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Abstract

Pairwise learning usually refers to a learning task which involves a loss function
depending on pairs of examples, among which most notable ones are bipartite
ranking, metric learning and AUC maximization. In this paper, we focus on online
learning algorithms for pairwise learning problems without strong convexity, for
which all previously known algorithms achieve a convergence rate of O(1/v/T)
after 7' iterations. In particular, we study an online learning algorithm for pairwise
learning with a least-square loss function in an unconstrained setting. We prove
that the convergence of its last iterate can converge to the desired minimizer at a
rate arbitrarily close to O(1/T). The rates for this algorithm are established in
high probability under the assumptions of polynomially decaying step sizes.

1 Introduction

This paper is concerned with an important family of learning problems that, for simplicity, we refer
to as pairwise learning. In contrast to regression and classification, such learning problems involve
pairwise loss functions, i.e. the loss function depends on a pair of examples which can be expressed
by £(f, (x,y), (¢',y")) for a hypothesis function f : X x X — R. Many machine learning tasks
can be formulated as pairwise learning problems. For instance, bipartite ranking [1} [6, [14] is to
correctly predict the ordering of pairs of binary labeled samples, which can be formulated as a
pairwise learning problem. It generally involves the use of a misranking loss ¢(f, (z,y), (', y")) =
H{(y—y’)f(w,l")<0} or its surrogate loss g(.ﬁ (Ivy)a (I/a y/)) = (1 - (y - y/)f(‘ra I/))Za where H()
is the indicator function. Apart from bipartite ranking, many other learning tasks fit this pairwise
learning framework well, such as metric learning [5 [19} 120} 21]] and AUC maximization [24].

In practice, pairwise learning usually involves pairs of training samples that are not independently
and identically distributed (i.i.d.). Consequently, standard generalization analysis techniques do not
apply to these algorithms. Generalization analysis for pairwise learning algorithms in the batch
learning setting has been conducted relying on U-statistics [3} 16, [14] and algorithmic stability [[1]].
The algorithmic challenge in pairwise learning is the big volume of data in the sense that the number
of pairs of examples grows quadratically in the number of examples. Specifically, if we have n
examples, then we have n? possible pairs of examples. Online learning algorithms are scalable to
large scale datasets and have been well studied theoretically in classification and regression, see
e.g. [20 14,18 (13 (15 116k 17, 22 25]. However, there is relatively little work on generalization
analysis for online learning algorithms for pairwise learning, in spite of their capability of dealing
with large scale datasets. Wang et al. [18] established the first generalization analysis of online
learning methods for pairwise learning. In particular, they proved online-to-batch conversion bounds



for online learning methods, which are combined with regret bounds to obtain generalization error
bounds. This is in the same spirit as the results in [4] for online learning algorithms in classification
and regression. Kar et al. [9] derived tighter bounds than those in [18] using an extension of
Rademacher complexities instead of covering numbers. Such results are based on the assumption of
a uniformly bounded loss function with a rate O(1/+/T') in the general convex case and O(1/T) if,
moreover, the loss function is strongly convex.

In this paper we focus on online learning algorithms for pairwise learning without strong convexity.
In particular, we study an online pairwise learning algorithm with a least-square loss function in an
unconstrained setting. We prove that the convergence of its last iterate can converge to the desired
minimizer at a rate arbitrarily close to O(1/T). The rates for this algorithm are established in high
probability under the assumptions of polynomially decaying step sizes. In contrast with previous
work [9} [18]], the algorithm does not require the loss function to be strongly convex nor the the loss
function is uniformly bounded.

The paper is organized as follows. Section [2] illustrates the main result and discusses the related
work. Section 3| proves the main result and Section @ concludes the paper.

2  Main results

Let samples z = {(x;,v;), ¢ = 1,...,T} be drawn i.i.d. from an unknown distribution p on
Z = X x Y where is X' is compact domain of Reandy C [- M, M| with a constant M > 0.

