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Abstract

The alternating direction method of multipliers (ADMM) is now widely used in
many fields, and its convergence was proved when two blocks of variables are
alternately updated. It is computationally beneficial to extend the ADMM direct-
ly to the case of a multi-block (multiple variable blocks) convex minimization
problem. Unfortunately, such an extension fails to converge even when solving a
simple square system of linear equations. In this paper, however, we prove that, if
in each step one randomly and independently permutes the updating order of any
given number of blocks followed by the regular multiplier update, the method will
converge in expectation for solving the square system of linear equations. Our
analysis of random permutation will also be of independent interest.

1 Introduction

Consider a convex minimization problem with a separable objective function and linear constraints:
min fl(xl) + -+ fn(a:n)a
s.t. Ay + -+ Apx, = b, (D
r,€Xyi=1,...,n,
where A; € RV*4i b ¢ RVX1 X, C R% is a closed convex set, and f; : R% — R is a closed
convex function, ¢ = 1,...,n. Many machine learning and engineering problems can be cast
into linearly-constrained optimization problems with two blocks (see [3] for many examples) or

more than two blocks (e.g. linear programming, robust principal component analysis, composite
regularizers for structured sparsity; see [S[24] for more examples).

ADMM (Alternating Direction Method of Multipliers) was first proposed in [[10] (see also [4}8]]) to
solve problem (1) when there are only two blocks (i.e. n = 2). In this 2-block case, the augmented
Lagrangian function of (T)) is 8

L(z1, w3 p) = fr(m1) + falwe) — p" (Arzy + Agza — b) + §||A1901 + Aoy — 0|, ()

where p is the Lagrangian multiplier and 8 > 0 is the penalty parameter. Each iteration of ADMM
consists of a cyclic update (i.e. Gauss-Seidal type update) of primal variables z;,z2 and a dual
ascent type update of u:
2+
2+

= arg Hlil’ll-l €eX, ‘C(xla I§7 )UJk)v
= argming,ex, L(z7 T, 22 %), 3)
Pkt = b — (A T+ Agabtt — ).
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Due to the separable structure of the objective function, each subproblem only involves one
fiyi € {1,2}, thus may be easier to solve. This feature enables the wide application of ADMM
in signal processing and statistical learning where the objective function of the problem can usu-
ally be decomposed as the sum of the loss function and the regularizer; see [3] for a review. The
convergence of 2-block ADMM has been well studied; see [7,[9] for some recent reviews.

It is natural and computationally beneficial to extend the original 2-block ADMM directly to solve
the general n-block problem (T):

" = argming, cx, L(zy, 2k, ..., 28 k),
Rl _ : k+1 k+1 k @
et =argming ex, L(x7", ..., T 1, Tn; 1),
pEHL = b — (AT 4 Akt —b),
where the augmented Lagrangian function
- B
Ll ooni ) = 3 filed) =uT Qs = 0)+ 11D At bl )
1= 1 1

The convergence of the direct extension of ADMM to multi-block case had been a long standing
open question, until a counter-example was recently given in [5]. More specifically, 5] showed
that even for the simplest scenario where the objective function is 0 and the number of blocks is
3, ADMM can be divergent for a certain choice of A = [A;, A, A3] (in fact, there is a positive
measure of A such that ADMM can be divergent). There are several proposals to overcome the
drawback (see, e.g., [6L/11H15}/17,22]), but they either need to restrict the range of original problems
being solved, add additional cost in each step of computation, or limit the stepsize in updating the
Lagrangian multipliers. These solutions typically slow down the performance of ADMM for solving
most practical problems. One may ask whether a “minimal” modification of cyclic multi-block
ADMM (@) can lead to convergence.

One of the simplest modifications of (@) is to add randomness to the update order. Randomness in the
update order has been very useful in the analysis of block coordinate gradient descent (BCGD) and
stochastic gradient descent (SGD). In particular, the known iteration complexity bounds of random-
ized BCGD [[18]] and SAG (Stochastic Average Gradient, a variant of SGD) [20] are much better than
the known iteration complexity bounds of their cyclic counterparts BCGD [1[] and IAG (Incremental
Aggregated Gradient) [_2], respectively. |'| The iteration complexity bounds for randomized algo-
rithms are usually established for independent randomization (sampling with replacement), while
in practice, random permutation (sampling without replacement) has been reported to exhibit faster
convergence (e.g. [[19,21},23]]). However, the theoretical analysis for random permutation seems to
be very difficult since the picked blocks/components are not independent across iterations. We have
tested both randomly permuted and independently randomized versions of ADMM. Interestingly, in-
dependently randomized versions can still be divergent, even for solving linear system of equations,
while random permutation can make ADMM converge in all experiments we have conducted.

The main result of this paper is to support the above observation: when the objective function is
zero and the constraint is a non-singular square linear system of equations, the expected output of
randomly permuted ADMM (RP-ADMM) converges to the unique primal-dual optimal solution.
Our contributions are two-fold. First, our result shows that RP-ADMM may serve as a simple
solution to resolve the divergence issue of cyclic multi-block ADMM. Since multi-block ADMM is
one promising candidate of fast algorithms for large-scale linearly constrained problems, we expect
RP-ADMM to be one of the major solvers in big data optimization. Second, our result is one
of the first direct analysis of random permutation (sampling without replacement) in optimization
algorithms. Our proof framework and techniques will be of independent interest and can be used to
analyze random permutation in other optimization algorithms.

We restrict to the simple category of solving linear system of equations, instead of the general convex
optimization problems, since the counter-example in [5]] belongs to this category and this category
seems already difficult to handle for ADMM. The difficulty lies in how to proving the spectral

! Rigourously speaking, these two bounds are not directly comparable since the result for the randomized
version only holds with high probability, while the result for the cyclic version always holds.



radius of the expected update matrix M is less than one. There are two issues: first, there are few
mathematical tools to deal with the spectral radius of non-symmetric matrices; second, the entries
of M are complicated functions of the entries of A” A (in fact, n-th order polynomials). To resolve
the first issue, we build a relation between the eigenvalues of M € R2N*2N and the eigenvalues of
a symmetric matrix AQAT € RV*V (see Lemma , where () is the expectation of the inverse of
a random matrix. To resolve the second issue, we use mathematical induction to implicitly utilize
the relation of the entries of AQA” and A. The induction analysis requires several techniques,
including a three-level symmetrization technique to construct an induction formula that relates () to
its lower dimensional analogs.

Organization. In Section 2} we present RP-ADMM. Two other versions of randomized ADMM are
presented in Section (3| In Section 4, we present our main results Theorem (1| Theorem [2| and their
proofs. The proofs of the two technical results Lemma[T]and Lemma 2] which are used in the proof
of Theorem [2] are provided in the supplement.

Notations. For a matrix X, we denote X (i,5) as the (¢, 7)-th entry of X, eig(X) as the set of
eigenvalues of X, p(X) as the spectral radius of X (i.e. the maximum modulus of the eigenvalues
of X), || X|| as the spectral norm of X, and X7 as the transpose of X. When X is block partitioned,
we use X [i, j] to denote the (4, j)-th block of X. When X is a real symmetric matrix, let Apax(X)
and Apin (X) denote the maximum and minimum eigenvalue of X respectively.

2 Randomly Permuted ADMM

In this section, we first present RP-ADMM (Randomly Permuted ADMM) for solving the optimiza-
tion problem (TJ), then we specialize RP-ADMM for solving a linear system of equations.

Define I as

I' £ {0 | o is a permutation of {1,...,n}}. (6)
At each round, we draw a permutation o of {1,...,n} uniformly at random from I", and update
the primal variables in the order of the permutation, followed by updating the dual variables in a
usual way. Obviously, all primal and dual variables are updated exactly once at each round. See
Algorithm [T] for the details of RP-ADMM. Note that with a little abuse of notation, the function
L(T5(1) T(2)s -+ - To(n); () in this algorithm should be understood as L(x1,x, ..., xn; u). For
example, when n = 3 and 0 = (231), L(2,(1), Zo(2); To3); ) = L(z2,23,21; 1) should be
understood as L(x1, o, T3; 1t).

