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Abstract

Adaptive gradient methods such as Adam have gained increasing popularity in deep learning
optimization. However, it has been observed in many deep learning applications such as image
classification, Adam can converge to a different solution with a worse test error compared to
(stochastic) gradient descent, even with a fine-tuned regularization. In this paper, we provide a
theoretical explanation for this phenomenon: we show that in the nonconvex setting of learning over-
parameterized two-layer convolutional neural networks starting from the same random initialization,
for a class of data distributions (inspired from image data), Adam and gradient descent (GD) can
converge to different global solutions of the training objective with provably different generalization
errors, even with weight decay regularization. In contrast, we show that if the training objective is
convex, and the weight decay regularization is employed, any optimization algorithms including
Adam and GD will converge to the same solution if the training is successful. This suggests
that the generalization gap between Adam and SGD in the presence of explicit regularization is
fundamentally tied to the nonconvex landscape of deep learning optimization, which cannot be
covered by the recent neural tangent kernel (NTK) based analysis.

1. Introduction

Adaptive gradient methods [14, 15, 18, 21] such as Adam are very popular optimizers for training
deep neural networks. By adjusting the learning rate coordinate-wisely based on historical gradient
information, they are known to be able to automatically choose appropriate learning rates to achieve
fast convergence in training. Because of this advantage, Adam and its variants are widely used in
deep learning. Despite their fast convergence, adaptive gradient methods have been observed to
achieve worse generalization performance compared with gradient descent and stochastic gradient
descent (SGD) [11, 19, 22, 24] in many deep learning tasks such as image classification. Even
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with proper regularization, achieving good test error with adaptive gradient methods seems to be

challenging.

Several recent works provided theoretical explanations of this generalization gap between Adam
and GD. Agarwal et al. [1], Wilson et al. [22] considered a setting of linear regression, and showed
that Adam can fail when learning an overparameterized linear model on certain specifically designed
data, while SGD can learn the linear model to achieve zero test error. This example in linear regression
offers valuable insights into the difference between SGD and Adam. However, it is under a convex
optimization setting, and as we will show in this paper (Theorem 3.2), the performance difference
between Adam and GD can be easily avoided by adding an arbitrarily small regularization term,
because the regularized training loss function is strongly convex and all algorithms will converge to
the same unique global optimum. For this reason, we argue that the example in the convex setting
cannot capture the fundamental differences between GD and Adam. More recently, Zhou et al. [24]
studied the expected escaping time of Adam and SGD from a local basin, and utilized this to explain
the difference between SGD and Adam. However, their results do not take NN architecture into
consideration, and do not provide an analysis of test errors either.

In this paper, we aim at answering the following question

Why is there a generalization gap between Adam and gradient descent in learning neural
networks, even with proper regularization?

Specifically, we study Adam and GD for training neural networks with weight decay regularization

on an image-like data model, and demonstrate the difference between Adam and GD from a feature

learning perspective. We consider a model where the data are generated as a combination of feature

and noise patches, and analyze the convergence and generalization of Adam and GD for training a

two-layer convolutional neural network (CNN). The contributions of this paper are summarized as

follows.

* We establish global convergence guarantees for Adam and GD with proper weight decay regu-
larization. We show that, starting at the same random initialization, Adam and GD can both train
a two-layer convolutional neural network to achieve zero training error after polynomially many
iterations, despite the nonconvex optimization landscape.

* We further show that GD and Adam in fact converge to different global solutions with different
generalization performance: GD can achieve nearly zero test error, while the generalization
performance of the model found by Adam is no better than a random guess. In particular, we show
that the reason for this gap is due to the different training behaviors of Adam and GD: Adam is
more likely to fit noises in the data and output a model that is largely contributed by the noise
patches of the training data; GD prefers to fit training data based on their feature patch and finds a
solution that is mainly composed by the true features. We also illustrate such different training
processes in Figure 1, where it can be seen that the model trained by Adam is clearly more “noisy”
than that trained by SGD.

* We also show that for convex settings with weight decay regularization, both Adam and gradient
descent converge to the exact same solution and therefore have no test error difference. This
suggests that the difference between Adam and GD cannot be fully explained by linear models or
neural networks trained in the “almost convex” neural tangent kernel (NTK) regime Allen-Zhu et al.
[3, 4], Arora et al. [6, 7], Cao and Gu [10], Chen et al. [12], Du et al. [13], Jacot et al. [16], Ji and
Telgarsky [17], Zou et al. [25]. It also demonstrates that the inferior generalization performance of
Adam is fundamentally tied to the nonconvex landscape of deep learning optimization, and cannot
be solved by adding regularization.
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(a) Adam (b) SGD

Figure 1: Visualization of the first layer of AlexNet trained by Adam and SGD on the CIFAR-10
dataset. Both algorithms are run for 100 epochs with weight decay regularization and
standard data augmentations, but without batch normalization. Clearly, the model learned
by Adam is more “noisy” than that learned by SGD, implying that Adam is more likely to
overfit the noise in the training data.

2. Problem Setup and Preliminaries

We consider learning a CNN with Adam and GD based on 7 independent training examples
{(xi,yi)}i; generated from a data model D. In the following. we first introduce our data model D,
and then explain our neural network model and the details of the training algorithms.

Data model. We consider a data model where the data inputs consist of feature and noise patches.
Such a data model is motivated by image classification problems where the label of an image usually
only depends on part of an image, and the other parts of the image showing random objects, or
features that belong to other classes, can be considered as noises. When using CNN to fit the data,
the convolution operation is applied to each patch of the data input separately. We claim that our
data model is more practical than those considered in Reddi et al. [21], Wilson et al. [22], which
are handcrafted for showing the failure of Adam in term of either convergence or generalization.
For simplicity, we only consider the case where the data consists of one feature patch and one noise
patch. However, our result can be easily extended to cover the setting where there are multiple
feature/noise patches. The detailed definition of our data model is given in Definition 2.1 as follows.

Definition 2.1 Each data (x,y) withx € R* and y € {—1,1} is generated as follows,

T 11T
x=[x",x%x]",
where one of X1 and X3 denotes the feature patch that consists of a feature vector y - v, which is
assumed to be 1-sparse, and the other one denotes the noise patch and consists of a noise vector €.
Without loss of generality, we assume v = [1,0,...,0]". The noise vector £ is generated according

to the following process:

1. Randomly select s coordinates from [d]\{1} with equal probabilities, which is denoted as a vector
s € {0,1}4
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2. Generate & from distribution N (0, JZ%I), and then mask off the first coordinate and other d — s — 1
coordinates, i.e., £ = £ © s.

3. Add feature noise to &, i.e., § = & — ayv, where 0 < o < 1 is the strength of the feature noise.

In particular, throughout this paper we set s = @(d;#), o2 = @(

» and o = @(Jp .
polylog(n)).

SpolyToz())
s-polylog(n)

The most natural way to think of our data model is to treat x as the output of some intermediate
layer of a CNN. In literature, Papyan et al. [20] pointed out that the outputs of an intermediate
layer of a CNN are usually sparse. Yang [23] also discussed the setting where the hidden nodes in
such an intermediate layer are sampled independently. This motivates us to study sparse features
and entry-wisely independent noises in our model. In this paper, we focus on the case where the
feature vector v is 1-sparse and the noise vector is s-sparse for simplicity. However, these sparsity
assumptions can be generalized to the settings where the feature and the noises are denser.

Moreover, we would like to clarify that the data distribution considered in our paper is an extreme
case where we assume there is only one feature vector and all data has a feature noise, since we
believe this is the simplest model that captures the fundamental difference between Adam and SGD.
With this data model, we aim to show why Adam and SGD perform differently. Our theoretical
results and analysis techniques can also be extended to more practical settings where there are
multiple feature vectors and multiple patches, each data can either contain a single feature or multiple
features, together with pure random noise or feature noise.

Two-layer CNN model. We consider a two-layer CNN model F' using truncated polynomial
activation function o(z) = (max{0, z})?, where ¢ > 3. Mathematically, given the data (x, y), the
j-th output of the neural network can be formulated as
m m
Fj(W,x) =Y [o((wjrx1) + o ((Wjr,x2))] = Y [0((Wjr,y - V) +o((wjir, €))], (2.1)
r=1 r=1
where m is the width of the network, w; ;. € R4 denotes the weight at the r-th neuron, and W is the
collection of model weights.

In this paper we assume the width of the network is polylogarithmic in the training sample size,
i.e., m = polylog(n). We assume j € {—1, 1} in order to make the logit index be consistent with the
data label. Moreover, we assume that the each weight is initialized from a random draw of Gaussian
random variable ~ N (0, 02) with og = @(d_1/4).

Training objective. Given the training data {(x;,v;)}i=1,..n, We consider to learn the model
parameter W by optimizing the empirical loss function with weight decay regularization

1< A
L(W) =~ L(W)+ W], (22)
i=1

Fy; (W,x;) sy
e’ (W) denotes the individual loss for the data (x;, y;) and A > 0
je{-1,1} € ’
is the regularization parameter. In particular, the regularization parameter can be arbitrary as long as

it satisfies \ € (0, )\0) with A\g = @( D7 4n}polylog o) ) We claim that the Ag is the largest feasible
regularization parameter that the training process will not stuck at the origin point (recall that L(W)
admits zero gradient at W = 0.)

where L;(W) = —log
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3. Main Results

In this section we will state the main theorems in this paper. We first provide the learning guarantees
of Adam and Gradient descent for training a two-layer CNN model in the following theorem. Recall
that in this setting the training objective is nonconvex.