For any w € RY, given the pairwise least-square loss £/(w, (z,v), (z/,y')) = (W (z—2')—y+y')?,
we are interested in solving the expected risk minimization problem, i.e.

inf £(w), where £(w) = //Z Z(WT(x —2') —y+9)dp(z,y)dp(z’, ).

weRd

This paper considers the following online learning algorithm: w; = wo = 0 and, for2 <¢ < T,
=
e DI ACEENEEINICEEIE M
j=1
where {7; : t € N} is a sequence of step sizes. The above algorithm is an online learning algorithm
as it only needs a sequential access to the training data. Specifically, at each time step ¢ + 1, the
above algorithm presumes a hypothesis w; upon which a new data z; = (x¢,y;) is revealed. The
quality of w;, is then estimated on the local empirical error ﬁ Zi: (ye —y; — W/ (2 — x))%
The next iterate wy; given by equation () is exactly obtained by performing a gradient descent
step from the current iterate w; based on the local empirical error. A similar form of algorithm (1)
has been studied in [9} 18} 23]]. For instance, a variant of the stochastic gradient descent algorithm
was studied in [9}[18]] which, at each iteration, requires an additional projection of w; to a prescribed
bounded ball.

Wi+l = Wi —%[

Before stating our main result, consider a minimizer w* = arginf,cgs £(w). The existence of a
minimizer itself follows from the calculus of variations’ direct method, as £(w) is lower bounded
by zero, coercive, and weakly sequentially lower semi-continuous by its convexity. However, the
minimizer w* may not be unique. To see this, denote the covariance matrix

¢ =[] @=a)o—a) dpaladpr )

where p is the marginal distribution of p on X'. Denote by V; the eigenspace of C,, associated with
the zero eigenvalue. Then, any w* + vy with vy € Vj is also a minimizer. Let w* be the minimizer
with zero component in the space V{, denote by ), the smallest positive eigenvalue of matrix C, and
by r the quantity sup, ¢ ||z — 2'[.

Theorem 1. Let v; = %for any t € N with some 0 € (%, V)and p > N, + k% and {w; : t =

1,...,T + 1} be given by algorithm . Let w* be the minimizer with zero component in the space
Vo. Then, with probability 1 — 9,

_ AT
lwrs1 = w|? < Co,p, T-27Vlog?(—), 2)
1)



where Cy, o.u > 0 is a constant depending on 0, ;v and X\, of matrix C, but independent of T (see its
explicit form in the proof of the theorem).

In [23], an online learning algorithm for pairwise learning similar to (1) was studied in the setting of
a reproducing kernel Hilbert space (RKHS). Specifically, in order to translate the results there in the
linear case, for each vector w € R? we associate the function fy (2,2') = w' (z — 2’). Theorem
2 from [23] proved that the convergence rate for || fu,,, — fw-[> = ffXXx | fowvrs (x,2") —
few(z,2")[Pdpx (x)dpx (') is of O(T~1/3). Notice that || fws,, — fw-lp, < Klwrpr — w*||.

Consequently, in the linear case, our rate arbitrarily close to O(1/T) is a sharp improvement over
the rate of O(T~'/3) in [23].

2.1 Related work

We now review existing work related to our work. Firstly, we discuss most recent work on online
learning algorithms for pairwise learning. Generalization analysis were first done in [18]] which
provided online-to-batch conversion bounds for online pairwise learning algorithms. In [9]], tighter
bounds were established using Rademacher complexities. Algorithm (T)) is closely related to the
algorithm proposed in [[18] which, however, needs a projection at each iteration to a bounded do-
main after the gradient descent step. This, in practice, leads to the difficult problem of selecting a
bounded domain beforehand. On the contrary, the update step in Algorithm (TJ) is performed in the
unconstrained setting and theoretically guaranteed to converge when the step sizes are in the form of
O(t=9%) with 6 € (1/2,1). In particular, the rate can be arbitrarily close to O(1/T") when 6 is close
1. To the best of our knowledge, this is the first result on the fast convergence of online pairwise
learning algorithms without assuming strong convexity for the loss function.

Secondly, we review online learning algorithms in the univariate case. Online learning and stochastic
approximation for the univariate loss [2, 4} |8, [11}, [13} [15} [16l 22} 23] is well studied. For strongly
convex loss, the optimal rate is O(1/T) [13]. For general convex loss, the convergence rate of
the last iterate are O(log(T)//T) and O(log(T)/T) for strongly convex loss [13]. Recently, it was
proved in [2] that online learning with the least-square loss, although being non-strongly convex, still
achieves the optimal rate O(1/T") through an averaging scheme with constant step sizes. In infinite-
dimensional RKHSs, convergence of the last iterate of stochastic gradient descent was established
for strongly-convex losses [L6] and non-strongly convex least-square loss [22]. .

