F(wyg)+ 22" kr F (wy)k?
2 2L
F (W) 1kr F(wi)k? + 22 kr F(w)k?
2L
= F () 1 o kr F(wk?
F (W) %kr F (Wi )k (B.9)

where the rst inequality is due to Assumption 3.1, the second and third inequalities arise as a
consequence of Lemma 3.2 and the last inequality is due to the choice of the steplength.
Summing both sides of the above inequality frkrs O to 1,

X1 X1
(F(Wi1)  F (W) S kr F(wi)k?:
k=0 k=0

The left-hand-side of the above inequality is a telescoping sum and thus,

Xl
[F(We1) FW)]l= F(w) F(wo) ®©  F(wo);
k=0

where the inequality is due 6 F (w ) (Assumption 3.1). Using the above, we have

X 1
i Fw)ke - W) Pl il (B.10)

k=0 1

13
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Taking limits we obtain,

X1
lim kr F(w)k?< 1 ;
T k=0

which implies (B.8). Dividing (B.10) by we conclude

1 X1
= kr F(w)k?
k=0

2F (wo) P,
1

B.4. Proof of Lemma 3.5

Lemma 3.5 Suppose that Assumptions 3.1 and 3.4 hold f Bglg be the Hessian approximations
generated by Algorithm 3, with the modi cation that the approximation update is performed using
only the curvature pairs that satis{g.2), for some > 0, andBy = | if no curvature pairs satisfy
(3.2). Then, there exists a constant> 0 such that

kBkk  »; fork =0;1;2;:::: (B.11)

Proof As in the proof of Lemma 3.2, note that there is a chance that no curvature pairs are selected
in Algorithm 1. In this case, the Hessian approximatioBjs= |, and thus , = 1 and condition
(B.11) is satis ed.

We now consider the case where at least one curvature pair is selected by Algorithm 1. In this
case, the sampled LSR1 updating formula is given as follows.rue® f 1;:::; mg denote the
number of curvature pairs that satisfy (3.2) at kitlke iteration, wheren is the memory. At théth

(1) (1)
Bﬁ”= BIS 1, (Vi By 7ski)(Yki By Sk;i)T:

(yei B |((i Vi) T s

3. SetBysy = BI™,

In our algorithm (Algorithm 1), there are two options for constructing the curvature ggirs

andyy; . Atthe current iteratev, we sample pointsy; forj =1;:::; m and set
Skj = Wk W, Yijg =1 F(we) r F(w) Option |; (B.12)
Skj = Wk Wj; Yej = T 2F (W) sk Option 11 (B.13)

Given a set ofny curvature pairs that satisfy (3.2), we now prove an upper bounkBgk. We
rst prove the bound for a given iteratiok and for all updates to the Hessian approximation
0;1;:::;my (kB k), and then get an upper bound forlal{kB k).

14



SAMPLED QUASI-NEWTON METHODS FORDEEP LEARNING

For a given iteratiork, we prove a bound okB | k via induction, and show
) n ) #
i 1! 1!
kBPk 1+ o+ 1+ 1 (B.14)

Fori = 0, the bound holds trivially sincBlio) = kl. Now assume that (B.14) holds true for some
i 0. Note that all the curvature pairs that are used in the update of the Hessian approximation
satisfy (3.2). By the de nition of the SR1 updates, we have for some indek that

(Yki+1 B |(<I)5k;i +1)(Yki+1 BS)Sk;i )’

(Yxi+1 B |((I)5k;i +1) T Sk;i+1

(i+1) _ o (i)
By 7 =B+

and thus

(i) (i)
kBl((”l)k K Bl((i)k+ (Yi+1 By Sk;i+1(?)(yk;i+1 By Ski+1)'
(yk;i+1 Bk Sk;i+1)TSk;i+l
K(Viisr B Skiot)(Yiies  BYSkie1)TK
kyk;i +1 B|£I)Sk;i +1 kkSk;i +1 k

k BVk+

kyk;i +1 B|£i)sk;i +1 K
Ksy:i+1 K
Kyki+1 K kBﬁl)Sk;Hl K
kSk;i w1k ksk;i w1k
kykisrk  kBi'k
Ksk;i+1 K

k Bk +

k Bk +

k BPk+
= 141 kB(Vk+ X

where the rstinequality is due to the application of the triangle inequality, the second inequality is
due to condition (3.2), the fourth inequality is due to the application of the triangle inequality, and
the fth inequality is due to application of Cauchy's inequality and in the last inequality we used
that |« i+ = jsLe > 0. Substituting (B.14),
" [ " [ #o#
- 1 1 1
kB 1+ = 1+ o+ 1+ 1, o+ K
= 1+ — K + 1+ — 1 K