Theorem 3.1 (Nonconvex setting) Consider a two-layer CNN defined in (2.1) with d = Q(n*)
and regularized training objective (2.2) with a regularization parameter \ > 0, suppose the network
width is m = polylog(n) and the data distribution follows Definition 2.1, then we have the following
guarantees on the training and test errors for the models trained by Adam and Gradient descent:

1. Suppose we run Adam for T' = %(") iterations with n = m, then with probability at least

1 —O(n™1), we can find a NN model W+ 4, such that |V L(W% 4. )] < T%] Moreover, the
model W7, ... also satisfies:

* Training error is zero: 3" | 1 [Fy, (Wi qam Xi) < Fys (Wihgam» Xi)] = 0.

n

s Test error is high: Py ,)p [Fy(W;gdam,x) < F_y(WZdam7X)] > %

2. Suppose we run gradient descent for T' = %(n) iterations with learning rate n = m, then
with probability at least 1 — O(n™1), we can find a NN model W {1, such that |V L(W§p)||% <

T%?. Moreover, the model W ¢, also satisfies:
o Training error is zero: % S L [F, (WEp, %) < Foy (Wep, xi)] = 0.
1

* Test error is nearly zero: Py ) p[Fy(Wep, x) < F_y (W, x)| = Doy ()"

From the optimization perspective, Theorem 3.1 shows that Adam can be guaranteed to find a point
with up to 1/(7'n) gradient norm in ¢; metric, while gradient descent can only be guaranteed to
find a point with up to 1/+/T'n gradient norm in ¢5 metric. This suggests that Adam could enjoy
a faster convergence rate compared to SGD in the training process, which is consistent with the
practice findings. In terms of the test performance, their generalization abilities are largely different,
even with weight decay regularization: the output of gradient descent can achieve nearly zero test
error, while the output of Adam gives at least constant test error. In fact, this gap is due to two
major aspects of the training process: (1) At the early stage of training where weight decay exhibits
negligible effect, Adam prefers the data patch of lower sparsity and thus tends to fit the noise vectors
&, gradient descent prefers the data patch of larger /2 norm and thus will learn the feature patch; (2)
At the late stage of training where the weight decay regularization cannot be ignored, both Adam and
gradient descent will be enforced to converge to a local minimum of the regularized objective, which
maintains the pattern learned in the early stage. Consequently, the model learned by Adam will be
biased towards the noise patch to fit the feature noise vector —ayv, which is opposite in direction to
the true feature vector and therefore leads to a test error no better than a random guess.

Theorem 3.1 shows that when optimizing a nonconvex training objective, Adam and gradient de-
scent will converge to different global solutions with different generalization errors, even with weight
decay regularization. The following theorem gives the learning guarantees of Adam and gradient
descent when optimizing convex and smooth training objectives (e.g., linear model F'(w,x) = w ' x
with logistic loss).
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Theorem 3.2 (Convex setting) For any convex and smooth training objective with positive reg-

ularization parameter )\, suppose we run Adam and gradient descent for T' = %(n) iterations,

then with probability at least 1 — n™", the obtained parameters W garm and W satisfy that
VLW gam) 1 < T%? and ||V LW qam) I3 < T%? respectively. Moreover, let F(W,x) € R be
the output of the convex model with parameter W and input x, it holds that:

* Training errors are both zero:

n

%Zﬂ [sgn(F(Wiqam: Xi)) # ¥i] = %Z]l [sgn(F(Wgp,xi)) # vi] = 0.
=1 i=1

o Test errors are nearly the same:

1

P y)~p (580 (F(Widam: Xi)) # 9] = Picy)op [sen(F(Wep, %)) # y] £ — s
poly(n)

Theorem 3.2 shows that when optimizing a convex and smooth training objective (e.g., a linear
model with logistic loss) with weight decay regularization, both Adam and gradient can converge
to almost the same solution and enjoy very similar generalization performance. Combining this
result and Theorem 3.1, it is clear that the inferior generalization performance is closely tied to
the nonconvex landscape of deep learning, and cannot be understood by standard weight decay
regularization.

4. Conclusion and Future Work

In this paper, we study the generalization of Adam and compare it with gradient descent. We show
that when training neural networks, Adam and GD starting from the same initialization can converge
to different global solutions of the training objective with significantly different generalization errors,
even with proper regularization. Our analysis reveals the fundamental difference between Adam and
GD in learning features, and demonstrates that this difference is tied to the nonconvex optimization
landscape of neural networks.

Built up on the results in this paper, there are several important research directions. First,
our current result is for two-layer networks. Extending the results to deep networks could be an
immediate next step. Second, our current data model is motivated by the image data, where Adam
has been observed to perform worse than SGD in terms of generalization. Studying other types of
data such as natural language data, where Adam is often observed to perform better than SGD, is
another future work direction.
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Appendix A. Proof Outline of the Main Results

In this section we provide the proof sketch of Theorem 3.1 and explain the different generalization
abilities of the models found by gradient descent and Adam.

Before moving to the proof of main results, we first give the following lemma which shows that
for data generated from the data distribution D in Definition 2.1, with high probability all noise
vectors {&; }i—1,...» have nearly disjoint supports.

Lemma A.1 Let {(x;,yi)}i=1,..n be the training dataset sampled according to Definition 2.1.
Moreover, recall that x; = [y;v', &7 (or x; = [&,yiv]T), let B; = supp(&;)\{1} be the
support of &; except the first coordinate. Then with probability at least 1 —n~2, B; N B; = 0 for all
i,j € [n].

This lemma implies that the optimization of each coordinate of the model parameter W, except for
the first one, is mostly determined by only one training data. Technically, this lemma can greatly
simplify the analysis for Adam so that we can better illustrate its optimization behavior and explain
the generalization performance gap between Adam and gradient descent.

Proof outline. For both Adam and gradient descent, we will show that the training process can be
decomposed into two stages. In the first stage, which we call pattern learning stage, the weight decay
regularization will be less important and can be ignored, while the algorithms tend to learn the pattern
from the training data. In particular, we will show that the patterns learned by these two algorithms
are different: Adam tends to fit the noise patch while gradient descent will mainly learn the feature
patch. In the second stage, which we call it regularization stage, the effect of regularization cannot be
neglected, which will regularize the algorithm to converge at some local stationary points. However,
due to the nonconvex landscape of the training objective, the pattern learned in the first stage will
remain unchanged, even when running an infinitely number of iterations.

A.l. Proof sketch for Adam

Recall that in each iteration of Adam, the model weight is updated by using a moving-averaged
gradient, normalized by a moving average of the historical gradient squares. As pointed out in Balles
and Hennig [8], Bernstein et al. [9], Adam behaves similarly to sign gradient descent (signGD) when
using sufficiently small step size or the moving average parameters (1, B2 are nearly zero. This
motivates us to study the optimization behavior of signGD and then extends it to Adam using their
similarities. In this section, we will mainly present the optimization analysis for signGD to better
interpret our proof idea. The analysis for Adam is similar and we defer it to the appendix.

In particular, sign gradient descent updates the model parameter according to the following rule:

ngjl) = wj(fjl) —-n- Sgn(VW].YTL(W(t))).

Recall that each data has two patches: feature patch and noise patch. By Lemma A.1 and the
data distribution (see Definition 2.1), we know that all noise vectors {§; }i—1,...» are supported on
disjoint coordinates, except the first one. For data point x;, let B; denote its support, except the
first coordinate. In the subsequent analysis, we will always assume that those B;’s are disjoint, i.e.,
B; N B; =0ifs # j.

Next we will characterize two aspects of the training process: feature learning and noise

memorization. Mathematically, we will focus on two quantities: <W§t2, j-v)and <W§?r, &). In
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(t)

particular, given the training data (x;, y;) with x; = [y;v',&]T, larger (wy, ., y; - v) implies better
feature learning and larger (wg),r, &) represents better noise memorization. Then regarding the
feature vector v that only has nonzero entry at the first coordinate, we have the following by the
update rule of signGD

Wi vy = (W, jv) = - (sen (Ve LW D)), jv)

= (wi) jv) + - sgn<z yill o' (W' yiv)) — ao’ (W), €)] — nAwaM),
=1
(A.1)

F.(W,x;)
e J v
Foowxy- From (A.1) we can

® ._ : : _
where £;; 1= 1,,—; —logit;(F), x;) and logit;(F, x;) = S

observe three terms in the signed gradient. Specifically, the first term represents the gradient over the
feature patch, the second term stems from the feature noise term in the noise patch (see Definition
2.1), and the last term is the gradient of the weight decay regularization. On the other hand, the
memorization of the noise vector &; can be described by the following update rule,

< yl:‘;«l ) z> - < g(;i),rasz> -n- <Sgn(vai,rL(W(t)))a£i>
— Wyt S <sgn (ﬁ‘” (w, €Tk — nxwgimk]),a@

keB;
— ayn - sgn ( Syl [0 (W), yiv)) — o’ (WD), &)] — nAwg?Tm).
=1

(A2)

Throughout the proof, we will show that the training process of Adam can be decomposed into two
stages: pattern learning stage and regularization stage. In the first stage, the algorithm learns the
pattern of training data quickly, without being affected by the regularization term. In the second
stage, the training data has already been correctly classified since the pattern has been well captured,
the regularization will then play an important role in the training process and guide the model to
converge.

Stage I: Learning the pattern. Mathematically, the first stage is defined as the iterations that
satisfy <w(.0) v) < O(1) and <W(p) €) < O(1). Then in this stage, the logit Bgtl) can be seen as

J7T ’ .]7/" ’
constant since the neural network output satisfies F;(W®) x;) = O(1). Then by comparing (A.1)

and (A.2), it is clear that (wy“,«, &;) grows much faster than ( 5 2, jv) since feature learning only

makes use of the first coordinate of the gradient, while noise memorization could take advantage of
all the coordinates in BB; (note that |B;| = s > 1). Moreover, it can be also noticed that after a certain
number of iterations, (wéi)’r, &) and <Wj(-t7),, jv) will be sufficiently large and the training process will
switch to the second stage. The followiflg lemma precisely characterizes the length of Stage I and

provides general bounds on the feature learning and noise memorization.

Lemma A.2 (General results in Stage I) For any t < Ty with Ty = O (=L-), we have

nsop
t+1 . t .
(wih g vy < (wi jov) 4,

(wirth &) = (wil), &) + B (nsoy,).

10



UNDERSTANDING THE GENERALIZATION OF ADAM IN LEARNING NEURAL NETWORKS

Then let us focus on feature learning (A. 1) note that & = o(1), thus in the beginning of the training

process we have o’ (<Wj(t7),, v)) > ao’((w! Wi 1.&)) +n)\W(t)[ 1], which further implies that <w](t2, jv)

indeed increase by 7 in each step. However, as shown in Lemma A.2, <W](t2, &) enjoys much faster

®)

increasing rate than that of <w ~,J - v). This implies that after a certain number of iterations, we

can get oza’((wj(.?,, &)) > a’((w( ) v)) + n)\\w [ ]| and thus (w () j - v) starts to decrease. We

g Wi
summarize this result in the following lemma.

Lemma A.3 (Flip the feature learning) Foranyt € [T, Ty with T, = O( ) we have

nsop al/(q 1)

(Wit g vy = (wil) vy — .