Lastly, we discuss existing pairwise learning frameworks related to our work. In [1], the pair-
wise discrete ranking 10ss I}y, —y.)(f(2)—f(2;))<0] T %H[f(xt):f(wj)] is considered, resulting in a
batch learning algorithm minimizing the empirical risk ﬁ Do 25;11 max(0, lyy — y;| —
(f(z) — f(z;))sgn(y: — y;)), where the indicator function was replaced by the hinge loss as a
convex surrogate For AUC maximization, [9] provided an online algorithm aimed at minimizing
s Zt 0 o Z 1 ! max(0,1— (y, — y;)w' (x; — x;)), and where AUC, the underlying quantity
being optimized is 51mply the loss I, (4, —,;)<0] When y; < y; and O otherwise. In [7], the online

]I o tw (Te—x; 2 .
learning algorithm optimizes the quantity 1/(T — 1) Zt 5 Zt ! ”#Jé]lill yyy El}l ) , which
jYt=

directly corresponds to the empirical AUC risk when the least square loss is used as a convex upper
bound of the indicator function. Those frameworks slightly differ in the loss functions used. We
note that algorithm relies on a least square loss formulation based on a similar empirical error

o 23;2 7 Z;;ll (w' (x;—x;) —y: +y;)?. In the particular case of the bipartite ranking setting
with Y = {0, 1}, we remark that (1 — (y; — y;)w ' (2; — 2;))? = (w' (21 — ;) — y + y;)? when
Y+ 7# y;, which can also be seen as an upper bound of the AUC loss.

3 Proof of main results

We now turn our attention to the proof of Theorem 1 by introducing some notations. Let

t—1

ét:iZ(xt—xe)(xt—we)T, Cr = t—lz/ z—x)(x —x0) dpx(),

{=1



and
&= [[ @)= Tdpla)ip(o)

Likewise, let
t—1

. 1

Sy = m;(yt*yz)(fft*w S; = t—lz/ (fo(x) = ye) (& — x¢)dpx (),
and S, = ffXfoP (z,2")(x — 2")dpx(x )de( "). Here f,,(:v z') = fy(x) — fo(«’) with the
regression function f, being defined by f,(x fy ydp(y|x), where p(-|x) is the conditional dis-

tribution of p on ).

Notice that, for any minimizer w* = arginf,cgrs (W), there holds

J[ @)~y ) = dpla)dpta’, ) =0,
ZXZ
which implies that C,w™* = S,. We additionally define

At = (C,— C))wy — (S5, — S,), and B = (C, — C)wy — (Sy — 5,).
Using the above notations, algorithm (I)) can be written as

wipr =W = (I =%Cp) (Wi — W) +7(C, — étZWt +7:(Se = S))

= (I = 1Cp)(we — W*) — 7 A" — 7, B".

Let w} (C ) =11 —;(I="C,) forany j < ¢, and introduce the conventional notations S, Y=
0 and w}, ;(C,) = I. Then, we can derive from the equality . forany 2 <t < T, that

3)

Wil — W= _w2 Z’YJ J+1 Z’YJ J+1 : “4)

The strong convergence of ||w;; —w* || stated in Theorem|[I]will be proved by estimating the terms
on the righthand of @). To this end, we needs some lemmas. The first lemma states that w; are
almost surely orthogonal to the eigenspace V{y. This observation is inspired by the recent study on
the randomized Kaczmarz algorithm [10] for regression.

Lemma 1. Let the learning sequence {w; : t =1,2,...,T + 1} be produced by . Then, for any
t, w; is almost surely orthogonal to the eigenspace V.

Proof. We prove the lemma by induction. The result holds true for t < 2 since w; = wy = 0.
Assume, for some ¢ > 3, that w; is almost surely orthogonal to the eigenspace V. We are going to
prove a similar result for w;; from (E[) To see this, for any v € Vp and ¢, j € N, observe that

// . v (2 — 2;)2dpx (@) dpx(z;) = v Cpv = 0.
X
Similarly,

wse<(f] Ve x'mv%—x'>|dpx<x>dpx<x'>)
< // | fol,2") Pdpx (x)dpa (a 2 //XXX Tz —2)dpx (z)dpx (z ))

- // 7, a) Pdpae (2)dp (') (0 Cy) = 0.