Algorithm 1 n-block Randomly Permuted ADMM (RP-ADMM)

Initialization: 29 € R%*! i =1,... n; pu® € RV*1,
Round k (k=0,1,2,...):
1) Primal update.
Pick a permutation o of {1,...,n} uniformly at random.
For: =1,...,n, compute a:i?;; by
xfj(t; = arg xa(inégg<i) E(:Jc(]j(ﬁl), e x'jzil), To (i), x’;(iﬂ), .. ,x’;(n); 1) (7)

2) Dual update. Update the dual variable by

n

,ulc+1 _ Mk _ B(Z Aim;€+1 B b) (8)

i=1

In this paper, we will only consider using Algorithm['gto solve a square linear system of equations.
Consider a special case of (I) where f; = 0, &; = R% ,Viand N = ), d; (i.e. the constraint is a
square system of equations). Then problem (I)) becomes

min 0,
z€RN &)
s.t. All‘l + -+ An£n = ba



where A; € RV*di z, ¢ R%>x1 p ¢ RNVX1 Solving this feasibility problem (with 0 being the
objective function) is equivalent to solving a linear system of equations

Az = b, (10
where A = [Ay,...,A,] € RVN o = [T . 2T)T ¢ R¥*L h € RVXL, Throughout this

r'n
paper, we assume A is non-singular. Then the unique solution to (T0) is z = A~1b, and problem ()

has a unique primal-dual optimal solution (z, ;1) = (A~!b,0). The augmented Lagrangian function
(®) for the optimization problem (9) becomes

£(o.) = —u" (Ax —b) + | Az — 0]

Throughout this paper, we assume 8 = 1; note that our algorithms and results can be extended to
any 5 > 0 by simply scaling (.

2.1 Example: 3-block ADMM

Before presenting the update equation for general RP-ADMM, we consider a simple case N =n =
3,d; = 1,Viand o = (123), and let a; = A; € R3*1. The update equations (7) and (8) can be
rewritten as

T T, k+1
—aT\¥ 4+ al (a1 25T + agah + azxh —b) =0,
—al NP 4 af (a2 4 agab T+ asak —b) =0,
—al\F  al (a2 + agxh T+ azak Tt —b) =0,

(ala:]fH + a2x§+1 + a3x§+1 —b)+ AL Ak = .

Denote y* = [2F; 25; 2%; (\¥)T] € R6*1, then the above update equation becomes
alay 0 0 0 0 —afay —afaz af
T T T T T
azar asaz 0 0 k+1 _ |0 0 —asas  as ko, |ATD 11
ata; alay alaz 0O Y 0 0 0 al vl |- an
a as az  Isxs 0 0 0 I3xs
Define
atay 0 0 0 —afay —alas
L2 a2Ta1 agag 0 ., R2 10 0 —atas| . (12)
agal agag agag 0 0 0
The relation between L and R is
L-R=A"A.
Define . .
= L 0 5o |R A - |A'D
L R2 b= 13
I R ®
then the update equation (TT) becomes Ly**! = Ry*, i.e.
Y"1 = (L) 'Ry* + L. (14)

As a side remark, reference [5] provides a specific example of A € R3*? so that p((L)"'R) > 1,
which implies the divergence of the above iteration if the update order o = (123) is used all the
time. This counterexample disproves the convergence of cyclic 3-block ADMM.

2.2 General Update Equation of RP-ADMM
In this case, the optimization problem is (9)), and the primal update (7) becomes
i n
T |k T k+1 k 0 -
— AL+ AL O Aspahth + > Ak —b) =0,i=1,...,n. (15)
j=1 l=i+1
Denote the output of Algorithm I]after round (k — 1) as

N 2N x1
y© & ok ok pk] e RPNV



Similar to the previous subsection, the update equations of Algorithm I|for solving (9), i.e. (I3) and
(), can be written in the matrix form as (when the permutation is o and 8 = 1)

y" = L'Roy* + L0, (16)
where Ly, Ry, Ly, Ro, b are defined by
- L 0 — R AT - ATh
L, 2 |7° £ | = 1
(e |:A INXN:| Y Ro’ |:0 INXN:| 9 b |: b :| bl ( 7)

in which L, € RV*¥ has n x n blocks and the (4, j)-th block is defined as

. . AT 1 AO’ j .7 S ia
Lolo(i),0(j)] é{ o) o)

18
0 7>, (18)
and R, is defined as

R, 2L, - ATA.
When n = 3,d; = 1,Vi and o = (123), L,, defined above is the same as L defined in (I2).

3 Other Randomized ADMM

In this section, we present two other versions of randomized ADMM which can be divergent ac-
cording to simulations. The failure of these versions makes us focus on analyzing RP-ADMM in
this paper.

In the first algorithm, called primal-dual randomized ADMM (PD-RADMM), the whole dual vari-
able is viewed as the (n + 1)-th block. In particular, at each iteration, the algorithm draws one index
i from {1,...,n,n + 1}, then performs the following update: if ¢ < n, update the i-th block of the
primal variable; if ¢ = n + 1, update the whole dual variable. The details are given in Algorithm
[2l We have tested PD-RADMM for the counter-example given in [3], and found that PD-RADMM
always diverges (for random initial points).

Algorithm 2 Primal-Dual Randomized ADMM (PD-RADMM)

Iteration ¢t (t =0,1,2,...):
Pick i € {1,...,n,n + 1} uniformly at random;
Ifi1<i<n:
it = argming,ex, L(zf, ... 2t 2,2l 2l pb),
t+1 _ t . .
v =ah, Ve {l,...,np\{i},

i1 _
pttt = pt

ElseIf i = n + 1:
Pt =t = BT AT = b),

xﬁ-“ =2, Vjie{l,...,n}.

End

In the second algorithm, called primal randomized ADMM (P-RADMM), we only perform random-
ization for the primal variables. In particular, at each round, we first draw n independent random
variables ji,. .., j, from the uniform distribution of {1,...,n} and update z;,,...,x;, sequen-
tially, then update the dual variable in the usual way. The details are given in Algorithm (3| This
algorithm looks quite similar to RP-ADMM as they both update n primal blocks at each round; the
difference is that RP-ADMM samples without replacement while this algorithm P-RADMM sam-
ples with replacement. In other words, RP-ADMM updates each block exactly once at each round,
while P-RADMM may update one block more than one times or does not update one block at each
round. We have tested P-RADMM in various settings. For the counter-example given in [5]], we
found that P-RADMM does converge. However, if n > 30 and A is a Gaussian random matrix
(each entry is drawn i.i.d. from N(0,1)), then P-RADMM diverges in almost all cases we have
tested. This phenomenon is rather strange since for random Gaussian matrices A the cyclic ADMM
actually converges (according to simulations). An implication is that randomized versions do not
always outperform their deterministic counterparts in terms of convergence.

Since both Algorithm[2]and Algorithm [3|can diverge in certain cases, we will not further study them
in this paper. In the rest of the paper, we will focus on RP-ADMM (i.e. Algorithm I}



Algorithm 3 Primal Randomized ADMM (P-RADMM)
Round k (kK =0,1,2,...):

1) Primal update.
Pick l1, .. .,l, independently from the uniform distribution of {1,...,n}.
Fori=1,...,n:
t=kn+i-—1,
xf“ = argming, cx, L(xt, ... ,xfi_l,xli,xfﬁl, conabyub),
xﬁ-“ =ab, Vie{l,....n}\{li},
Pt = it
End.
2) Dual update.

M(k+1)n _ Mkn _ 5(2?21 Aiml(_kJrl)n _ b).

4 Main Results

Let o; denote the permutation used in round ¢ of Algorithm (1} which is a uniform random variable
drawn from the set of permutations I'. After round k&, Algorithm generates a random output y* 1,
which depends on the observed draw of the random variable

& = (00,01, ..,0%). (19)
We will show that the expected output

" =Ee, (") (20)

converges to the primal-dual solution of the problem (9). Note that the expected iterate convergence
does not necessarily implies that the iterates converge. However, it strongly indicates that random
permutation make a dramatic difference in multi-block ADMM (i.e. ADMM with more than two
blocks).

Theorem 1 Assume the coefficient matrix A = [Ay, ..., A,] of the constraint in ) is a non-
singular square matrix. Suppose Algorithm[l|is used to solve problem (), then the expected output
converges to the unique primal-dual optimal solution to (9), i.e.
A—lb]

{" oo — [ 0 @D

Since the update matrix does not depend on previous iterates, we claim (and prove in Section
that Theorem [I] holds if the expected update matrix has a spectral radius less than 1, i.e. if the
following Theorem [2] holds.