Moreover, at the iteration Ty, we have

—sgn(j) - Q(5-), k=1,
W§,Tr0)[’f] =\ sen €z ﬁ( ) or £0(n), k€ Bj, withy; = j,
+0(n ) otherwise.

From Lemma A.3 it can be observed that at the iteration 7p, the sign of the first coordinate of
WJ(TT 0) s different from that of the true feature, i.e., j - v. This implies that at the end of the first

training stage, the model is biased towards the noise patch to fit the feature noise.

Stage II: Regularizing the model. In this stage, as the neural network output becomes larger,
the logit f( ) will no longer be in constant order, but could be much smaller. As a consequence, in
both the feature learning and noise memorization processes, the weight decay regularization term
cannot be ignored but will greatly affect the optimization trajectory. However, although weight decay
regularization can prevent the model weight from being too large, it will maintain the pattern learned
in Stage I and cannot push the model back to “forget” the noise and learn the feature. We summarize
these results in the following lemma.

Lemma A.4 (Maintain the pattern) If 7 = 0(%), then for any t > Ty, i € [n], j € [2] and
r € [m], it holds that

(Wi &) =001), S Wi Kl=0(0"), Wi i v)el-o(1),n)

keB;

Lemma A.4 shows that in the second stage, <wgg?7,«, &;) will always be large while <w§2r, Yi - V) is
still negative, or positive but extremely small. Next we will show that within polynomial steps, the
algorithm can be guaranteed to find a point with small gradient.

Lemma A.5 (Convergence guarantee) If the step size satisfies 1 = O(d~/?), then for any t > 0
it holds that

L(W(t+1)> . L(W(t)) < _17||VL(W(t))||1 + é(77265)'

Lemma A.5 shows that we can pick a sufficiently small 7 and 7' = poly(n)/n to ensure that the
algorithm can find a point with up to O(1/(7'n)) in ¢; norm. Then we can show that given the results

11
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in Lemma A.4, the formula of the algorithm output W* can be precisely characterized, which we
can show that (wy, .., &;) < 0. This implies that the output model will be biased to fit the feature
noise —ayv but not the true one v. Then when it comes to a fresh test example the model will fail to
recognize its true feature. Also note that the noise in the test data is nearly independent of the noise
in training data. Consequently, the model will not be able to identify the label of the test data and
therefore cannot be better than a random guess.

A.2. Proof sketch for gradient descent

Similar to the proof for Adam, we also decompose the entire training process into two stages.
However, unlike Adam that is sensitive to the sparsity of the feature vector or noise vector, gradient
descent is more focusing on the /o norm of them. In particular, the feature learning and noise
memorization of gradient descent can be formulated by

(Wi g vy = (=) (i)
+7 j (Zyl ]’L ]T’yl azyl ]’L ‘5?7)17£Z>)>7

< yi?;l)agl> = ( 77)‘) < y r? Z f yl,r7£i>) ’ €Z[k]

keB;

na -
+ ? * <OC Zl Zétl)’soj(<wétl)7r7 58 Z yS yl yt)’r‘7 yS >)> . (A3)

Stage I: Learning the pattern. In this stage the logit 42) is considered as a constant and the effect
of regularization can be ignored. Then (A.3) shows that the speed of feature learning and noise
memorization mainly depend on the /5 norm of v and &;. Since with high probability ||v|]2 = 1
and ||&;||2 = O(sY/?0,) < 1, gradient descent may be able to focus more on feature learning than

(0
j7r’
( ](tz, &) also depend themselves, which roughly form two sequences with updates of the form

noise memorization. Besides, another pivotal observation is that the growing of (w ", j - v) and

T = x + nCyxi” 1 This is closely related to the analysis of the dynamics of tensor power
iterations of degree ¢ [5]. The main property of the tensor power iterations is that if two sequences
have slightly different growth rates or initial values, then one of them will grow much faster than the
other one. Therefore, since the feature vector has a larger {5 norm than the noise, we can show that,

in the following lemma, gradient descent will learn the feature vector very quickly, while barely tend

to memorize the noise.

Lemma A.6 Let Ag-t) = MaX, ¢ (WS:F 1), Jjv), Fgfz) = MaX, ¢ <W§?n, &), and th) = AKXy, —j Fgfz) .
Let T; be the iteration number that Ag»t) reaches ©(1/m) = ©(1), then we have

T; = o g Y forallj € {—1,1}.

Moreover, let Ty = max;{T}}, then for all t < Ty it holds that Fg-t) = O(00) forall j € {—1,1}.

12
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Stage I1: Regularizing the model. Similar to Lemma A.4, we show that in the second stage at
which the impact of weight decay regularization cannot be ignored, the pattern of the training data
learned in the first stage will remain unchanged.

Lemma A.7 [fn < O(oy), it holds that A;t) = O(1) and th) = O(oy) forall t > min; 7.

The following lemma further shows that within polynomial steps, gradient descent is guaranteed to
find a point with small gradient.

Lemma A.8 [f the learning rate satisfies 1 = o(1), then for any t > 0 it holds that
LW) — (W) < VLW )|}

Lemma A.8 shows that we can pick a sufficiently small  and T' = poly(n)/n to ensure that gradient
descent can find a point with up to O(1/(7T'n)) in ¢3 norm. By Lemma A.7, it is clear that the output
model of GD can well learn the feature vector while memorizing nearly nothing from the noise
vectors, which can therefore achieve nearly zero test error.

Appendix B. Experiments

In this section we perform numerical experiments on the synthetic data generated according to
Definition 2.1 to verify our main results. In particular, we set the problem dimension d = 1000, the
training sample size n = 200 (100 positive examples and 100 negative examples), feature vector
v =[1,0,...,0]", noise sparsity s = 0.1d = 100, standard deviation of noise o, = 1/s'/2 = 0.1,
feature noise strength o« = 0.2, initialization scaling 09 = 0.01, regularization parameter A =
1 x 1072, network width m = 20, activation function o(z) = max{0, z}3, total iteration number
T = 1 x 10%, and the learning rate 7 = 5 x 10~ for Adam (default choices of 3; and (35 in pytorch),
n = 0.02 for GD.

We first report the training error and test error achieved by the solutions found by SGD and
Adam in Table 1, where the test error is calculated on a test dataset of size 10%. It is clear that both
Adam and SGD can achieve zero training error, while they have entirely different results on the test
data: SGD generalizes well and achieve zero test error; Adam generalizes worse than SGD and gives
> 0.5 test error, which verifies our main result (Theorem 3.1).

Algorithm Adam SGD

Training error 0 0
Test error 0.884 0

Table 1: Training error and test error achieved by the solutions found by GD and Adam.

Moreover, we also calculate the inner products: max, (w1, v) and min; max, (w ., §;), repre-
senting feature learning and noise memorization respectively, to verify our key lemmas. Here we only
consider positive examples as the results for negative examples are similar. The results are reported
in Figure 2. For Adam, from Figure 2(a)subfigure, it can be seen that the algorithm will perform
feature learning in the first few iterations and then entirely forget the feature (but fit feature noise),

13
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1.21 2.0

1.0

0.8 159 .
Y (| — Feature Learning: Max (wy,,,v) g —— Feature Learning: MaX (w, ,, v)
§ 04l Noise Memorization: Min max (w, ,, &) S 1.01 Noise Memorization: MiN Max (w,, &)

0.2 05
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Figure 2: Visualization of the feature learning (max,(w;,,v)) and noise memorization
(min; max, (w1, &;)) in the training process.

i.e., the feature learning is flipped, which verifies Lemma A.3 (Lemma C.4). In the meanwhile, the
noise memorization happens in the entire training process and enjoys much faster rate than feature
learning, which verifies Lemma A.2 (Lemma C.3). In addition, we can also observe that there are two
stages for the increasing of min; max, (w1 ., &;): in the first stage min; max, (w1 ,, §;) increases
linearly, and in the second stage its increasing speed gradually slows down and min; max, (w1 ,, &;)
will remain in a constant order. This verifies Lemma A.2 (Lemma C.3) and Lemma A.4 (Lemma
C.5). For GD, from Figure 2(b)subfigure, it can be seen that the feature learning will dominate the
noise memorization: feature learning will increases to a constant in the first stage and then remains
in a constant order in the second stage; noise memorization will keep in a low level which is nearly
the same as that at the initialization. This verifies Lemmas A.6 and A.7 (Lemmas C.8 and C.12).

Appendix C. Proof of Theorem 3.1: Nonconvex Case

In the beginning of the proof we first present the following useful lemma.

C.1. Preliminaries

We first recall the magnitude of all parameters:

d = poly(n) _ _@iﬂ 2_@; Q_QL
P yn’n_poly(n)’s_ n2 )= s - polylog(n) ) 00 = dai/z )’

1
m = polylog(n), o = @(gp . polylog(n)), A= O(d(q—l)/4n . polylog(n))'

Here poly(n) denotes a polynomial function of n with degree of a sufficiently large constant, poly(n)
denotes a polynomial function of log(n) with degree of a sufficiently large constant. Based on the
parameter configuration, we claim that the following equations hold, which will be frequently used
in the subsequent proof.

\ = Uq_QUP _ )1—q q—1 _ 1 _ SU% _ Aol
=o0 ,a—w((sap a; ),00—0 o =0l ,17—0( 000p>.

n P

14
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Lemma C.1 (Non-overlap support) Letr {(x;,y;)}i=1,..n be the training dataset sampled ac-
cording to Definition 2.1. Moreover, let B; = supp(&;)\{1} be the support of x; except the first
coordinate'. Then with probability at least 1 —n~2, B; N B; = 0 for all i, j € [n].