XXX
In addition, for any ¢ < t — 1, there holds

/X | /X vl (w — o) (@ — 20) " dpx ()W |dpa (ze)
T 2 1/2 T 2 1/2
< (/X//_Y [v' (z — zo)|Pdpx (x)dpx () (/X/X (W (x — 20)2dpa(x)dpx (2¢))

= @Tep ([ [ @0 Par@dpr () = 0
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and
(| [ o7l = w0t — o)) ot

/(fp — ye)*dp(z, yo) 1/2//|v (@ — 0)Pdpa(z)dpr(xe)

/2 Fol@) = yo)2dp(a,ye)) 2 (0T C0) 2 = 0,

In summary, the above inequalities imply that z; — z; L Vo, [, (z — 2¢)(z — x¢) Tdpa (z)wy L Vg,
S (fo(z) = ye)(x — x)dpx(x) L Vg, and S, L Vi almost surely, which by the definition of A

and B!, leads to A L V; and Bt L V}, almost surely. Consequently, from , W1 is orthogonal
to Vy. This completes the proof of the lemma. O

I A

The above lemma indicates that the error decomposition equality @) holds true in V-, the orthogo-
nal complement of V; in RY. Denote by Wi (Np) = th j+1(1 —veA,) forany j < t. Then, we
have the following result.

Lemma 2. Assume that y,x* < 1 for any { € N. Then, for any j < t, there holds Hw;H(Cp)/lj | <
w§»+1()\p)H/lj|| and ||t (C B < w1 (X)|IB7|, where || - || denotes the Euclidean norm.

Proof. Let us prove the first inequality. To this end, recall from the proof of Lemmathat AT 1 V.
For any v € Vj, observe that v w! ,,(C,) A7 = v A7 = 0. Hence, w! ,,(C,)A’ L V;. Moreover,

we can write A7 = 3 ke ~olvh A7)vy,, where {v;} and { ..} are the eigenvectors and eigenvalues
of C,. Consequently,

\\w§+1(Cp)Aj|| - ||Zk:)\k>0( TA) §+1( /’)vk||172”Zk:)xk>0(vl—cr"2‘j)w§+l()‘k)vkH
= (Zk:)\k>0|( Aj) ]+1()\k:)‘ )
T 4j 1/2
< Wg+1( p)(zk:)\k>o U A | ) = W]+1( H-A B

where the second to the last inequality used the fact that A, < [|C,l| < sup, ey |z —2'[* = &

and v \r < v,x2 < 1 for any £ € N. The proof for the second inequality can be done similarly.
This completes the proof of the lemma. O

2

The following lemma gives an upper-bound of the norms of the learning sequence {w; : t € N}.
Lemma 3. Let the learning sequence {wy : t € N} be given by (I) ) and assume, for any t € N, that
y:k2 < 1. Then, for any t € N we have ||w,|| < QM(Z] Q'yj)?

Proof. Fort =1 ort = 2, by definition w; = wy = 0 which trivially satisfy the desired inequality.
It suffices to prove the case of ¢ > 2 by induction. By recalling the recursive equality (I)), we have

t—1
Iweel2 < [lwel + 225 S0 W] (e, 5) — g+ 95)°

2 t—1
tjtl j= 1( T(xt x]) t+y])W;r($t—$j).

Define a univariate function F; by F;(s) = k*y:(s — y¢ +y;)% — 2(s — y¢ + yj;)s. It is easy to see

2
that sup,cg Fj(s) = % < (2M)? since k2 < 1 and |y;| + |y:| < 2M. Therefore, from the

above estimation we can get, for ¢ > 2, that

Iwea | < lwell + 25 52570 sup; Fy(s) < [[wel” + (2M)y,

Combining the above inequality with the induction assumption that || w|| < 2M /5" i 2 ~; implies
the desired result. This completes the proof of the lemma. O

We also need the following probabilistic inequalities in a Hilbert space. The first one is the Bennett’s
inequality for random variables in Hilbert spaces, which can be derived from [16, Theorem B4].