Theorem 2 Suppose A = [A4, ..., A,] € RN*N js non-singular, and L', R, are defined by
for any permutation o. Define

M2 B (L Ry) = o (L, Ry) @2)

where the expectation is taken over the uniform random distribution over T, the set of permutations
of {1,2,...,n}. Then the spectral radius of M is smaller than 1, i.e.

p(M) < 1. (23)

Remark 4.1 For the counterexample in [5] where A = [1,1,1;1,1,2;1,2,2], we have p(M,) >
1.02 for any permutation of (1,2, 3). Theorem@]shows that even if each M, is “bad”, the average
of them is always “good”.

Theorem [2)is just a linear algebra result, and can be understood even without knowing the details of
the algorithm. However, the proof of Theorem 2]is rather non-trivial and forms the main body of the
paper. This proof will be provided in Section[4.2] and the technical results used in this proof will be
provided in the supplement.



4.1 Proof of Theorem[l]

Denote oy, as the permutation used in round k, and define £, as in (T9). Rewrite the update equation
(T6) below (replacing o by o,):

y" =L R, y* + LMD (24)

We first prove for the case b = 0. By we have b = 0, then is simplified to y**! =
L;kl Ry, y". Taking the expectation of both sides of this equation in & (see its definition in (T9)),
and note that ¢/* is independent of o, we get

¢k+l = Eﬁk (E;:Rtmyk) = Effk, (Efk—l(‘z/;kl‘éa'kyk)) = EU}c (E;klRUk¢k) = MQSIC
Since the spectral radius of M is less than 1 by Theorem we have that {¢*} — 0, i.e. ).

We then prove for general b. Let y* = [A~1b; 0] denote the optimal solution. Then it is easy to
verify that L o

y* =L 'Roy* + L, 'b
for all o, € I' (i.e. the optimal solution is the fixed point of the update equation for any order).
Compute the difference between this equation and (24) and letting g* = yF —y*, we get gFt! =
L;}}ng §*. According to the proof for the case b = 0, we have E(§*) — 0, which implies
E(y*) —y*. O

4.2 Proof of Theorem 2l

The difficulty of proving Theorem [2| (bounding the spectral radius of M) is two-fold. First, M is a
non-symmetric matrix, and there are very few tools to bound the spectral radius of a non-symmetric
matrix. In fact, spectral radius is neither subadditive nor submultiplicative (see, e.g. [[16]). Note
that the spectral norm of M can be much larger than 1 (there are examples that | M| > 2), thus
we cannot bound the spectral radius simply by the spectral norm. Second, although it is possible
to explicitly write each entry of M as a function of the entries of AT A, these functions are very
complicated (n-th order polynomials).

The proof outline of Theorem [2and the main techniques are described below. In Step 0, we provide
an expression of the expected update matrix M. In Step 1, we establish the relationship between
the eigenvalues of M and the eigenvalues of a simple symmetric matrix AQAT. As a consequence,
the spectral radius of M is smaller than one iff the eigenvalues of AQAT lie in the region (0,4/3).
This step partially resolves the first difficulty, i.e. how to deal with the spectral radius of a non-
symmetric matrix. In Step 2, we show that the eigenvalues of AQA” do lie in (0,4/3) using
mathematical induction. The induction analysis circumvents the second difficulty, i.e. how to utilize
the relation between M and A. Note that we will perform induction analysis for QAT A (with the
same eigenvalues as AQAT) which is non-symmetric, and we will use several techniques in Step 1
again to transform non-symmetric matrices to symmetric matrices.

Step 0: compute the expression of the expected update matrix M. Define

s - 1 -
Q:EO'(Lo'l):EZLo'l' (25)
T oer

It is easy to prove that @ defined by (23)) is symmetric. In fact, note that LT = L;,Vo € T,
where & is a reverse permutation of o satisfying 5(i) = o(n+1—i),Vi, thus Q = 5> Qo =
(% >, Qs)T = QT where the last step is because the sum of all Q5 is the same as the sum of all
Q. Denote

_ _ _ T
M, 2 ['R, = [ {Ra A ] . (26)

0 I

Substituting the expression of L ! into the above relation, and replacing R, by L, — AT A, we
obtain

| I-L;tATA L;tAT

L;' 0] [L, —ATA AT on
T A+ ALJYATA T - ALJYAT|C

Mo = [ALC,1 I 0 I



Since M, is linear in L !, we have

M:EU(MU):[ I—E,(L;1)ATA E,(L;1)AT }

—~A+AE,(L;Y)ATA I — AE,(L;YH)AT 28)
| 1-QATA QAT

T A+ AQATA T - AQAT |-
Step 1: relate M to a simple symmetric matrix. The main result of Step 1 is given below, and the
proof of this result is given in the supplement.

Lemma 1 Suppose A € RN*Y is non-singular and Q € RN*N is an arbitrary matrix. Define
M e RQNXZN as

[ 1-QATA QAT
M= {—A 4+ AQATA T — AQAT (29)
Then
. (A=N2 T
Furthermore, when Q) is symmetric, we have
4
p(M) < 1 4= eig(QATA) C (0, 7). 31)

Remark: For our problem, the matrix @ as defined by (23) is symmetric (see the argument after
equation (23))). Lemma [I]implies (31)) holds. Note that the first conclusion (30) holds even if Q) is
non-symmetric.

Step 2: Bound the eigenvalues of QA7 A. The main result of Step 2 is summarized in the following
Lemma [2] The proof of Lemma 2] is based on an induction formula that relates @ to its lower
dimensional analogs, and several techniques used in the proof of Lemma [T} see the supplement for
the details of the proof.

Lemma 2 Suppose A = [Ay,. .., A,] € RVN*N is non-singular. Define Q as

s o1y 1 .
Q2B (L") =—> L, (32)

" oel
inwhich L, is defined by (I8) and T is defined by (6). Then all eigenvalues of QAT A lie in (0,4/3),

ie.
eig(QAT A) C (0, %)- (33)

Theorem 2] follows immediately from Lemma|T]and Lemma 2]

5 Conclusion

In this paper, we propose randomly permuted ADMM (RP-ADMM) and prove the expected conver-
gence of RP-ADMM for solving a non-singular square system of equations. Multi-block ADMM
is one promising candidate for solving large-scale linearly constrained problems in big data appli-
cations, but its cyclic version is known to be possibly divergent. Our result shows that RP-ADMM
may serve as a simple solution to resolve the divergence issue of cyclic multi-block ADMM. One
interesting aspect is that while it is possible that every single permutation leads to a “bad” update
matrix, averaging these permutations always leads to a “good” update matrix. Our result is also one
of the first direct analysis of random permutation (sampling without replacement) in optimization
algorithms, though independent randomization (sampling with replacement) has been extensively
studied for BCD and SGD. It is not hard to extend our result to non-square (including tall and wide)
system of equations. Future directions include extending our result to general convex problems and
proving the convergence of RP-ADMM with high probability.
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Supplemental Materials

6 Proof of Lemmal(ll

The proof of Lemmamrelies on two simple techniques. The first technique, as elaborated in the Step 1 below, is
to factorize M and rearrange the factors. The second technique, as elaborated in the Step 2 below, is to reduce
the dimension by eliminating a variable from the eigenvalue equation.

Step 1: Factorizing M and rearranging the order of multiplication. The following observation is crucial: the
matrix M defined by (29) can be factorized as

|1 0 QAT I|[-A I
T |-A T I Al I 0|
Switching the order of the products by moving the first component to the last, we get a new matrix

ra [QAT IV [-A I|[T 0O AT IV [-24 1] _ [T-2QATA QA"
M:[Ql AHI OH—A 1}_[621 AHJ 0}:{ —QA QI - G

Note that eig(XY) = eig(Y X) for any two square matrices, thus
eig(M) = eig(M").
To prove (30), we only need to prove

. , (1- )\)2 . T
A €eig(M') — T—ax € eig(QA™ A). (35)

Step 2: Relate the eigenvalues of M’ to the eigenvalues of QAT A, i.e. prove (B3). This step is simple as
we only use the definition of eigenvalues. However, note that, without Step 1, just applying the definition of
eigenvalues of the original matrix M may not lead to a simple relationship as (33).

We first prove one direction of (30):
. / (1 - )‘)2 : T
Suppose v € (CQN“\{O} is an eigenvector of M’ corresponding to the eigenvalue A, i.e.

M'v = .