Proof [Proof of Lemma C.1] For any fixed k € [n] and j € supp(&;)\{1}, by the model assumption
we have

P{(&); # 0} = s/(d - 1),

for all 7 € [n]\{k}. Therefore by the fact that the data samples are independent, we have

P(3i € [n)\{k}: (&); #0) =1 —[L —s/(d - D]".
Applying a union bound over all k£ € [n] and j € supp(&x)\{1}, we obtain

P(3k € [n],j € supp(€)\{1},i € [n\[k} : (€); #0) <nm-s-{1—[1—s/(d— D]"}. (C.1)

By the data distribution assumption we have s < /d/(2n?), which clearly implies s/(d — 1) < 1/2.
Therefore we have

n-s-[1—(1—-s/d)"=n-s-{1—exp[nlog(l —s/(d—1))]}
<n-s-[1—exp(n-2s/(d—1))]
<n-s-[1—exp(n-4s/d)]
<n-s-(4ns/d)
= 4n%s%/d

<n?

i

where the first inequality follows by the inequalities log(1 — z) > —2z for z € [0,1/2], the
second inequality follows by s/(d — 1) > 2s/d, the third inequality follows by the inequality
1 —exp(—2) < z for z € R, and the last inequality follows by the assumption that s < v/d/(2n2).
Plugging the bound above into (C.1) finishes the proof.

|

C.2. Proof for Adam

In this subsection we first provide the following lemma that shows for most of the coordinate (with
slightly large gradient), the Adam update is similar to signGD update (up to some constant factors).
In the remaining proof for Adam, we will largely apply this lemma to get a signGD-like result for
Adam (similar to the technical lemmas in Section A). Besides, the proofs for all lemmas in Section A
can be viewed as a simplified version of the proofs for technical lemmas for Adam, thus are omitted
in the paper.

Lemma C.2 (Closeness to SignGD) Recall the update rule of Adam, let W®) be the t-th iterate of
the Adam algorithm. Suppose that <Wj(t2, V), (wgtz, i) =0O(1) forall j € {£1} and r € [m]. Then
if Bo > B2, we have

1. Recall that all data inputs have nonzero first coordinate by Definition 2.1

15
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» Forall k € [d],

’ ‘ <o
/v (t)
] r
* Forevery k ¢ Ui B; (including k = 1) we have either |V, , LWO)[K]| < O(n) or
(t) (K]

# = Sgn(va-,,.L(W(t))[k]) - O(1).
V’r[k]

j7
* Forevery k € B;, we have |ijyT,L(W(t))[kH < é(nn_lsap\€§2|) < é(nsap) or

m? k]
— - = sgn(VWj,TL(W(t))[kf]) -O(1).

Proof First recall that the gradient VWjVTL(W(t)) can be calculated as
VWj,rL( [Zyz t) , ]r)yl V+Z£]z S?wyzgz» SZ:| +)‘W§?’
More specifically, for the first coordinate of ijyTL(W(t)), we have

Vw].,TL(W = —— [Zyzf(t) / eryz - aZyzﬁ(t) , ;2;52»] + )‘wj(?“[l]
(C.2)

For any k € B;, by Lemma C.1 we know that the gradient over this coordinate only depends on the
training data &;, therefore, we have

»2

1
Vo, LOWO)[k] = =~ ()" (W), €)&ilk] + Aw(') ], (C3)
For the remaining coordinates, we have
V] — D)
Vi, L(WW)[k] = Xw; [K]. (C4)

(t)

Now let us focus on the moving averaged gradient m, * and squared gradient v( ) We first show

that for all k € [d], it holds that
()
mj k]|

vk

< O(1). (C.5)
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®)

By the update rule of m o We have

fv)n[’f]zﬁlm(- DIk + (1= B1) - Vew,, LOWO)[K]

fzﬂll—m Vi, LOWO) 1.

Similarly, we also have

Zﬁg 1= Ba) - Vi, , LW k]2,

Then by Cauchy-Schwartz inequality we have

i) < (S OO o o) (3a2),

2
0%
=0 T =0

Let a2 = M which forms an exponentially decaying sequence if 32 > (7. Therefore, we

B3 (1-p2) °
have >>!_, a2 = ©(1) and the above inequality implies that
t 2 t
(m{)[K])” < viJK] - ©(1),

which proves (C.5).

Now we are going to prove the main argument of this lemma. Note that mgt)n which is a weighted
average of all historical gradients, where the weights decay exponentially fast, then we can take on
a threshold 7 = polylog(n~!) such that X __87(1 — 1) = Then for each k € [d] w

have

poly poly(n=T)"

m§f3[k]=251 1= B1) Ve, , LOWE) K]+ ) " BT(1 = B1) - Vi, , LW K]

1

- — w (=) - -
- Zﬁl 1 61 wjr ( - )[k] + poly(n_l)v

where in the last inequality we use the fact that |ij’rL(W(t_T))[k]| = O(1) for all k£ € [d].
®)

Similarly, we can also have the following on v ;

Jre
257 1~ By) - Vg, LOWED P £ — -
poly(n—)
Here we slightly abuse the notation by using the same 7. Then we have
mOk] ST A(1= 1) Ve, LWk £

Vo s = ) Wy LW & oty

17
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In order to prove the main argument of this lemma, the key is to show that within 7 iterations,
the gradient VWjVTL(W(t)) [k] barely changes. In particular, by (C.5), we have the update of each
coordinate in one step is at most ©(n). This implies that

(t)
}< ]7"7 ]7"7 ‘S@
‘(wﬂ,& — M, )| < @nTsap
|w “’H k)| < (7).

Then applying the fact that |< v)| < ©(1) and |<Wj(<;,), &)| < ©(1), we further have

]7”

|Fj(W(T),XZ') - Fj(W(t),xi){ < ©(mnTsop) = O(nNTsop),

where we use the fact that m = ©(1) and sop, = w(1). Then it holds that

(W x;)

o) —
P Ykerenyy e W)

o FH (W x)18(n7s0y)

eF'(W(T> xz‘)+é(77f80p) —+ eF—j (W(t):xi)_é(rﬁ—so'p)

= sgu(¢\)) - o(|e%))),

where we use the fact that (:)(nfsap) = o(1). Similarly, we can also show that 6;;) > sgn(€§f3 ) -
O( \Egtl) |), which further implies

(r) _ (t)
Ej,i = Sgn(gj,i) : @(wj,i )

forall 7 € [t — 7, t]. Note that |€§TZ)| < 1, then it holds that

(1) (1) _ (t) t) (1)
i U/(<Wj,r7v>) = Sgn(gj,i) : @(Mj,z’ ) UI(<Wj7r7V>)
< sgu(t) - 0(t1))) - o' (W' v)) + (18] - S(n7).

(06" (WD v)) > sgn(el?)) - 0(1e)) - o (Wi, v)) — e(1e)]) - 8 (),
40 (w'h). €)) < sen(e)) - 0(1£) - o' ((wl'), &) + O(1EL)]) - S (y7s,).
f“ (w7 €)= sen(e) - 0(1e1))) - o' ((w'?, &) — O(1¢)]) - B(nrsar).

Combining the above results, applying (C.2), (C.3), and (C.4), we can show that for the first
coordinate, we have

VWML(W(T))[l]:@(VWML(W“ ) ( ZW) (n7) £ O(\n7);

18
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for any k € B;, we have

Vavy LOW )] = OV, LOW)[K]) + ( v >'5(n7‘sop)j:@()\nf);

and for remaining coordinates, we have
Vs LW = O Ve, LW [K]) £ O (7).

Now we can plug the above results into the formula of m( ) and V( ) Using the fact that 7 = @( 1),
A =o0(1),and |€j7i| < 1,wehaveforall k = lork ¢ B; for any 1,

t ~
mik] Y, LWO)[E = 6(n)
VOl OV, LWO)[H]) £ 6(n))
For k € B; we have
(t) (t) nsop| ]
m; . [F] Ve, LOW®)[k] £ 6 (2225 ) £ 6(An)

VI (|9, LW K]) £ 6( ) £6(an)

Then, we can conclude that for all k£ = 1 or k& ¢ B, for any 4, we have either |Vw]~,TL(W(t))[/€]| <
O(n) or

m!" [k
J(’;)[k] = sgn(Vw] TL(W(t))[kD O(1).

7T

For any k € B;, we have either |Vy,, , L(W®)[k]| < (:j(nnflsapwﬁl + An) or

This completes the proof.

Lemma C.3 (General results in Stage I, Adam) Suppose the training data is generated according
to Definition 2.1, assume \ = 0(03_2ap/n) and n = 1/poly(d), then for any t < Ty with

TO = 6(7751017),

(Wit g vy < (wl g vy + o),

(witD g) = (wih) &) + O (nsay).
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Proof At the initialization, we have

(W V)| = B(a0), (W, &) = (s 20,00 + a) = O(sV%0,00), W' k] = O(00),

]7T’

which also imply that wﬁ)\ = O(1). Besides, note that é(t) = 1=y, —logit, (F F® x;), we have

sgn(yil'')) = sgn(j),

where we recall that j € {—1,1}. Therefore, given that A = o(cd '), & = o(1), s*/20,, = O(1),

and assume thg = O(1) (which will be verified later),

Sgn<2yz o' (W) yiv) —aZyz o' ((wl) &) —nAW](-fz[l])
=sgn[j - @(nao Y —j-O(an(s /20'p0'0) D+ o(agflop)]
= sgn(j).

Since v is 1-sparse, then by Lemma C.2, the following inequality naturally holds,

(w3 9) < (i) = (o LG v) < () + ().

Additionally, in terms of the memorization of noise, we first consider the iterate in the initialization.
By the condition that » = o(1/d) = o(1/(so,)) and note that for a sufficiently large fraction of

k € B; (e.g., 0.99), we have |&[k]| > () > O(n"s0,/¢\%)]) and thus

sgn(Vuw,, , LIW)[k]) = sgn (ﬁi,?,io’«w;?,, &))&[k] — nawl®, [k])

= —sgn[0((d"%0,00)" ‘o, - sgn(&[k])) £ o(od )] = —sgn(&i[k)).
(C.6)

Therefore, by Lemma C.2 we have the following according to (A.2),

(Wg,)m&) = < y,,r7€z> < / Vyz,r7£z>
> (Wil &) +0(n) - > (sen(&lk]), &ilk]) — O(nsa,) — O(na)

keB;
= < yZ r7€l> + @(T]SO'p)

where in the first inequality the term O(nso,) represents the coordinates that |€;[k]| < O(o,) (so
that we cannot use the sign information of V,, . L(W (%)) but directly bound it by ©(1)) and the
last inequality is due to the fact that |B;| > s — 1 and @ = o(1). For general ¢, we will consider the
following induction hypothesis:

< ytsﬁ”l ’£5> - < zglts),rafa?) —+ (:)(77301;), (C7)

which has already been verified for £ = 0. By Hypothesis (C.7), the following holds at time ¢,

<W§/i),ra €Z> - < g(;O)N €2> + é(tnsap) = é(51/20-;00-0 + “75%)-
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In the meanwhile, we have the following upper bound for ]wj(tz k]|,