which completes the inductive proof. Thus, for daywe have an upper bound on the Hessian ap-

proximation. Therefore, sind®y., = Blim"), the sampled SR1 Hessian approximation constructed
at thekth iteration satis es

i+1 1 i+1
kBk+1 k 1+ - kK + 1+ - 1 &

15
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Now we generalize the result for all iteratioksFork = 0, the bound holds trivially, since the
rst step of the sampled LSR1 method is a gradient methidgl£€ 1). Fork 1, we assume that
K < 1 and < 1 forallk, and thus

i+1 i+1
kBy+1 K 1+} k + 1+} 1
i+1 i+1
1+} + 1+} 1 = 5

for some , > 0. This completes the proof.

B.5. Proof of Theorem 3.6

Theorem 3.6 Suppose that Assumptions 3.1 and 3.4 hold.fkegty be the iterates generated by
Algorithm 3, with the modi cation that the Hessian approximation update is performed using only
the curvature pairs that satisfy 3.2, for some 0, andBy = | if no curvature pairs satisf{3.2).
Then,

kl!llm kr F(wg)k=0:

Proof Assume, for the purpose of a establishing contradiction, that there is a subsequence of suc-
cessful iterations (wherex > 1, Line 6, Algorithm 3), indexed by; S whereS = fk
0 « 10, such that

kr F(w,)k 2> 0 (B.15)

for some > 0and for alli. Theorem 6.4.5 from [15] then ensures the existence for gazha
rst successful iteration(tj) >t such that

kr F (W(t,))k < > 0
Let’; = "(tj), we thus obtain that there is anotehr subsequen&eindlexed byf *;g such that
kr F(wok ; for ti k<'; and kr F(w )k<: (B.16)

We now restrict our attention to the subsequence of successful iterations whose indices are in the
set

K=fk2Sjti k<'ig;

wheret; and’j belong to the subsequenceandK, respectively.
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Using Assumption 3.4, the fact tht S and (B.16), we deduce that far2 K

Fwe) F(we)  2[mk(0) my(px)] 1min — 1k (B.17)
2

where we used the result of Lemma 3.5. Since the seqUidnfey)g is monotonically decreasing
and bounded below (Assumption 3.1), it is convergent, and the left-hand-side of (B.17) must tend
tozeroak !1 . Thus,

lim =0: B.18
k!l ! s k2K K ( )

As a consequence, the term containingis the dominant term in theain (B.17) and we have,
for k 2 K suf ciently large,

F(wk) F(wWgsa) :

B.19
(2+1) 1 (8.19)
From this bound, we deduce that, fasuf ciently large
X1 X1 F(w,) F(w,
kwy, Wk kwj Wik ,— (( ")+ T W), (B.20)
j=ti;j 2K j=ti;j 2K 2 !

As a consequence of Assumption 3.1 and the monotonicity of the seqlieieg)g, we have that
the right-hand-side of (B.20) must converge to zero, andkiags w- k! Oasi!l
By continuity of the gradient (Assumption 3.1), we thus deducekhdt (wy,) r F(w- )k!
0. However, this is impossible because of the de nitionsféfg and f *;g, which imply that
kr F(wy) r F(w,)k . Hence, no subsequence satisfying (B.15) can exist, and the theo-
rem is proved. |
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Appendix C. Additional Numerical Experiments and Method Details

In this section, we present additional numerical results and expand on some details about the meth-
ods?

C.1. Motivation Figure

In this section, we present more motivating plots showing the accuracy vs. iterations and accuracy

vs. epochs for a toy classi cation problem. In the following experiments, we ran each method from
10 different initial points.

Figure 5: Comparison of Gradient Descent (GD), ADAM, BFGS, LBFGS, SR1, LSR1, Newton-TR (Exact),
Newton-TR (CG) on a toy classi cation problem in terms of iterations and epochs.

2. All experiments we run on a machine with the following speci cations: 24 cores Intel(R) Xeon(R) CPU E5-2620 v3
@ 2.40GHz; 128 GB RAM; 2 K80 GPUs; Linux Debian GNU/Linux 8.10 (jessie); TensorFlow 1.12.2; CUDA 8.0;
Python 2.7.
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C.2. Eigenvalue Figures

In this section, we describe the procedure in which Figure 2 was constructed. We plot the same
gure below for ease of exposition, and also plot a similar gure for another network.