» v . . . .
Partition v as v = [Ul] , where v1,vo € CV*!. Using the expression of M’ in (34), we can write the above
0

equation as
I-2QATA QAT] [w1] _ N
—A I vo| 7 |vol|’

which implies
(I —2QA™ A)v1 + QA vy = Aun, (37a)
*A’U1 +vo = )\'Uo. (37b)

We claim that (36) holds when v; = 0. In fact, in this case we must have vy # 0 (otherwise v = 0 cannot be
an eigenvector). By (B7b) we have Avg = v, thus A = 1. By (37a) we have 0 = QATvy = QAT A(A™ wp),

which implies U=)° = 0 ¢ eig(QA” A), therefore (36) holds in this case.

We then prove (36) for the case
v1 # 0. (38)
The equation implies (1 — A\)vg = Av;. Multiplying both sides of by (1 — \) and invoking this
equation, we get
(1= NI —2QA" A)vy + QAT Avy = (1 — M) Awy.
This relation can be simplified to

(1—20)QA" Avy = (1 — N)?v;. (39)

We must have A # 1; otherwise, the above relation implies v1 = 0, which contradicts (38). Then (39) becomes
o (1=N)?

QA Al)l = 71 “ o V1. (40)
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(-2
Therefore, “T—5%

proof of (36).

The other directionﬂ

is an eigenvalue of QAT A, with the corresponding eigenvector vy # 0, which finishes the

2
A €eig(M) <= % € eig(QA™ A) 41)
U-V? ¢ eig(QAT A). We consider two cases.

is easy to prove. Suppose 15

Case I: (1:22\2 = 0. In this case A = 1. Since 0 = (t;; € eig(QAT A), there exists vo € CV\{0}

such that QAT Avy = 0 and Let v; = (0,...,0)T € CN*!, then vo,v1 and A = 1 satisfy (37). Thus

v= {Zﬂ € C*M\{0} satisfies Mv = \wv, which implies A = 1 € eig(M).

(1-x)?

Case 2: 1= # 0, then X # 1. Let v1 be the eigenvector corresponding to ~7—5x

1-2X

(i.e. pick v; that satisfies
@0)), and define vo = v1/(1 — A). Itis easy to verify that v = B;} satisfies Mv = Av, which implies
A € eig(M).

Step 3: When Q is symmetric, prove (3I) by simple algebraic computation.

Since @ is symmetric, we know that eig(QAT A) = eig(AQAT) C R. Suppose 7 € R is an eigenvalue of

QAT A, then any ) satisfying (i:;iz = 7 is an eigenvalue of M. This relation can be rewritten as A\* + 2(1 —

1)A 4 (1 — 7) = 0, which, as a real-coefficient quadratic equation in A, has two roots

M=1—-74+/7(1-1), de=1—7—+/7(7—1). (42)

Note that when 7(7 — 1) < 0, the expression \/7(7 — 1) denotes a complex number i+/7(1 — 7), where 7 is
the imaginary unit. To prove (3T)), we only need to prove

max{| M, A} <1 4= 0 <7 < %. 43)
Consider three cases.
Case 1: 7 < 0. Then 7(7 — 1) = |7|(|7| + 1) > 0. In this case, \s = 1 + |7| + /|7[(|7] + 1) > 1.
Case 2: 0 < 7 < 1. Then 7(7 — 1) < 0, and (@2) can be rewritten as
Az=1—7xiy/7(1-1),
which implies [A1| = [A2| = /(1 —7)2+7(1—7)=VI -7 < L.
Case 3: 7 > 1. Then 7(7 — 1) > 0. According to {#2), it is easy to verify A1 > 0 > A2 and

Ml =7=14+V/7(r=1)>1—74+/7(r=1) = |\].

Then we have

4
max{\)\1|7\)\2|}<1<:>|)\2|=T—1+\/T(T—1)<1<:>1<7'<§.

Combining the conclusions of the three cases immediately leads to (@3).

7 Proof of Lemma 2|for the case d; = 1, Vi

In this section, we prove Lemma|Z| for the case d; = 1, Vi. The proof for general d;’s is quite similar (but not
exactly the same), and will be given in Section@

7.1 Proof Overview

We will use mathematical induction to prove Lemma 2] and the reason of doing so is the following. A major
difficulty of proving Lemma[2]is that each entry of @ is a complicated function (in fact, n-th order polynomial)
of the entries of AT A. To circumvent this difficulty, we will implicitly exploit the property of Q by an induction
analysis on n, the number of blocks.

2For the purpose of proving Theorem we do not need to prove this direction. Here we present the proof
since it is quite straightforward and makes the result more comprehensive.
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The difficulty of using induction to prove Lemma[2]is two-fold. First, it is not obvious how @ is related to an
analogous matrix in a lower dimension. Second, the simulations show that |QAT A|| < 2 < ||Q||[|AT A,
thus we have to bound the eigenvalues of the product QAT A, instead of the eigenvalues of Q. Even if we
know the relationship between ) and a lower-dimensional matrix Q it is not obvious how eig(QA” A) and

eig(Q/lT/l) are related, where A is a lower-dimensional analog of A.

The proof outline of Lemma [2]and the main techniques are described below. In Step 1, we prove an induction
formula in Proposition m which states that () can be decomposed as the sum of n symmetric matrices, where
each symmetric matrix contains an (n — 1) x (n — 1) sub-matrix Q that is analogous to Q. In other words,
we relate () to n analogous matrices Qk, k =1,...,nin a lower dimension. To prove the induction formula,
we use a three-level symmetrization technique. This induction formula resolves the first difficulty. In Step 2,
we prove the induction step, i.e. under the induction hypothesis that eig(Qr AF Ax) C (0, 3 k=1,...n,
where A}, is a certain sub-matrix of A, the desired result eig(QAT A) C (0, 3) holds. To build the relation

between eig(QA” A) and eig(Q;C A;fflk), we will apply the two simple techniques used in the proof of Lemma
[[} factorize and rearrange, and reduce the dimension by eliminating a variable from the eigenvalue equation.
Nevertheless, the subsequent analysis is more complicated than the proof of Lemmal[T}

7.2 Proof of Lemma2|for d; = 1, Vi and Two Propositions

Without loss of generality, we can assume ||a;||> = 1, Vi (see the first paragraph of Section for an explana-
tion).

We use mathematical induction to %)rove Lemma |Z| for the n-coordinate case. For the basis of the induction
(n=1), Lemmaholds since QA" A = 1. Assume Lemma [2|holds for n — 1, we will prove Lemma 2| for .

7.2.1 Step 1: Induction formula for general n

Since d; = 1,V i, we have N = >, d; = n. Denote a; = A; € R"*'(i = 1,...,n). Denote [n] £
{1,...,n}. For any k € [n], define

I'x 2 {0’ | o is a permutation of [n]\{k}}. (44)

For any o’ € ', similar to (22), we can define L/, Q € RO*DX(n=1) 44

L naorgy 1>7
L ry- , 10V A Agr(i)Qo’(5) 2 D 45
(@ (1),0°G) =1, i< (45)
Qs S L k=10 (46)
T, - o yee ey M
o’ely
Note that L, and Qy, are lower-dimensional analogs of L, and () respectively.
Define wy, as the k-th column of A” A excluding the entry af ax, i.e.
Wk 2 a1,y Q1 Qg 1, - - - a"}Tak c RODXT, 47)
Define permutation matrices S1, . .., S, € R™*"™ as follows:
Sk(i,i)=1,i=1,...,k—=1; Sk(k+1,k)=---=Sk(n,n—1)=1; Sk(k,n)=1, (48)

and all other entries of Sy are zero. Sy is called a permutation matrix since it corresponds to a permutation
(1,...,k=1,k+1,...,n,k);infact, (1,2,...,n)Sx = (1,...,k—1,k+1,...,n,k). Replacing 1,2, ..., n
by column vectors b1, . . . , by, we get (b1, b2, ..., bn)Sk = (b1,...,bk—1,bk+1,-..,bn, bx). This relation can
be interpreted as the following column-moving property of Sy: right-multiply a matrix b¥ Sk will move the
k-th column to the end (i.e. in the new matrix it becomes the last column). Similarly, S} has the following
row-moving property: left-multiply a matrix by Si will move the k-th row to the end. Note that S,, is the
identity matrix. Another property is

S =51 (49)

We give an example to illustrate the expressions of Si. When n = 3, S, Sa, S3 € R3*2 defined in @8) can
be explicitly written as

00 1 1 00
S12 101 0 0f,8 20 0 1|,S;=1Is.s.
01 0 01 0
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The column-moving property means [b1, b2, b3]S1 = [b2, b3, b1], and [b1, b2, b3]S2 = [b1, b3, b2]. Similarly,

by by by by
the row-moving property means S7 |b3 | = [b3'| and ST |63 | = |b1'].
b3 bl b3 by

With these definitions, we are ready to present the induction formula, which builds a relation between @ and
its lower-dimensional analogs Qx, k =1,...,n.