Wi lK)| < (WS TK)] + nlsign(Va,, LWO))| < [wOlk]| +tn = 800 +17).  (C8)

Besides, it is also easy to verify that forany t < T = é( 1 ) = (:)( L ), we have <W7(J?,r, &), <Wg(/?,7‘7 J:

sopnm 50

v) < ©(1/m) and thus Mgtl)\ = ©(1). Then similar to (C.6), we have

581V, LOWW)[K]) = Sgn(f(t)z (Wi, &0))&ilk] — nAWg(,?,)r[k])

= —sgn((:)[(sl/2apao + tnsap)q_lap -sgn(&; [k:])) + 0(08720’]3 (o0 + tn))]
= —sgn(&[k]). (C9)

This further implies that

(Wit &) = (wil) &) = 0(n) - Y (sen(Vw,,, LWD)[K]), &[k]) — O(n°s%07) — O(na)

keB;
= <W3(Ji),r7 £l> + Q(USUp)a
where the term —0(1723202) is contributed by the gradient coordinates that are smaller than ©(nsop).
This verifies Hypothesis (C.7) at time ¢ and thus completes the proof. |

()

From Lemma C.3, note that so;, = w(1), then it can be seen that (w .., j-v) increases much faster

1) . . &) . o : .
than <Wj77~7 j - v). By looking at the update rule of <Wj,r’ J-v) (see (A.1)), it will keeps increasing
only when, roughly speaking, o’((w (tz, j-v)) > ao’ (<w](-t2, &;)). Since <Wj(t2, &;) increases much

faster than (Wﬁa j - v), it can be anticipated after a certain number of iterations, <w](-t2, J-v) will
start to decrease. In the following lemma, we provide an upper bound on the iteration number such

that this decreasing occurs.

Lemma C.4 (Flipping the feature learning) Suppose the training data is generated according to
Definition 2.1, a > O((so,)' 71V 08_1) and oy < O((sop)™1), then for any t € [T, Ty with
T, = O( < Ty,

180p a1/<q 1) )

(Wi g vy = (wil) vy — o).

Moreover, it holds that

—sgn(j (%) k=1,
wﬁo)[/ﬁ] =4 sgn €z ﬁ( ) or +0(n), ke Bi, withy; = j,
iO( )7 otherwise.

Proof Recall from Lemma C.3 that for any ¢ < Ty we have

(Wi vy < (Wl vy o) < (wi? i) + o),

2T ]7"’ ]7”

(witt!, &) = (Wil &) + O(nsoy) < (Wi, &) + O(tnsay).
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Besides, by Lemma C.2 we also have ]w [ ]| < ]W )[k]] + O(tn). Then it can be verified that for

some T, = O(m) we have for allz €ln ]andt € [T, To]

a0’ (Wil &) > €~ [0/ ((wil).j - v)) + Anlwi (1]
for some constant C. This further implies that

sgn(Vw,, LIW®)[1))

Wi,r

= —sgn(Zyl ]Z jr,yz azyl ]l ‘g?ﬂaﬁ’») _n)\w‘gi)"[]'])

= —sgn -« Z yzg(t , §t2'7 Ez))]
= sgn(j),

where we use the fact that sgn(yifgfg ) = sgn(j) for all i € [n]. Then by Lemma C.2 and (A.1), we
have for all ¢ € [T}, To),

(witfjv) = (wil) V) = On) - sen(y) - sen (Vi LW 1) = (w}), - v) — On).
Then at iteration Ty, for the first coordinate we have

w11 = wili] 4 sgn(i) - O(Ty) —sn(i) - O((To - To) = —swn(s) -6 1)

s0p
For any k € B; with y; = j, we have either the coordinate will increase at a rate of ©(1) or fall into
0. As a consequence we have either WEI;O) [k] € [-©(n), O(n)] or

W] = W]+ s k) - 07 > s8] (- )

SO0p

For the remaining coordinate, its update will be determined by the regularization term, which will
finally fall into the region around zero since we have Tpn = w(op). By Lemma C.2 it is clear that

W [k] € [-6(n), B(n)]. m

7T

2
Lemma C.5 (Maintain the pattern) Ifa = O(>2) andn = o(\), then let r* = arg max,¢] <WZ(J?,T, &),
foranyt > Ty, i € [n], j € [2] and r € [m)], it holds that

(wi &) =0(1), 3wl LK) &k = 6(1),

keB;
vrem], (W) sen(j)- v>€[—6(%),0()\_1n)].
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Proof The proof will be relying on the following three induction hypothesis:

(wi &) =Q(1), (C.10)
ST WV - 1€k = (1), (C.11)
keB;
Wr € [m], (w'),sgn(j) - v) € [— 5(%),0@%)}, (C.12)
p

which we assume they hold for all 7 < t and » € [m], ¢ € [n], and j € [2]. Itis clear that all
hypothesis hold when ¢t = T according to Lemma C.4.

Verifying Hypothesis (C.10). We first verify Hypothesis (C.10). Recall that the update rule for
(t)

(wWy,r, &i) is given as follows,
< ytj;‘l ’ 1> = < yz,rvsl -n- < yl7 VZ(J?,T?Si>
= <Wyi,r7£i> - 9(77) ’ <Sgn(va r (W(t )) £Z> (7728202)
= {0+ 00 3 (s (600 (Wi )60~ maw(2, 4] ) 00

keB;
— ay,® sgn(Zyzf(t) (W, yev) aZyz o ((wl), &) — naw'’)[1 ])
— O(n*s’a?). (C.13)
Note that for any a and b we have sgn(a — b) - a > |a| — 2|b|. Then it follows that
0 2nA[wio [k]]
S (sen (60,0 (Wi €&tk = mawld, 1] ) €60k ) = 3 (Jeulh)] - ey
k‘EBi I gyi,io- (<Wyz 7€Z>)

~ ~( nA
2 @(SO’p) — 8(6@))’

y:,i7P

where the last inequality follows from Hypothesis (C.10) and (C.11). Further recall that A =
0(087201, /n), plugging the above inequality to (C.13) gives

mA
(wfi1.6) > (wihe ) + Blsar,) ~ &( 52 ) — Bl

yq;,io-p
~ " 77qu2
> (Wil &) + O(nsap) — O(an) — @( 58) > (C.14)
Yist

Then it is clear that (wgf)’,«, &;) will increase by @(nsap) if f(t)- is larger than some constant of

~ -2
order Q(”—’\) = Q(UOU ). We will first show that as soon as there is a iterate W (™) satisfying
P

E;:)Z < O( nA ) for some 7 < t, then it must hold that gz(/ ) will also be smaller than some constant
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in the order of O( ) for all 7 € [r,t + 1]. To prove this, we first note that if 6?5?2 reaches some
constant in the order of O( ) we have for all » € [m] by (C.14)
p

(with &) > (w W,s» + O(nsay),
< —t;r:z’ % < —yz r’£i> + 0(0”7)’
(WD v < (W), v)] + O). (C.15)
Therefore, we have
D) _ Foyy (WO i)
Yisl ZJG{ 11} eFi (WD) %)
. 1
L+ exp [ [o((withD v)) + a((withD &))] — o (W) )y + o (w1 g))]]
= Q) 0 1 Q) Q) =
L+exp [ S0, [o(wye, v)) + o ((wile, €0)] — o((w) v +o((w) | €))] +O(nsa2)]
1
< (t) (t) (t) (t)
L+ exp [ S [o((wie, v)) + o (Wi, €))] — o((w') v) +o((w) . €N)]]
— ¢
Yist?

where inequality follows from (C.15). Therefore, this implies that as long as Ez(fi) ; 18 larger than some

constant b = O (%), then the adam algorithm will prevent it from further increasing. Besides, since
p

mnag = o(1), then we must have E(Hl) € [o. 5€?(J )Z, 26;?, ;]. As a consequence, we can deduce that
6;?1 cannot be larger than 2b, since otherwise there must exists a iterate W () with 7 < t such that
62(!:)1- € [b,2b] and 6;:;71) > K( ) , which contradicts the fact that E(T) should decreases if E( ) > b.

Therefore, we can claim that 1f E;_)i <b= O( @) for some 7 < ¢, then we have
19 p

)< O( nA > (C.16)
v SUp

for all 7/ € [r,t + 1]. Then further note that

eF*yi (W(t> 7Xi)

25(“‘1) e(t) _

Yist = TYisd Zje{—l,l} eFi (WM x;)
> exp < - Z [U(<W:§i),r7 sz>) + U((“’é?,r? £Z>)]>
r=1
>exp (—O(m m?x} a((wl(/?r, &))), (C.17)
re[m ’

where in the last inequality we use Hypothesis (C.12). Then by the fact that E; U< 6(—35) =
p
(t+1)

o(1) and m = O(1), it is clear that exp ( — O (mmax,c(, o((Wyr,&)))) = o(1) so that

max, ¢ <W§ij;1), i) = §~2(1) This verifies Hypothesis (C.10).
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Verifying Hypothesis (C.11). Now we will verify Hypothesis (C.11). First, note that we have
already shown that (w(t,H) ;) = Q(1) so it holds that

Yi,T* 0
t+1 (t+1) (t+1 5
D w1 1&lK]| + alwy D[] > (wy ) &) = Q).
keB;
By Hypothesis (C.12), we have \wgti)[ )| < ]wy T*[ ]| + 717 = o(1). Besides, since each coordinate
in &; is a Gaussian random variable, then maxyep, |&;[k]| = 5(ap). This immediately implies that
t+1
> lwy b K] &k = ).
keB;

Then we will prove the upper bound of ), 5. |W yffl [k]| - |&i[k]|- Recall that by Lemma C.2, for
any k € B; such that Vy,,  L(W®)[k] > O(n~ nsapﬁé?i), we have

wi i [k] = é?r[kH@(n)-sgn(@ét% (Wil &))&ilk 1—nAw§i>,Akl>'

Note that by Lemma C.4, for every k € B;, we have either wéﬁo) k] = sgn(&[k]) - ©(L) or

on :

|wy, o [k]] < n. Then during the training process after Ty, we have either sgn(wzgl)y [k]) = sgn(&ilk])

or sgn(&;[k]) - Wéz) > —O(n) since if for some iteration number ¢’ that we have sgn(wl(/i/,g« [k]) =
—sgn(&;[k]) but sgn(wz(’,f, 2 [k]) = sgn(&;[k]). then after 7 = O(1) steps (see the proof of Lemma
C.2 for the definition of 7) in the constant number of steps the gradient will must be in the same
direction of &;[k], which will push w,, ,.[k] back to zero or become positive along the direction of