Lemma 4. Let {&; : i = 1,2,...,t} be independent random variables in a Hilbert space H with
norm || - ||. Suppose that almost surely ||&;|| < B and E||&;]|? < 0% < oc. Then, forany 0 < 6 < 1,
there holds, with probability at least 1 — 6,

t

| >l B

i=1

SAIN)

2Blog 2 1
S%—i—a O%

The second probabilistic inequality is the Pinelis-Bernstein inequality for martingale difference se-
quence in a Hilbert space, which is derived from [[12, Theorem 3.4].
Lemma 5. Let {S} : k € N} be a martingale difference sequence in a Hilbert space. Suppose that
almost surely ||S|| < B and Y& _ E[||Sk|?|S1, - -, Sk—1] < o2. Then, for any 0 < § < 1, there
holds, with probability at least 1 — 6,
9 B n ) 2
= 3 ¢ | 108 5

After the above preparations, we can now present the following bounds for the terms on the righthand
side of the error decomposition (@).

Theorem 2. Assume that v,(k* + \,) < 1 for any ¢ € N. Then, for any 0 < § < 1, the following
estimations hold true.

J
Sk
=1

sup
1<j<t

(a) With probability 1 — 0, there holds

2,
YW < = J+1 'W
HZ t o (Co) AT < 6V2(1+ 5 )anog((S)Z \[ (1+ Z

j=2
(b) With probability 1 — 0, we have
39 \[ 9 t j—1 1/2
HZ% W CBT < 22 (14 )b log(5) (D273 @a (A1 + 3 70)
j=2 =2

Proof. We start with the proof of part (a). From Lemma[2]and Lemma 3] we have

t t t
1D~ 5w (Co) AN < D7 i n AIAN < D e () (IC — Cillwyll + 1155 — S, )

Jj=2 Jj=2

< S 1 () (2MIC, = GI(SIZS 7002 + 18 - S,11),

where, forany 2 < j <t,|C, —C,|| denotes the Frobenius norm of matrix C, —C;. Applying Lemma
w1th B = o = k2, with probability 1 — ¢ there holds |C, — C | < + K lojgf? <
3v/2k2 log(?)/\f. Similarly, applying Lemmalw1th B =0 =2cM 1mp11es, with probability
1— 2, that

t b

~ 4Mklog % / ‘
||Sj - Sp” < jfl +2M log /(] -1)< 6\[/<;M10g( s )/\[J

Putting these estimation into (3)) implies part (a).

2k2 log

For part (b), observe that {&; := v;w! ,(C, )B7 . j =2,...,t} is a martingale difference sequence.
we will apply Lemma [3 to prove part (b). To this end 1t needs to estimate B and o. Indeed, by
Lemma[3] we get that

J—1
1851 < 11C; = Cillllwsll+ 1155 = Sl < 462M (> 7e) 2 * L okM < 43k(1+Rr)M 1+ZW
=2

l\)\»—l



From Lemma|2| and the above estimation, we have that

Z’y ||wj+1 )Bj”2|zl7" ) Rj— 1 <Z’yj ]+1 (HB || "217""ij1)
4)
< 32K2(1 + £)2M2 Yy y2(wh, (A 1+ZW
and )
A . A
B = supycjct [0 (M) IB7]]] < (Z] 2 [w J+1( B )2
1/2 (6)
< 4V2R(L+ )M ()5 V3@ () (L + Zw )
Applying Lemma 5| with the estimation of B and o being given by @) and (6) implies the desired
result in part (b). This completes the proof of the theorem. O
Theorem|T]can be derived from Theorem 2] by using the following technical lemma.
Lemma 6. Letvy; = 1~ for any j € N with some 6 € (1/2,1). Then, there holds
W o — 1/2
SRRENEINSE o
2 max(L,(u(1—6))~1/2) 2% 1(2430)  \ 222Ny, 8
< S (1 (5 + (b)),
and
. 1/2
(Zj:Q 73 (Whi1(Ap))? (1+Zz QW)) ®

< max(L(u(=0)"?) (1, (2t a0 T\ V2 0mh)
= W H o Tl e :

Proof. The proof needs the elementary inequality (see e.g. [17, Lemma 2]): for any v > 0,a >
0,0 < g <1,and g2 > 0, then, for any ¢ € N,

t 1+4qg

t—1
2911492 1+ g T—e _
i —q2 _ 1) < ( ( ) 1)t<h q2
jz::lj exp( v Z ) < » + o1 — 20Ty 9

r=j+1

To this end, denote the lefthand term of by T = ZJ ) fﬂ—[[ J+1( _ )\pW)}(l n
(ZZ 27@)1/2) Indeed, we have