Proposition 1 The matrix Q = ﬁ > er Lo L where Lo, T are defined by (2?) and (6 respectively, can be
decomposed as follows:

Q= %ZSkaSQ (50)
k=1
where . R
2 Qk —1Qrwr

in which Qy, is defined by (@).

The proof of Proposition|T]for the case n = 3 will be given in Section[7.3] We relegate the proof of Proposition
[T]for general n to Appendix 9}

7.2.2 Step 2: bounding eigenvalues of each ()
According to (30), we have
1 n
AQAT = p > ASQiSE AT

k=1
Note that Q) defined by (@) is symmetric, thus Qj, defined by (BT)) is symmetric, which implies that each
ASpQrSF AT is a symmetric matrix. From the above relation, we have

53 (A5 QeST A”) < Anin(AQAT) < Anax(AQAT) < © 3 N (A5 QuSTAT). (52)
k=1 k=1

Therefore, to prove eig(AQAT) C (0,4/3), we only need to prove forany k = 1,...,n,
eig(ASLQrSE AT = eig(QrSi AT ASy) C (0,4/3). (53)
By the column moving property of Si, we have
Ay 2 AS, = [Ag, ar], (54)

where A, 2 [a1,...,ar_1,ak41,...,a,]. Note that Q; only depends on the entries of A} A €
R™=Dx(=1 ‘thus by the induction hypothesis, we have

eig(QrAj Ay) C (0,4/3). (55)

We claim that (53) follows from the induction hypothesis (33)) and the expressions (54) and (31). In fact, the fol-
lowing Propositiondirectly proves (B3) for k = n. If we replace A, An,an, On, Qn by Ay, Ap,ar, Ok, Q
respectively in Proposition 2] we will obtain (33) for any k. As mentioned earlier, the desired result
eig(AQAT) C (0, 4/3) follows immediately from (53) and (52).

Proposition 2 Suppose A = [An, an] € R™™™ is non-singular, where A, € R gnd g, € RO-Dx1
satisfies ||an|| = 1. Suppose Qn € RO =DX(=1) ¢ 4 symmetric matrix which satisfies eig(QrATA,) C
(0, 3). Define

~ Qn 71ann
wp 2 Ala,, Q2 1470, 2 ] ) (56)
Then eig(Qn A" A) C (0, 3).

The proof of Proposition[2]is given in Section [7.4}
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7.3 Proof of Proposition[T|for n = 3

In this subsection, we prove the induction formula for n = 3. Before the formal proof, we briefly describe the
ideas of contructing this induction formula. The key idea is symmetrization: we start from an obvious relation
between L, ! and its lower-dimensional analog, and by three levels of symmetrization we can obtain a relation
between () and its lower-dimensional analogs.

Define
Wij :az’raja Vi, J,
T T T (7
wy = [wiz,w13]", w2 =[wa1, was]”, ws = [ws1,ws2] .
For o = (123), the expressions of L, and L' are
1 0 0 1 0 0
Lagsy = |war 1 0], Ly = —wa1 1 0f. (58)
w31 wsz 1 —w31 + warwsz —wsz 1
Note, however, that the following expressions of L, and L, * are more useful:
_ [Fazn O
L123) = |:wg“ 1l
and
Las 0
Libg = 12) . (59)
(123) —w3 L(12) 1

-1
(123

Such a kind of relation also exists between any L, ' and L;,l where ¢’ is a sub-permutation of o. Here, we
say o’ € Ty, is a sub-permutation of o € T if o’(j) = o(j), Vs € T'x. For example, (134) and (123) are both
sub-permutations of (1234).

The above equation provides a relation between L ) and an analogous matrix L7, in a lower dimension.

A natural question is: given the relation between L, and its lower dimensional analogs, how to build a relation
between () and its lower dimensional counterparts? To answer this question, the following intuition is crucial:
since Q = E,(L;"') is a symmetrization of L', we should symmetrize RHS (Right-Hand-Side) of (39).
There are three levels of “asymmetry” in the RHS of (39): i) L(’112) is non-symmetric; ii) the off-diagonal
blocks are not transpose to each other; iii) in this block partition of L, the 1st and 2nd row/columns are grouped
together, so this expression is not symmetric with respect to the permutation of {1, 2, 3}. Let us briefly explain
below how to build the three levels of symmetry.

The first level of symmetry is built by the matrix Q. For example,

1 —%w12:|
1
7511)12 1

A 1, _ _
Qs = g(Lalz) + L(211)) = (60)

-1

is a symmetrization of L(12>

and forms the first-level symmetrization of the RHS of (59) (more details are given
Qs Qs
— %’ng3 1

}, thus forming the second level of symmetrization for the RHS of

later). The second level of symmetry is built by the matrix Q. For example, Q3 = {

Qs 0
_ngS 1
(39). The third level of symmetry is built by averaging the three matrices Q1, Qz, @3 (up to permutation of
rows/columns), as shown by the induction formula (50)

Q= 2(51Q157 + 5:0257 + Q) 61)

is the symmetrization of {

Below, we prove the induction formula in a rigous way.

Proof of (61): As the first level symmetrization, we prove

1, -1 Qs 0
§(L(123) + L) = {77”%“@5 1l (62)
Lazy 0], . L V] B Ly 0
Recall that L(123) = [ U()lf) 1} implies L(1123) = [ }153112) 1} . Similarly, L3y = { 11(]2371) 1}
. Lo 0 R
implies L(_213) = —wgg Ll)*l nE Summing up these two relations and invoking the definition of Q)3 in
(21)

(60), we obtain (62).
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As the second level symmetrization, we prove
1/ -1 -1 -1
Qs = 1 (L(123) + L1y + Lizony + L(312)> . (63)

Note that the common feature of the four permutations (123), (213), (321), (312) is: 1 and 2 are adjacent
in these permutations. By the definition of L, in (??), we have L(321) = L<T123), Lz12) = L<T213), thus
L(321> = L(123>, L(7312) = L(213> Taking the transpose over both sides of (62)), we obtain

(L(321) + L(312)) [QS _Qf’ws} . (64)

Combining (62) and (64), and using the definition of Qs in (31), we obtain (63).

Using a similar argument, we can prove
T 1 —1 — — -1
S1Q151 = 1 (L(123) + L(1132) + L(2131) + L(321)) : (65)

Again, the common feature of the four permutations (123), (132), (231), (321) is: 2 and 3 are adjacent in these
permutations. The proof of (63) is almost the same as the proof of (63), except the extra step to move rows and
columns. Similarly, we can prove

1 B -~ _ _
52Q253 = 1 (L(éz) + Ligiz) + Lzan) + L<2113>) ' ©0

As the third level symmetrization, combining (63),(63) and (66), and invoking the definition of @ in 23}, we
obtain (61).

7.4  Proof of Proposition 2]

For simplicity, throughout this proof, we denote

w2 w Q S Q AL A,.
We claim that

ogeéwTQw<§. (67)

In fact, by the definition w = A%, we have 0 = aX AQATa, < p(AQAT)|lan|? = p(AQAT) <
which proves the last inequality of 7). According to the assumption, eig(QAT A) C (0,4/3) C (0, c)
A is non- singular, thus Q > 0. Then we have = w” Qw > 0, which proves the first inequality of (67).

s

4
3

and

We apply a trick that we have previously used: factorize @, and change the order of multiplication. To be
specific, Q. defined in (36) can be factorized as

P [ [ T P

W 0 1-3w Quw c

where J £ [7 l]wT ﬂ , I denotes the (n — 1)-dim identity matrix and
2
c21— inQw. (69)
It is easy to prove
eig(AQ,A™) C (0,00). (70)

In fact, since A is non-singular, we only need to prove Q, = 0. According to (68), we only need to prove

[%2 2} > 0. This follows from Q > 0, and the fact ¢ = 1 — inQw @ 1— 1 >0. Thus is proved.