&,[k]. Therefore, based on this property we have the following regarding the inner product <w<,§?ﬂ«, &),

< yl,rvél = Z Wyz, fz[]

keB;U{1}
> 3w &l - Om) - Y &k
kEB;U{1} keB;U{1}

= > (Wil [K]| - |&[K]] — O(nsay),

keB;u{1}

where the second inequality follows from the fact that the entry wl(/?r [k] that has different sign of &;[k]
satisfies [wy.» (k]| < O(y). Thenlet BY" = 57, 5 i1y Wil K] - 1(Iwiils (K] > O()] - &[],

which satisfies BZ-(TO) = é(l) by Lemma C.4. Then assume Bi(t) keeps increasing and reaches some
value in the order of © (log(dnn~')), it holds that according to the inequality above

(Wi, &) = ©(log(dny ™)) = B(nsop) = O (log(dny ™)),
where we use the condition that ) = O((sap)_ ). Then by Hypothesis (C.10) and (C.12) we know
that |(w"), v)[ = o(1), (wi!) ., &) = (1), and |[(w"), ., &) = O(dn) +al(w), .. v)| =o(1)
then 51m11ar to (C.17), it holds that

eF*yi (W<t) Xi)

Yit F; w® S exp ( - @(U(<Wg(;i),r*752>))) S pob’(dila nilv 77)
Z]e{ 1,13 ¢ (WD)
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Therefore, at this time we have for all k£ € B;,
5;?,@-0<(W§?,m &))&i[k] < poly(d~*,n~",n) - ©(log? ! (dnn™)) - O(ap) < n.

Then for all |w§i),~[k]| > O(n), the sign of the gradient satisfies

sen (Vo LW ) = —sin ()0 (il €611 - mwl, 4]

= sgn(nn — wil), [k])

= Sgn( 3(;;)@ [k])

Then note that |V, , L(W®)[k]| = @(|)\wg(j?r[k]|) > @(n_lnsapﬁé?yi + An), by the update
rule of wé )r[k'] and Lernma C.2, we know the sign gradient will dominate the update process.
sor ] = 1wy (k] = ©(n) - sen(wy k)] < [wyr[K]], which implies that

|Wy¢,r (k] -1 (|W1§1) (k]| > O ‘ decreases so that B( ) also decreases. Therefore, we can conclude

Then we have \w

that Bft) will not exceed O ( log(dnn 1)). Then combining the results for all i € [n] gives

S w1k &k < BY + O(snoy) < ©(log(dnn™)) + O(1) = (1),
keB;

where in the first inequality we again use the condition that = o(1/d) = o((sop)~"). This verifies
Hypothesis (C.11). Notably, this also implies that <wz(/?r ,&i) = maX,(m) <w§,ti)7,«, &) <O(1).

Verifying Hypothesis (C.12). In order to verify Hypothesis (C.12), let us first recall the update

rule of <w(t)

jr V)

(t)
m:
(wii ! v) = (wiilv) - n< J{t),v>.

Vir

Then by Lemma C.2, we know that if | Vs, L(W®)[1]| < ©(n), then [m )/, /v\")| < ©(1) and
otherwise

®)
mr
<3<> >=—Sgn(2yw i) = Yt 2 60) — ) - 000

Vo
Without loss of generality we assume j = 1, then by Lemma C.4 we know that wgf)) [1] = -0 (%)
In the remaining proof, we will show that either Wgtﬂ)[ 1] € [0,6(A )] or wgtjl)[l] €e[-
O ( snaa2 ) ) 0) .

First we will show that W(t+1)[ 1] € [0,0(X\1n)] for all 7. Note that in the beginning of this

stage, we have Wg O)[ 1] < 0. In order to make the sign of Wf;)[l] flip, we must have, in some
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iteration ¢’ < ¢ that satisfies wgf;)[l] € [0,0(A\"1n)], therefore

—nVw, , LW®)[1 Zy’ Ry ]T D yv)) — aZyz j,r ) €)) — nAwﬁf;’[l]
< n[(wﬁf?[l])” — - w![1) < ~8(nm) <0,

where the second inequality holds since 17 = o(A(~1/(4=2)), Note that Vwi,, LWU)[1]| > 6(n),
then by Lemma C.2 we know that Adam is similar to sign gradient descent and thus w(t 1) 1] =

wgfr) [1] — ©(n) which starts to decrease. This implies that if ngfl) [1] is positive, then it cannot
exceed O(A~1n) = o(1).
Then we can prove that if w;

forall t' < t,

aalTiF )| =

is negative, then |w =0 (%) In this case we have
p

*WW@L(W“'))D]:Z% o (W), v —aZyz o ((wi), &) —nawl)[1]

> 3 ] 6(a) + nAlwlD )+ ST el w e
1y;=1 LY==

> = Z |£11 +n)\|W1 [”7
iy =1

where in the inequality we use Hypothesis (C.11) and (C.12) to get that

(Wi &) <> wil) |- max & [K]| +al(wii),v)| = 6(1).

keB;

Recall from (C.16) that we have |€(-tf)| = 6(%) therefore we have if W;t;) [1] is smaller than some
P bl

value in the order of — @( ) polylog(d), then

2
T, LW 2 -6 (2) +8(* 5 ) potvon(d) > B,

80'p D

which by Lemma C.2 implies that w](f;) [1] will increase. Therefore, we can conclude that w(*+1) ¢

[ — 6(ﬂ) , 0) in this case, which verifies Hypothesis (C.12). |

2
SO'p

Lemma C.6 (Convergence Guarantee of Adam) If the step size satisfies 1 = O(d~/?), then for
any t it holds that

LWD) — LW®) < —p|| VL(WD) |1 + 6(n°d).
Proof Let AF;; = F;(WH x;) — F;(W® x;). Then regarding the loss function

_Fyi(vai)“‘lOg(Ze i 7x1))_
J
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It is clear that the function L;(W) is 1-smooth with respect to the vector [F_1 (W, x;), F1 (W, x;)].
Then based on the definition of AF}j;, we have

OL(W®)

LW = LW < 3 o )

AFji+ Y (AF;,)* (C.18)
J

Moreover, note that

(WO, x;) =3 [o((w) yiv)) + o ((wl), €))].

r=1

By the results that <W(-t) v) < O(1) and (w ]T,£> < ©(1), for any n = O(d~'/2), we have

]7T,

(Wi vy < (wl vy 4 <6(1), (wl g < (Wl &) +O(ns'/?) < B(1),

2T J D>

which implies that the smoothness parameter of the functions a((wﬁ, y;v)) and a((w](-tz, &;)) are at
most O(1) for any w in the path between w'") (tﬂ)

7,r
on a((w](-ﬂ)n, y;v)) and a((wm,, &;)) and bound the second—order error as follows,

(WD i) — o (W yiv)) — (Vo (W, yiv)) wit D) — wly)

and w, . Then we can apply first Taylor expansion

< O(lwii = wilB) = 6(rd), (C.19)
where the last inequality is due to Lemma C.2 that
®) |2
win V= Wil =t | 2 < era).
Vil

Similarly, we can also show that

o (Wi, &) = o (Wi, &) = (Va0 (W), €0). Wit = wi)[ < ©(d).  (C.20)
Combining the above bounds on the second-order errors, we have
[AFy; — (VwF (W, ), WD - WO)| < 6(mn?d) = ©(n*d),  (C2D)

where the last equation is due to our assumption that m = é(l) Besides, by (C.19) and (C.20) the
convexity property of the function o(z), we also have

(W yiv)) — o (W yiv))| < (V0 (( 5‘2.,% D, witt —wih + 6(nd)
= O (o’ (W ) - [vll) + B(Pd)
801+ 1)
o (w0, &) — o (W, €))| < (T, (W) &), wiT — wi)| + 6 (2d)
= B(nlo’ (W &) HEII1) +6(n*d)
= @(nsap-i-?? d).
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These bounds further imply that
|AF;;| < (:)(m - (nsop + nzd)) = (:)(nsap + 772d). (C.22)
Now we can plug (C.21) and (C.22) into (C.18) and get

OL;(W®
Li(W) — L, (W) < Z W) ( - }1_) AF+ Y (AF)?
i j

(®)
—Z OL W 5 <vij(W(t)’Xi),W(t+1)_W(t)>

+ @(nQd) + @((nsap + ?72d)2)
= (VL (W), WD — W)y 1 9(n?a), (C.23)
where in the second inequality we use the fact that L;(W) is 1-Lipschitz with respect to F;(W, x;)
and the last equation is due to our assumption that o, = O(s~/2) so that ©((nso, + n%d)?) =
O(n?d).
Now we are ready to characterize the behavior on the entire training objective L(W) =
n~t3 | Li(W)+A|W/|%. Note that A||[W||% is 2\-smoothness, where A = o(1). Then applying
(C.23) for all i € [n] gives

LW ) - L(W) = = Z Li(W D) = LW 4 (WD~ WO )

< <VL( W), W —w) 1+ e(p’d),

where the second equation uses the fact that [ W) — W(t)||2, = O(n2d). Recall that we have
(1) _ o (®) ]
NS
Wir Wi T T #
Vir

Then by Lemma C.2, we know that m [ 1/ 5 [k] is close to sign gradient if VL(w®)[k] is
large. Then we have
m(t) B
(P LW, ) = (], LW = Ba-3) - B9

V..
]7T

> O(|| Vv, LOW)]|,) — S (dn),

where the second and last terms on the R.H.S. of the first inequality are contributed by the small
gradient coordinates k ¢ U | 3; and k € U}"_, BB; respectively, and the last inequality is by the fact
that ns?c, = O(d). Therefore, based on this fact (C.23) further leads to

LWED) — LW ®) < —p|VL(WD)||; + O(nd),

which completes the proof.
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Lemma C.7 (Generalization Performance of Adam) Let

W* = argmin IVL(W)]|1.
we{w@ .. W}

Then for all training data, we have

1 n

- > 1[F, (W, x;) < Py (W, x;)] = 0.
Moreover, in terms of the test data (x,y) ~ D, we have

* N 1
Pixg)n [Fy (W, x) < Foy (W, x)] > 5 = o(1).