T <t (1+(#(116)((15—1)1*9—1))1/2)

t—1 )\ ¢ .
+ j eXp(——p Z /— 0) ﬁ((j_l)lfe_l))l/Q]
= P t=j+1 p(l = )
t—1
2 max(1,( L(l_‘g))fl/z) 30 379
= a l# (t 2 +Z] _r Z Vi ) (10)
=2 =541
2max(1,(p(1-0)"""%) (-3¢ | 2% w(2430)  \ZOHY,_g
< HH ( 2 ( ( (271} ) )t /2)
2 max(1,( (1*9))_1/2) 2% (2430) \?0 0 0
< 2 (]_—I—(/)\ + (QAM( —20-T)¢ ) ))t7§7

where the third to last inequality used inequality |§| with g1 = 6,q2 = ‘329, and v = % This

completes the estimation of (7).

Now we turn to the estimation of (8) where the term on the lefthand side is denoted by 7. Similarly
we have

_ t— 0_1 2\ t )19
(7)< et (14 g m o) + e L exp (<5 0 ) (L )
max (4 . 2X, _
< 2 b (ugl = )[tl % Zt‘—éj (39 Y eXP( m Zz=j+1£ )}
max —0))~* 2401 1379
< 2 (1,(%1 6)) )(1 (;2 (2%(13@971)6) 9>)t*<29*1),



where, in the last inequality, we used@with q=0,o=30—1,and v = % Hence,

V2 max(1, (u(1 — 6))~1/2) p240-1 36 2%\\ 1/2 1
< ? —(9—5).
J s I (1+< 2X, + (2)\p(1 — 29*1)6) )) t

This completes the proof of the lemma. O

We are finally ready to prove Theorem [I|by using Theorem [2]and Lemmal[§]
Proof of Theorem (I} By (), there holds

T
[wri1 — W < fJwg (C *||+IIZ% Wl CA |+ 11w (C)B ). an

=2

In addition, recall that w* 1 V. Then, there holds

t
lwh(C H (1= ) W]l (12)
we have
* K A _
e €yl < exp(=T 3oya €)Wl < 3E exp( =gz (T - 2))

2&M 9

< Ap ( ))exp( n(l— 03,121 ) (13)
26M (20—1) 20=0) 0—

< HMe <(19)>(m) 709,

The second inequality in the above estimation relies on the fact (from the proof of from Lemma T))
that C,w*, S, L Vj. This implies that ||w* || = [IC, S, || holds true in the eigenspace corresponding
to non-zero eigenvalues of C, for which C - ! is well defined (i.e. it equals to the pseudo inverse of
C,). The last inequality of the above estimation used the elementary inequality (see e.g. [17, Lemma
2]): for any x > 0, exp(—vz) < (-£)*z°.

ve

Combining (7), (). and (I3) with Theorem[_?} we obtam from inequality (TTJ), with probability 1 —4,
that [[wp 1 —w*|? < CF T~V log , where

€

S max(1, 1—-0))" N 3 2430 272&?2)
Copp = (12V2+ 12)(1 + k)M ( (M;(L ) ){2_,_ liQ n (2/\:1((1_29_)1))

p2to—t 3ub 5\ \ /2 25 M 2, n(20—1) 200
+ 2), + 2X,(1—29-T)e + Ao (,u(l 0)) 2X,€ :

This completes the proof of the theorem. |

4 Conclusion

In this paper, we proved the fast convergence rate for an online pairwise learning algorithm with a
non-strongly-convex loss in an unconstrained setting. Specifically, under the assumption of poly-
nomially decaying step sizes, we established that the convergence rate of the last iterate to the
minimizer of the true risk is arbitrarily close to O(1/T"). We are currently exploring ideas to im-
prove the scalability of algorithm (I)). From a practical point of view, algorithm (I) is not a fully
online learning algorithm since it needs to store previous samples. One possibility is to work with
a truly stochastic update consisting of only a pair of examples at each iteration, or to rely only on
a buffering set of past training samples, as used in [9, [18], when computing the gradient estima-
tor. Finally, we notice that our rate O(1/T") depends on the smallest positive eigenvalue of C,. It
would be interesting to exploit strategies such as an averaging scheme of the iterates to relax such a
dependency.
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