It remains to prove

T 4

(71)

Denote B 2 AT A, then we can write AT A as

T 4 _ B w
waz]B ]
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We simplify the expression of p(AQ,AT) = p(Q.AT A) as follows:
p(AQ. AT B (J [g (c)} JTATA> —p ({609 2] JTATAJ) . (72)

By algebraic computation, we have

AT, [T —3w B w I o) _[I —3w B—%wa w| B—%wa 1w
e O 1P R i Ot R G

thus

=

Zé{@ O]JTATAJ:{Q 0} {B—I%z{)wT
0 ¢ 0 c FW

o <[081gm 12 gy
1 c

According to ([72), eig(AQnA™) = eig(Z), thus to prove (7I), we only need to prove p(Z) < %. Since we
have proved that eig(Z) = eig(AQ,AT) C (0, 00), we only need to prove Amax(Z) < 4/3. In the rest, we
will prove that for any eigenvalue of Z, denoted as A\, we have

4
A< - 74
<3 (74)

Suppose v € R™\{0} is the eigenvector corresponding to \, i.e. Zv = Av. Partition v into v = {5;} , where

v1 € R™™! vy € R. According to the expression of Z in (73), Zv = v implies

(QB — gwaT)vl + %Qwvo = vy, (75a)
1
Ecw%l + cvo = Avo. (75b)

If A\ = ¢, then (74) holds since ¢ = 1 — i@ < 1. In the following, we assume A # c. An immediate
consequence is

U1 7é 0.
Otherwise, assume v1 = 0; then (75b) implies cvg = Avo, which leads to vo = 0 and thus v = 0, a
contradiction.
By (73B) we get
vo = ———wTw
T 2a=¢ "

Plugging into (75a), we obtain

vy = (QB — zwaT)vl + %Qwﬁwﬁu = (QB + ¢waT)vl, (76)
where 5 N N

b=— c __ 1. 77

i _ 1= _
1Ti0—0 " 10— 410

Here we have used the definitionc =1 — %wTQw =1- %6.

Denote A £ p(QB), then by the assumption A = p(QAT A) € (0,4/3). We prove that

A+ 00, ¢ >0,

Since @ € R~ X("=1) jg 4 (symmetric) positive definite matrix, there exists U € R ~D*("~1 gych that
Q=U"U.
Pick a positive number g = |¢|6. By (76) we have (g + A)vi = (QB + pQuw” + gI)v1, here I denotes the
identity matrix with dimension n — 1. Consequently,
g+ X\ €eig(QB + ¢Quuw” + gI) = eig(UBUT + ¢pUww” U + ¢I). (79)

Note that pUww” U7 is a rank-one symmetric matrix with a (possibly) non-zero eigenvalue ¢pw” UTUw =
dpwT Quw = ¢f. By our definition g = |$|0 > ¢0, which implies that gI + ¢pw” UTUw > 0 and

g+¢0, ¢>0,

g 6 <0. (80)

plgl + ¢pw' UM Uw) = {
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Since both UBUT = UAT AUT and dpUwwTUT 4 gI are symmetric PSD (Positive Semi-Definite) matrices,
() implies
7T T1,T
g+ A<p(UBU" + ¢Uww U" + gI)
< p(UBU™) + p(pUww ™ UT + gI)

AN+g+a¢, ¢>0,
A 81
{/\Jrg, <0, ®

which immediately leads to (78).
We claim that ([74) follows from (78). In fact, if ¢ < 0, then by (78) we have A < A < %, which proves (74).
Next we assume ¢ > 0, which, by the definition of ¢ in (77), means
PR S
AN—4+46°

If A <1, then already holds; thus we can assume A > 1, which implies 4\ — 4 > 0. Combining with the
fact & > 0, we have

1 (82)

< A < A
AN—4+460 " 4N-—4
which leads to A < 3. This finishes the proof of (74).

1

8 Proof of Lemma [2|for the general case

Without loss of generality, we can assume
T .
Ai A»L = Id,;xd“ 1= 17...,TL.

To show this, let us write M,, M as My (A1,...,Ay) and M(A4,..., A,) respectively, i.e. functions of the
coefficient matrix (A1,..., Ay). Define A; = Ai(AZTAi)*% and

D 2 Diag((ATA1)"2,... (ATA,)" 2, Inxn).
It is easy to verify that M, (A1,...,A,) = D"'M,(Ay,..., A,)D, which implies
M(Ay,...,A,) =D "M(A,,...,A,)D.

Thus p(M(Ai1,...,An)) = p(M(Ay,...,A,)). In other words, normalizing A; to A;, which satisfies
ATA; =1 d; x d; » does not change the spectral radius of M.

8.1 Proof Outline of Lemma 2 and Two Propositions

We use mathematical induction to prove Lemma|2|f0r the n-block case. For the basis of the induction (n = 1),
Lemma [2{holds since QAT A = I, x4, . Assume Lemmal|2|holds for n — 1, we will prove Lemma 2| for 7.

Similar to the n-coordinate case, we will first derive the induction formula, and then use this formula to prove
the induction step.

8.1.1 Step 2.1: Induction formula for the n-block case

For any matrix Z € RV with n x n blocks, denote Z[i, 5] as the (4, 7)-th block of Z, 1 < 4,j < n. We
use the term “the 4-th block-row” to describe the collection of blocks Z[i, 1], ..., Z[i, n], and “the i-th block-
column” to describe the collection of blocks Z[1,4],..., Z[n,i]. We say the row pattern of Z is (71,...,7»)
and the column pattern of Z is (c1,...,cn) if Z[z,5] € R"*% V1 < 4,5 < n. The multiplication of two
block partitioned matrices Z1, Zo € R™*™ can be expressed using only the blocks if the column pattern of Z;
is the same as the row pattern of Z».

RNXN

For k = 1,...,n, we define block-permutation matrix Sy € with n X n blocks as follows:

Seliyi] & Iayxa,i=1,...,k—=1;  Sk[j,j—1 2 Iajxa;,j =k+1,...,n; Sklk,n] £ I, xa,, (83)

and all other entries of Sy are set to zero. Note that the row pattern of Sk is (d1,...,d») and the colum
pattern of Sy is (d1,...,dk—1,dk+1,...,dn,dx). When d; = 1,Vi, this definition reduces to the def-
inition @ in the n-coordinate case. Similar to the n-coordinate case, this matrix Sy has the follow-
ing block-column moving property: right multiplying a matrix with n block-columns and column pattern
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(di,...,dn) by Sk will move the k-th block-column to the end, resulting in a new matrix with column pattern
(di,...,dx—1,dgs1,...,dn,ds). Consequently, S} has the following block-row moving property: left mul-
tiplying a matrix with n block-rows by S will move the k-th block-row to the end. Note that S,, is the identity
matrix. Another property is

St =51 (84)

For any k € [n], define T'y, as in (@4). For any o’ € T'y, L,r € RO =4 XV =d1) js partitioned into (n — 1) x
(n — 1) blocks and the (o’ (i), 0’ (j))-th block is defined by

Lorlo! (0),0/ ()] 2 {?Z«Mm 25 -
We then define Qj, € RN —dk)xX(N=di) py
Qs S L k=1, (86)
‘Fk| o/ely
Define W, as the k-th block-column of AT A excluding the block A7 Ay, i.e.
Wi = [AL A1, ..., AL A1, AL Ay, .. AL ALT, VK € [n]. 87)

With these definitions, we are ready to present the induction formula.

Proposition 3 The matrix Q = ﬁ > ger Lo, where Lo and T are defined by (I8) and (@) respectively, can
be decomposed as follows:

1 n
= SuQuSk, (88)
"=
where R A
e Qe ‘EQka] 89
O {—%WICTQk Tayxay, |’ @)

in which Qy, is defined by (86).