Proof By Lemma C.6, we know that the algorithm will converge to a point with very small gradient
(up to O(nd) in ¢; norm). Then in terms of a noise vector &;, we have

> [V, LW)[E]| < O(nd). (C.24)
keB;

Note that

NV, LW k] = €5, 0" (W), . &))&ilk] — nAwy, [K],

where £, ; =1 —logit, (F",x;). Then by triangle inequality and (C.24), we have for any r € [m],

5 165l (63 €& = 10 Y i 8] < 105 [ LOW) ] < O
keB; keB; keB;
Then by Lemma C.5, let r* = arg maxre[m]< vim &i)s wehave (wy, 1+, &) = O(1) and > kes; Wy k][

[&ilk]| = ©(1). Note that |&[k]| = O(a,), we have 35, |wy, (K] = ©
to the inequality above, it holds that

* Q Pt * ~ TL)\
|€yi,i| -O(sop) > @(n)\ Z ’Wyi,r[k” — ”Ud) > @<gp>’

keB;

(1/op). Then according

where the second inequality is due to our choice of 7. This further implies that |¢; ;| = [¢*, ;| =
) (%) by combining the above results with (C.16). Then let us move to the gradient with respect to
P

the first coordinate. In particular, since ||VL(W*)||; < O(nd), we have

NV, L(W*

S il 0 (W i) — 03 il (w7 1)) — mw;irm'
i=1 =1
< O(nnd). (C.25)

Then note that sgn(y;{; ;) = sgn(j), it is clear that w} .. [1] - j < 0 since otherwise

NV . L(W*)[1]| >

Jyr*

- * * * an’\ O
o Z ylej,’l/ [UI(<Wj,r* ) E’L)) - U,(<Wj,7'* ) ylv>)] ‘ = @ ( 80’12) > > Q(”Wd)a
i=1
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which contradicts (C.25). Therefore, using the fact that w7 ,.[1] - j < 0, we have

n

[NV, L(W Z yily0' (W)pe, &) = D yil 0 (W), [1])] = nA[wi,- [1]]].
Y= LY;=—J
Then applying (C.25)and using the fact that |/}, ;[ = [¢*, .| = (:)(%) forall 7 € [n], it is clear that
747 P

s s B el A M s g re
W, [1”_9(a Nz ) 205

where the second equality is due to our choice of o}, and «e. Then combining with Lemma C.5 and
the fact that w7 . [1] - j < 0, we have

wi 1] < @(”O‘ >

2
SO'p

Now we are ready to evaluate the training error and test error. In terms of training error, it is clear
that by Lemma C.5, we have (w. .,&) > O(1), (wy, ,,&) > —o(1), and [(w}, ., V)| = o(1),
(w2, »»&)| = o(1). Then we have for any training data (x;, y;),

Fy (W xi) [o((Wy s V) + o (W), . &))] = O(1),

I
NE

1

ﬁ
Il

F_yi (W*vxi)

I
NE

[U(<Wiyi,rv _yiv>) + U(<Wiyi,r7 €Z>)] = 0(1)7

1

ﬁ
Il

which directly implies that the NN model W* can correctly classify all training data and thus achieve
zero training error.

In terms of the test data (x,y) where x = [yv, &], which is generated according to Definition
2.1. Note that for each neural, its weight w7, can be decomposed into two parts: the first coordinate
and the rest d — 1 coordinates. As prev10usly dlscussed for any Jj € [2] and r = 7*, we have
sgn(j) - wjr[l] < —0O(na/(so?)) and sgn(j) - w 51 < ©(A1n) for r # r*. Therefore, using
the fact that © (na/(sap)) = w(A!n) and Lemma C.5, given the test data (x, ), we have

Fy(W5x) =Y [o((w . yv) + o ((w},, )]

r=1

SN no 1
SZ@([O{SO_Q_‘_C:%T] >,

r=1 p +

F_,(W* x)) = Z [U(<Wiy7'r7yv>) + U(<W*—y,r’ >)]
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where the random variables (, , and ( , are symmetric and independent of v. Besides, note that
a = o(1), it can be clearly shown that o - nav/(so2) < na/(son). Therefore, if the random
noise (y,» and ¢, , are dominated by the feature noise term (w*_y’r* ,yv), we can directly get that

Fy(W*,x) < F_,(W*,x)) (recall that m = ©(1)), which implies that the model has been biased
by the feature noise and the true feature vector in the test dataset will not give any “positive” effect
to the classification. Also note that ¢, and (_, are also independent of v, which implies that if the
random noise dominates the feature noise term, the model W* will give nearly 0.5 error on test data.
In sum, we can conclude that with probability at least 1/2 it holds that F},(W*,x) < F_,(W*, x),
which implies that the output of Adam achieves 1/2 test error. |

C.3. Proof for Gradient Descent

Recall the feature learning and noise memorization of gradient descent can be formulated by

(Wi jovy = (=) (wl v

+* J- (Zyz 30 jq“?yl azyz j(f7)=7€l>)>7

(witD &) = (L =md) - (Wi &) + - >~ 0 0 (W), &) - &k

keB;
o n
+ % (azéé?,sa/(<w§?,w£ Zys s y)wys >)> (C.26)
s=1

Then similar to the analysis for Adam, we decompose the gradient descent process into multiple
stages and characterize the algorithmic behaviors separately. The following lemma characterizes the
first training stage, i.e., the stage where all outputs F (W(t), x;) remain in the constant level for all j
and 1.

Lemma C.8 [Stage I of GD: part I] Suppose the training data is generated according to Definition
-2 t t+1) . t t
2.1, assume \ = o(od “op/n). Let Ag) = MaX, [y <W](-7T ),j V), F§2 = MaX,gfy] <w§},£i),

®) ()

and Fg»t) = maX;.y,—; I'; 7. Then let T)j be the iteration number that A ; reaches ©(1/m), we have

T; = é(agfq/n) forall j € {—1,1}.
Moreover, let Ty = max;{T}}, then for all t < Ty it holds that th) = O(00) forall j € {—1,1}.
We first provide the following useful lemma.
Lemma C.9 Let {xt, y; }1=1,... be two positive sequences that satisfy
Tee1 > w1 Az
yer1 < ye+n- Byl !,

for some A = ©(1) and B = o(1). Then for any q > 3 and suppose yo = O(xo) and n < O(xy),
we have for every C € [xg,0(1)], let T, be the first iteration such that x; > C, then we have
Tyn = Ozt ™) and
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Proof By Claim C.20 in Allen-Zhu and Li [2], we have T,n = @(xg_q). Then we will show

yr < 2
forall ¢ < T,. In particular, let T,,n = C’ .%’g_q for some absolute constant C’ and assume C’/B29~1 <
1 (this is true since B = o(1)), we first made the following induction hypothesis on ¥, for all ¢t < Ty,

yr < yo + tnB'(2z0)1 "

Note that for any ¢ < Tj, this hypothesis clearly implies that
yr < yo+ Tan'qulxg_l < xo+ CBQq’lm(Q)_q . mg_l < 2x.
Then we are able to verify the hypothesis at time ¢ + 1 based on the recursive upper bound of ¥, i.e.,
yern <ye+n- Byl

<o+ tnB(2x0) 7+ Byl
< yo+ (t+1)nB(2x)? 1.

Therefore, we can conclude that i, < 2xq for all ¢ < T,.. This completes the proof. |

Now we are ready to complete the proof of Lemma C.8.
Proof [Proof of Lemma C.8] Note that at the initialization, we have |<W(»0) v)| = O(op) and

j7r7
[(w ]T,&H = O(s' /%0 »00). Then it can be shown that

E (WO x) =3 [o (Wi yiv)) + 0w €))] = o(1)

r=1
forall j € {—1,1}. Then we have

'(W(O) X;)
\E(-O~)| =—————=0(1).

J5t Z 6 W(O) x,L)
Then we will consider the training period where \E(t) | for all j, 4, and ¢t. Besides, note that

sgn(yifﬁ ) = j. Therefore, let r* = arg maxT<wj(tr ), j - v), (C.26) implies that

AW > (Wi Gy

J J

1 n 1 1 1 1
=(1-=n\)(w (.t*),j v)—i—n-(Z]é(t )]a(< ;tr*),yz az%t ) ﬁ*),

1=1
(10,5 0 [ v~ T
> (1= + - 0((A7))) = - 8 (alry ™)), ©27)
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Similarly, let r* = arg max, <w?(j?,r, &), we also have the following according to (C.26)

2
_ ~ (nso
Ly = (Wil &) < (L= (wii . 6 + @(np) o ((wii Y €0)+

2 n
na _
@<n> Do Y 6)
s=1
2 (r(t—1)ye-1 n
-1 | 5 nsgp(ryi,i ) p(t-1)ya-1
Sryivi +@< n Z Yi,S )

s=1

(®)

Then by our definition of I';” = max;¢ [, thg , we further get the following for all j € {—1,1},

Pl < - 1>+@<77‘-°"’J”””70‘.(p§t—1>)q1> =1~ >+@< S (rimye 1>, (C.28)
n n

where the last equation is by our assumption that o = 5(503 /n).
Then we will prove the main argument for general ¢, which is based on the following two
induction hypothesis

AW > A e ((AlT)eh), (C.29)

r® <= 1>+@<nsna -(rgf‘”)ql). (C.30)

Note that when ¢ = 0, we have already verified this two hypothesis in (C.27) and (C.28), where we
use the fact that A = o(0 20, /n) < (A§0))q—2 and o = o(1). Then at time ¢, based on Hypothesis
(C.29) and (C.30) for all 7 < t, we have

™) ")
r) <om!),
0

as so2/n = o(1) and Ag-t) increases faster than I';”. M <

Besides, we can also show that )\Fj

(th))q_l, which has been verified at time ¢ = 0, since th) keeps increasing. Therefore, (C.27)
implies

AP > (1= a)Af - O ()Y - O(ar) )
> A -0 (AP,

which verifies Hypothesis (C.29) at £ 4 1. Additionally, (C.28) implies

2
(t+1) (t) N5y (t)\qg—1
e <1 o5 )

J

which verifies Hypothesis (C.30) at ¢t + 1. Then by Lemma C.9, we have that A;t) = O(1) for
allt < Tp = é((Ay)))Q*q/U) = O(0;~9/n). Moreover, Lemma C.9 also shows that I‘g.tﬂ) =

O(A;O)) = O(0(). This completes the proof. [
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Lemma C.10 (Off-diagonal correlations) For any data (x;,y;) and for any t < T_,,, it holds
that <W(_tg),i77~7£i> < O(a).