Figure 6: Comparison of the eigenvalues of SR1, LSR1 and S-LSR1 at different points for a toy classi cation
problem.

To calculate the eigenvalues for SR1, LSR1 and S-LSR1 we used the following procedure.

1.

We ran the SR1 method for T iterations on a toy classi cation problem. During the optimiza-
tion, we computed the eigenvalues of the SR1 Hessian approximation at several points (e.g.,
A, B and C); black marks on plots.

. We stored all the curvature pafrsk;ykglz1 and the iteratefswkgLl .

. We constructed the true Hessian at all iterations and computed the eigenvalues of the true

Hessian; dark blue (positive eigenvalues) and light blugnegative eigenvalues) marks on
plots.

. We then computed the limited-memory SR1 Hessian approximations at several points (e.g., A,

B and C) using then most recent pairs and computed the eigenvalues of the approximations;
orangeH marks on plots.

. Finally, we used the iterate information at points A, B and C, samplgubints at random

around those iterates with sampling radiysonstructed the sampled LSR1 Hessian approx-
imations and computed the eigenvalues of the approximations; meatks on plots.
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Figure 7: Comparison of the eigenvalues of SR1, LSR1 and S-LSR1 at different points for a toy classi cation
problem.

Note: for Figure 6 we used = 40, m = 16 andr = 0:01, and for Figure 7 we used = 70,
m =32 andr =0:0L

As is clear, the eigenvalues of the sampled LSR1 Hessian approximations better match the
eigenvalues of the true Hessian. Similar results were obtained for other problems and for different
parametersn andr.
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C.3. Trust-Region Management Subroutine

In this section we present, in detail, the Trust-Region management subroutine€ adjustTR ( «; «))
that is used in Algorithm 3. See [42] for further details.

Algorithm 4 ;1 = adjustTR ( «; «; 2; 3; 1, 1, 2): Trust-Region manage-
ment subroutine
Input: ¢ (current trust region radius} 3< 2<1, 12 (0;1), 1> 1,
2 2 (0; 1) (trust region parameters).
1. if x> othen
2: if kpkk 1 k then
Set k+1 =«
else
Set k+1 = 1 &
end if
elseif 3 K 2 then
Set k1 = «
else
10: k+1 = 2 k
11: end if

C.4. Hessian-Free Implementation of Limited-Memory SR1 Methods

In this section, we discuss the implementation details for all the methods.
For ADAM , we tuned the steplength and batch size for each problem independently. We used a
batch size ofl.
For GD andBFGS-type methods, we computed the steplength using a backtracking Armijo line
search [42].
For SR1-type methods, we solved the trust-region subproblems (2.2) using CG-Steihaug [42].
ForBFGS andSR1, we constructed the full (inverse) Hessian approximations explicitly, whereas
for the limited-memory we never constructed the full matrices.
For limited-memory BFGS methods we used the two-loop recursion to compute the search
direction [42].
Implementing thdimited memory SR1 methods is not trivial; we made use of the compact
representations of the SR1 matrices [10] and computed the steps dynamically.

3. All codes to reproduce the results presented in this section are availalblgpatigithub.com/
ANONYMOUS/LINKThe code will be released upon acceptance of the paper.
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C.5. Toy Example

In this section, we present additional numerical results for the toy classi cation problem described
in Section 4. In the following experiments, we ran each method from 100 different initial points.
The details of the three networks are summarized in Table 1.

Network Structure d

small 2-2-2-2-2-2 36
medium 2-4-8-8-4-2 176
large 2-10-20-20-10-2 908

Table 1: Toy Classi cation Problem: Neural Network
Figure 8: Toy Classi cation Problem Details

C.5.1. EERFORMANCE OFMETHODS ON SMALL, MEDIUM AND LARGE TOY CLASSIFICATION
PROBLEMS- BOX-PLOTS

The following box-plots show the accuracy achieved by different methods for different budgets
(epochs) and iterations.

Figure 9: Performance of GD, ADAM, BFGS, LBFGS, SR1, LSR1, S-LSR1 and S-LBFGS on toy classi -
cation problem (small network).

Figure 10: Performance of GD, ADAM, BFGS, LBFGS, SR1, LSR1, S-LSR1 and S-LBFGS on toy classi -
cation problem (medium network).

22



SAMPLED QUASI-NEWTON METHODS FORDEEP LEARNING

Figure 11: Performance of GD, ADAM, BFGS, LBFGS, SR1, LSR1, S-LSR1 and S-LBFGS on toy classi -
cation problem (large network).
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