Proposition[3]is a generalization of Proposition[T]from the n-coordinate case to the n-block case, and its proof
is similar to the proof of Proposition [T] (with a slight difference due to the block partition). We relegate this
proof to Appendix [T0}

8.1.2 Step 2.2: Bounding eigenvalues of each ),
According to (88), we have
1 n
AQAT = . Z ASLQrSE AT,

Consequently,

n

Amax(ASkQr Sk A7), (90)

S

53 (A5 Qe ST A”) < Anin(AQAT) < Anax (4QAT) <

k=1 k=1

To prove eig(AQAT) C (0,4/3), we only need to prove forany k = 1,...,n

eig(ASLQrSE AT = eig(Qr Sy AT ASk) C (0,4/3). 91)
By the block-column moving property of .Sy, we have
Ay & AS), = [Ay, Ay, 92)

where A, £ [A1,..., Ak—1, Ak+1,...,An]. Note that Qk only depends on the entries of fl;f/lk S
RV =dk)*(N=dr) which has (n — 1) x (n — 1) blocks, thus by the induction hypothesis, we have

eig(QrAf, Ax) C (0,4/3). 93)

We claim that (91) follows from the induction hypothesis (93] and the expressions (92)) and (89). In fact, the fol-
lowing proposition directly proves (OT) for k = n. If we replace A, An, A, On, Qn by Ay, A, Ar, Ok, Qr
respectivel 7}’ in the following proposition, we will obtain (9T) for any k. As mentioned earlier, the desired result
eig(AQA™) C (0,4/3) follows immediately from (91) and (90).
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Proposition 4 Suppose A = [An, A, € RY*N s a non-singular matrix, where A, € RV*WN=dn) 04
A, € RVN*n satisfies AL A, = Iy xa,,. Suppose Qn € RW=dn)X(N=dn) j¢ symmetric and

eig(QnAy An) C (0,4/3). (94)

Define

A 1A
R 3 —5QnW,

néAz;An c R dn)xdn, L2 Qn R 2 @nWhn ) (95)
Q — Wil Qn  Ia,xa,

S

Then eig(AQ,AT) C (0, ).

Proposition[]is a generalization of Proposition [2]from the n-coordinate case to the n-block case, and its proof
is similar to the proof of Proposition 2] (with a few minor differences). The proof of Proposition ]is given in
Section

8.2 Proof of Proposition[d]
This proof is similar to the proof of Proposition [2] for the n-coordinate case, with a few minor differences due
to the fact d,, > 1.

For simplicity, throughout this proof, we denote

WEW,, Q&Qn A2 A,
We first prove

0=202WrQW < %1. (96)
Since eig(QAT A) C (0,00) and A is non-singular, thus > 0. Then we have © = WTQW > 0, which

proves the first relation of (9G). By the definition W = AT A,, we have

p(©) = p(ATAQAT A,) = max v AT AQAT Av
veRdn X1 [|vf=1

AA AT 2 AA AT 2 AA AT 4 N
<p(AQAT)  max |[|Anv]]” = p(AQAT)[[An]” = p(AQAT) < 3,

vERIn X1 ||y||=1

where the last equality is due to the assumption AL A,, = I, and the last inequality is due to the assumption

(©4. By we have © < 21, thus (96) is proved.

We apply a trick that we have previously used: factorize (), and change the order of multiplication. To be
specific, Qn, defined in (@3) can be factorized as

[ 0] [Q 0 I —twl_ [ o
ORI o | B R

1

where J £ } I in the upper left block denotes the (N — d,, )-dimensional identity matrix, I in

_ % WT Il
the lower right block denotes the d,,-dim identity matrix, and
1 A
CiJ- ZWTQW € Rénxdn (99)
It is easy to prove
eig(AQnAT) C (0, 00). (100)

In fact, we only need to prove @Q,, > 0. According to (O8), we only need to prove {g 8’} > 0. This follows
from Q > 0 and the fact C' = I — 1 W7 QW @ — 31 > 0. Thus (T00) is proved.

It remains to prove
4

PAQnAT) < 3. (101)
Denote B 2 AT A ¢ RW—dn)X(N=dn) ‘thepn we can write A7 A as
ATA = {WJfT Vﬂ . (102)
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We simplify the expression of p(AQ, AT) as follows:
Ty _ Q O ;747\ _ Q 0| ;74T
p(AQrA )7p<AJ[O C’]J A )7;)([0 C’]J A AJ). (103)
By algebraic computation, we have

racar=fy (8 1 ]

o I ||wT I W (o)
_[r -wl[B-tww” w]_[B-3ww” lw
S0 I iw” Il iw” I’
2 2
thus
za[Q 0] jryry,_[Q 0 B-3ww” Iw] _[QB-32Qww” 1Qw (105)
o ¢ o ¢ iwT Il icw” c |
According to (T03), p(AQ, AT) = p(Z), thus to prove (TOT) we only need to prove
4
Suppose A > 0 is an arbitrary eigenvalue of Z. In the rest, we will prove
A< % (106)

Suppose v € RY*1\{0} is the eigenvector corresponding to ), i.e. Zv = Av. Partition v into v = {Zj,

where v; € RV~ 4y € R . According to the expression of Z in (103, Zv = Av implies

A A R 1A
(QB — %QWWT)vl + 5 QW0 = Avi, (107a)
1
5CWTv1 + Cvo = Avo. (107b)
If \] — C'is singular, i.e. X is an eigenvalue of C, then by (06) we have %I <C=1- i@) =< I, which implies
A < 1, thus (T06) holds. In the following, we assume
Al — C'is non-singular. (108)
An immediate consequence is
U1 7é 0,

since otherwise (T07b) implies Cvg = Avg, which combined with (T08)) leads to vo = 0 and thus v = 0, a
contradiction.

By (TO7) we get

1 -
vo =5 (A = C) tfewTo,.
Plugging into (T07a), we obtain

oy = (QB — %QWWT)vl + %QW%(AI —O) oW = (QB + QWoW vy, (109)
where
A 3 1 1 1 =
PE——J4+-(NM-C) C==I+-[I+N-0C) (]
4 4 4
\ (110)
=T+ (M- C) ' =T+ N@EN-DHI+0] "
Here we have used the definition C = I — iWTQW =1- i@. Since O is a symmetric matrix,  is also a

symmetric matrix.

To prove (T06), we consider two cases.
Case 1: Amax(®) > 0.

According to (TT0), we have

. A .
0 e elg(@) — -1+ m € elg(Cb).
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By the assumption Amax(®) > 0 and the above relation, there exists 6 € eig(©) such that

A

Ty te”

0. 111)

If A < 1, then (T06) already holds; so we can assume A > 1. By © = 0 we have § > 0, thus (I11) implies
1< m < ;. which leads to A < 2. Thus in Case 1 we have proved (T06).
Case 2: Amax(®) < 0,ie. ® < 0.

By the assumption (94) we have
A2 p(QB) = p(QAT A) € (0,4/3). (112)

Since Q € RW—dn)x(N=dn) jg 4 (symmetric) positive definite matrix, there exists a non-singular matrix
U € RW=4n)x(N=dn) gych that

O=U"U. (113)
Pick a positive number g that is large enough (will specify how large later). By (I09) we have (g + A)v1 =
(QB + QWOWT 4 gI)v;. Consequently,

g+ X eeig(QB+QWoWw™ 4 gI) @eig(UTUB +UTUwWew™ + gI)

=eig(UBU" + UWOW U" + gI). (o
Define ' 2 UWoWTUT ¢ RN —dn)x <N’d"), then the above relation implies
g+ A< p(UBUT +T + gI)
< p(UBUT) + p(T + gI) (115)

= A+ p(T +gI),

where the last equality is due to p(UBUT) = p(AT AUTU) = p(AT AQ) @ 5.

(N—=dp)X(N—dn

For any vector v € R ) we have

v To =0 UWeWTUTv = (WTUTv)"e(W U v) <0,
where the last inequality follows from our assumption ® < 0, thus I' < 0. Pick a large g so that g > p(T'),
then p(gf 4+ I') < g. Plugging into (T13), we get
g+A< Aty

which implies A < A < 4. Thus in Case 2 we have also proved (T06). O

Remark: The following generalization of (78) is also true:

< {4+ Amax (2)[B]], Amax(®) >0, 116

A, o <0.

The proof of @) is a bit longer than the proof for the scalar case, and we will omit it in this paper. Note that
(TT6) is not necessary for the proof of PropositionEl In particular, when Amax(®) > 0, we do not need to use

A < A+ Amax (®)]|©]] to bound ); instead, it is enough to just use Amax(®) > 0 to bound X, as shown in Case
1 of the above proof.

9 Proof of Proposition I}, the induction formula for the n-coordinate case

In the n-coordinate case, the ambient dimension N = n, and the i-th block of A is a; € R™*'. Denote
(¢, k) and (k, o") as permutations of [n] that are formed by combining a permutation ¢’ and k. For example,
if o = (124), then (¢, 3) = (1243) and (3,0") = (3124).

We divide the proof into two parts. First, we present a simple formula related to the permutation matrices.
Second, we apply the three levels of symmetrization.
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9.1 Step 1. Deal with Permutation Matrices S},

We first prove
L
Sk Lior 1) Sk = { g w{’} : (117)
We write L, as a 2 X 2 block matrix
| Zu Zi2
Lot = |:Z21 Zzz} ’ (118)

where Z1; € RETDX=D 7., ¢ REDX(n=k) (7, ¢ RRIXE=1) 70, € RVTHX(7K) “and denote
U, = (al, .. '70116—1) c RTLX(k71)7 Vi = (ak+1, . -7an) c Rnx(nfk)’

which implies

Wk @[ah sy Ak—1, k415 -+ -y an}Tak
:[Uk7V]g]Tak; (119)

_ (U an
B VkTak ’

le Ugak Zl2
Low=|0 1 0
Zon Vilar Zao

It is easy to verify that

UE Qg
Note that in the above expression, 1 is the k’th column and [0,...,0,1,0,...0] € R**"™ with the
VkTak
entry 1 in the k’th position is the k’th row. By moving the k’th column to the end and then moving the k’th
row to the end, we get

. Zn Ufar Zio - Zu Ziz Ufak Zu Ziz Ulax L. wk
Sy |0 1 0 |Sxk=5.]0 0 1 | =|Zan Zos Vi¥a —[5 1},
Zon Viiar Zan Zo1  Zaa Vi&ay 0 0 1
where the last equality follows from (TI8) and (TT9). Thus we have proved (IT7).
9.2 Step 2: Three Levels of Symmetrization
Taking the inverse of both sides of (IT7) and using S;, ' = S}, we obtain
T -1 L)' —-L ) w
Sk Ligr 4y Sk = [ G i k] : (120)
As the first level symmetrization, summing up (120) for all ¢’ € T';, and dividing by |T'x|, we get

1 S -1 A A
ﬁ S STLE S = {m\ Zo(’)erk Lyt =1y Za'lerk L, wk} @ [%k —Qlkw’f} .21

o’ el

As the second level symmetrization, we can prove

1 _ _ A 1A
Si | 20 L T D Loy | S = [; 9 QQ’““’"] = Q. (122)
2

— A
2|T%| o/ E€Ty, o/ €Ty, Wk Qk 1
In fact, by the definition of L, in (I8), it is easy to see that

T
Lo‘ = La—,

T —
(k,o')’
where o is a reverse permutation of ¢’. Summing over all o', we get 3 /. L(_al, K = Dorer, L(‘kT(;,) =

where & is a “reverse permutation” of ¢ that satisfies (i) = o(n+1—1), Vi. Thus we have La/7k> =L

S LT ,., where the last equality is because summing over ¢ is the same as summing over ¢’. Thus,
o’ery, H(k,ot)

we have
T

1 _ 1 _ ) 0
0 O SELs= (g X sErghes ) @S 0]

_— T 9
Tk o' el o=ty wp Q1
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Here we have used the fact that Q. is symmetric. Combining the above relation and (T2I) and invoking the

definition of Q. in (5I) yields (122).
According to (84) and the fact [T'x| = (n — 1)!, we can rewrite (122) as

T _ 1 - ~1
SkaSk = m Z L(o’,k) + Z L(k,ol)

o’ely, o€l

As the third level symmetrization, summing up the above relation for £ = 1, ..., n and then dividing by n, we
get

1< 1 1 n ) ) 1 )
EkzﬂSkaSkT: 52(”7‘”‘; > L 2 Loty | = g2 2oL = Q.

= o’€ly, o’ely ocl

which proves (30). Q.E.D.

10 Proof of Proposition 3, the induction formula for the general n-block case

This proof is a direct extension of the proof of Proposition[l] i.e. the induction formula for the n-coordinate
case. The major difference is Step 1 (the proof of (I23)), since the permutation matrix Sy here is a block-
partitioned matrix. Step 2 is the same as the n-coordinate case.

10.1 Step 1. Deal with Permutation Matrices .Sy

We will prove

(123)

Ly, W,
Sk Lo’ 1)Sk = [ 0 Ik] ;

where I denotes Ig, xd,, -

Note that L, € R =4)X(N=dk) can be viewed as a block partitioned matrix with (n — 1) x (n — 1) blocks,
and both the row pattern and column pattern of L, are (di,...,dk—1,dk+1,...,dn). By grouping the first
(k — 1) block-rows and the last (n — k) block-rows respectively, and grouping the first (k — 1) block-columns
and the last (n — k) block-columns respectively, L, can be written as a 2 x 2 block matrix

Z1 Zi2
Lot = |:Z21 Zzz} ’
where Z1; € R(dl+"'+dk—l)X(d1+"'+dk—1)’ Joo € R(dk+1+"'+dn)X(dk+1+"'+dn), and the size of Z1o and
Z22 can be determined accordingly. We denote
Ur = (A1,..., Ap_y) e RV tFdoon) oy — (4, 000 Ay) € RV (Grpatfn)
which implies

(124)

Wi (AT Ay, AT A1, AT A, AT AT
=[A1, . A, A, -, AT A
:[Uk7vk]TAk (125)
_ [Uf Ak
VT AL|
It is easy to verify that
Z11 UEAIC Zl2

L(a/,k) = 0 Id;%xdk 0
Zo1 Vi Ax Zaa

UL Ay
Note that in the above expression, | 4, x4, | is the £’th block-column of L, x) and
VI Ay
[07 Idedk7 0] = [Odkxdp cee 7Odk><dk—17‘[dk><dk70dk Xdp419 Odk:an] € deXN

with 4, x4, being the k’th block is the k’th block-row of L, ). By moving the k’th block-column to the end
and then moving the k’th block-row to the end, we get

. Zin Ulax  Zis . Zi Ziz Ufak Zin Ziz Ulak I Wi
ST10 Iiay 0| Se=5T10 0 liea|=|Zn Zw Via|-= { o ]
Z21 VkTak ZQQ Z21 Z22 VkTak 0 0 [dedk k k

where the last equality follows from (124) and (I23). Thus we have proved (123).

23



10.2 Step 2: Three Levels of Symmetrization

The rest of the proof of Proposition [3]is the same as the proof of Proposition[I] except a minor difference that
wy, is replaced by Wy,. For completeness, we still present the proof of Step 2 in detail.

Taking the inverse of both sides of (T23) and using S, ' = Sy, we obtain

(126)

3 L' L}
SkTLwl/,MSk = { g o Wk:| .

As the first level symmetrization, summing up (I26) for all o’ € 'y, and dividing by |T'x|, we get

1 -1 _ 1 -1 A A
ﬁ Z SI?L(_;/’,C)S;C = |:\Fk\ ZU/OEFIC Ly [Tkl Z"'/;Fk Ly, Wk:| & [%k _Q;Wk:| . (127
o’ely

As the second level symmetrization, we will prove

1 r —1 -1 Qk —% Ve Wi
S Z Ly + Z Ligony | Sk = = Qk. (128)

2IT —iwro
T | =ty =y Wi Qr layxa,

By the definition of L, in (T8, it is easy to see that

LY = L,,

where G is a “reverse permutation” of ¢ that satisfies 5 (i) = o(n+1—1), Vi. Thus we have L,/ ) = ngf—,),
where o' is a reverse permutation of ¢’. Summing over all o', we get Za’erk L(*;/JC) = ZU'EFk L(*k?:;/) =
, LT, , where the last equality is because summing over ¢’ is the same as summing over ¢’. Thus,

o'eTy, Y (k,o’) quality g g

we have
T
1 T, —1 1 T, -1 ™ Qr 0
m Z Sk L(k,a")sk — W Z Sk L(g,’k)Sk — —WTQk 1 .
o’ €Ty o’€Ty k

Here we have used the fact that (), is symmetric. Combining the above relation and (T27) and invoking the

definition of Q. in (89) yields (128).
According to (84) and the fact [T'x| = (n — 1)!, we can rewrite (T28) as

1 B B
SkQrSi = =1 Y Liwmt D Lo

o/ely, o€y,

As the third level symmetrization, summing up the above relation for £ = 1, ..., n and then dividing by n, we
get

y 11 = _ _ 1 _
ng:lSkaSf?: gmz Yo Lot D0 Lony | = 592D Lo =@,

k=1 \o’eTly o’ely oel

which proves (83). Q.E.D.
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