Proof By the update form of GD, we have for any k € B;,

W &K = (1 —nA) - w) K] &Ik + . E(_t)yhia/((w(_t)yhr,gi)) &k,

keB;

which keeps decreasing. Therefore, for all  and 7, we have

5wl el

() : (t)
< —yz,r7£Z> — ‘ —yz, 61 ‘_‘_

keB;
< O(a) + O(0pops'/?)
= é<a)7
where the second inequality follows from the fact that |< V)| < ©(1) for all t < Tj. This
completes the proof. |

Note that for different j, the iteration numbers when th) reaches ©(1/m) are different. Without
loss of generality, we can assume 77 < 7. Lemma C.8 has provided a clear understanding about

(t)

how th) varies within the iteration range [0, 7;]. However, it remains unclear how I'}” varies within

the iteration range [71, 7] since in this period we no longer have |£ | = ©(1) and the effect
of gradient descent on the feature learning (i.e., increase of (w; ., j - v>) becomes weaker. In the

following lemma we give a characterization of th) forevery t € [17,1_4].

Lemma C.11 (Stage I of GD: part II) Without loss of generality assuming Ty < T_1. Then it
holds that A\ = ©(1) for all t € [Ty, T_1].

Proof Recall from (C.27) that we have the following general lower bound for the increase of Ag-t)

2(1_77A)A§t>+@<n>- 3 ye(“y (AT _@(an).(rgﬂvé(a))q*l, (C.31)

Yy =j

where the last inequality is by Lemma C.10. Note that by Lemma C.8, we have Fg.t) = 5(00) for all
t < T_; and . Then the above inequality leads to

AT > (1 - Al 4 () Z 601 (A — e (aty), (C.32)

(BITES

where we use the fact that & = w(oy). The the remaining proof consists of two parts: (1) proving
AY > 0(1/m) = (1) and 2) A < ©(log(1/A)).
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Without loss of generality we consider 7 = 1. Regarding the first part, we first note that Lemma

C.8 implies that Ang) > ©(1/m). Then we consider the case when AY') < O(log(1/a))/m), it
holds that for all y; = 1,

o1 (W) x;)

o) =
Y D epoy e W)
= exp (@(Z (o) o)) o (w1 €)] = D7 o(wil), vev) + o), m}))
r=1 r=1

> exp (— @(mAgt)))
> exp(—O(log(1/a)))
= 0(a).
Then (C.32) implies that if T'\”) < ©(log(1/0)/m), we have
AP > (1= AP + 0(na) - AY = B(aty) > AP + O(na) - A > AT,

where the second inequality is due to A = o(«). This implies that Agt) will keep increases in this

case so that it is impossible that Agt) < ©(1/m), which completes the proof of the first part.
For the second part, (C.26) implies that

A < (1= pa)al? ( ) S . (C.33)

1y =1

Consider the case when th) > O(log(d)), then for all y; = 1,

é(f) _ eF-1(W x)

J ) x
Z;e{ 1,1} € B (W9.x:)
— exp (@ (X [t o)+ o )] = 3 ottwiow)) + (il a>>])>
r=1 r=1

<exp (- O(A))
< exp(—O(log(1/A))
= O(poly(\)).
Then (C.33) further implies that
<A —o(mAl)- (A ~ poly(\) (A?’)“) <Al

which implies that Agt) will decrease. As a result, we can conclude that )\gt) will not exceed
©(log(1/)\)), this completes the proof of the second part.
|
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Lemma C.12 (Stage II of GD: regularizing the model) Ifn < O(oy), it holds that Agt) = é(l)
and T\ = O(oy) for all t € [T-1,T).

Proof We will prove the desired argument based on the following three induction hypothesis:

1 n
Az @ -aa? +8( 1) X - Bla) LY e
LY =] =1
'l = O(ay), (C.35)
AY = 6(1). (C.36)

In terms of Hypothesis (C.34), we can apply Hypothesis (C.35) and (C.36) to (C.31) and get that

AYTY > (1 — Al + <> 31 (AT e(an) - (1 v B(a) ! Z| )]
2—1

1y =j
1 n
> (1= +8( 1) X 1 - Btat) - 3L
Yy =] =1

where the last inequality we use the fact that o > (. This verifies Hypothesis (C.34).
In order to verify Hypothesis (C.35), we have the following according to (C.34),

S oAl > ) STl +@( )Zwﬂ qn)%zwm
i=1

je{-1,1} Je{ 1,1}
=(1-x) > A“>+@< )Zwﬂ
Je{-1,1}

where the last equality holds since o = o(1). Recursively applying the above inequality from 7°_; to
t gives

t—T,1—1
> Az Y AT E(1) S - ZW i
jel 1) jel11) "
Then by Hypothesis (C.36) we have
t—T_1—1
( ) Zw(t < 6(1).
7=0 =1
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Now let us look at the rate of memorizing noises. By (C.26) and use the fact that o < O(so7/n),
we have

2
i < (1 —pAri- 1)+®< p) -ij,iw(rgt‘l) a-1

80'0'
R ”+@<” 0 ) >l
ns0; 250-1\ t=T-1-1
(T-1) 0 (t—1—71)
<r 0BTy ey
7=0

IN

é(ag + sapag 1)
(00),

which verifies Hypothesis (C.35).
Given Hypothesis (C.34) and (C.35), the verification of (C.36) is straightforward by applying
the same proof technique of Lemma C.11 and thus we omit it here. |

IN
ok

Lemma C.13 (Convergence Guarantee of GD) If the step size satisfies, then for any t > T_1 it
holds that

LOWD) — LW ) < - T7LWO) 3.

Proof The proof of this lemma is similar to that of Lemma C.6, which is basically relying the
smoothness property of the loss function L(W) given certain constraints on the inner products
(Wi, v) and (wj, &).

Let AF;; = F;(WD x;) — F;(W® x;), we can get the following Taylor expansion on the
loss function L;(W (1),

Li(WEDY — L, (W®) <ZM.AF,.+Z(AF, )? (C.37)
' ' TR (WO xg) T e ‘
In particular, by Lemma C.12, we know that <w](t2,ylv> < ©O(1) and (w](tz,&) < O(0p) <
(:)(1) Then similar to (C.19), we can apply first-order Taylor expansion to Fj(W(t“) x;), which
(t+1)

requires to characterize the second-order error of the Taylor expansions on o({w; ", y;v)) and
t+1
o((wi &),

(Wl v — o (W yev)) — (Vo (W ev)), wit ) — wily]

<O (Wl — wl|2) = ©(n?|Vw,, LIWD)|3),
o((wi T €)) — o (W), €)) — (Va,, o (Wi, &), Wi —wiDy|
<O (Wl — wl|2) = ©(n?||Vwy,, LLWD)|3). (C.38)
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Then combining the above bounds for every r € [m], we can get the following bound for AF) ;

AFj; — <VWFj(W(t)7Xi)aW(t+1) - W(t)” < é<772 Z ||ij,rL(W(t))||g>

re[m|

=6 (VLW )][R). (€39)
Moreover, since <W§t2, yiv) < O(1) and <w§t7),, &) < O(1) and o(-) is convex, then we have

o (W yav)) — o (W), yev)) | < max {|o/ (W yav))] o' (W yev)) [ - v, wit D — w0y
< @(HW (t+1) 52”2)
Similarly we also have
o (Wi €)) — o ((wih) &) < O(Iw!Y

Combining the above inequalities for every r € [m/], we have

W§t7), 2) .

2
AF;[ < @([ T wld - §f2||2} ) < &(m? [VL(WD)|2) = &2 VLWO)|2).

re[m]

(C.40)
Now we can plug (C.39) and (C.40) into (C.37), which gives

OL; (W)
) t+1)y _ 1. )y < N ) - )2
= (VL(W®), WD — W) 4 6| VL(WD)||7).  (C41)
Taking sum over ¢ € [n] and applying the smoothness property of the regularization function
AW |2, we can get

LOWH) = LW ) = =37 [L(WD) = LWO)] + AW — [WO3)
n
i=1
<VL<W“>> WD = WO) + 07 VLW YD) F)
= (1= 00) - VLW
—5HVL(W Ol

where the last inequality is due to our choice of step size 7 = o(1) so that gives n — ©(n2) > /2.
This completes the proof. |

Lemma C.14 (Generalization Performance of GD) Ler

W* = i VLW 5.
arg{w(l) lI%N(T)}II ( {3
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Then for all training data, we have

1 n

- > 1 [F,(W*,x;) < Fy (W, x;)] = 0.
Moreover, in terms of the test data (x,y) ~ D, we have

Py [Fy (W, x) < F_,(W*,x)] = o(1).

Proof By Lemma C.12 it is clear that all training data can be correctly classified so that the training
error is zero. Besides, for test data (x, y) with x = [yvT,&T]T, it is clear that with high probability
(Wi yv) = ©(1) and [(wy ., §)]+ < O(00), then

m
Fy(W*x) = [o((w . yv)) + o((w} . €)] = Q(1).
r=1
If j = —y, we have (w*, . yv) <Oand [w* &)+ < O(a), which leads to
Fy (W) = 3 o((wh ) + 0w €)] < Oma) = O(a) = of1)
r=1
This implies that GD can also achieve nearly zero test error. This completes the proof. |

Appendix D. Proof of Theorem 3.2: Convex Case

Theorem D.1 (Convex setting, restated) Assume the model is overparameterized. Then for any
convex and smooth training objective with positive regularization parameter X\, suppose we run Adam
and gradient descent for T’ = %(n) iterations, then with probability atleast 1 —n=1, the obtained
parameters W3 g... and W satisfy that |[VL(W3 .01 < and ||VL(WAdam)||2 < Tn
respectively. Moreover, it holds that:

* Training errors are both zero:

1 o 1 o
- > 1 [sgn(F(Whgam: %i)) # vi] = Z 1 [sgn(F(Wgp,xi)) # 4] =0
i=1

i:1
* Test errors are nearly the same:
IED(x,y)ND [Sgn(F(Wj&damv XZ)) 7& y} = P(x,y)wD [Sgn (F(WEDv X)) 7é y] + 0(1)

Proof The proof is straightforward by applying the same proof technique used for Lemmas C.6
and C.13, where we only need to use the smoothness property of the loss function. Then it is clear
that both Adam and GD can provably find a point with sufficiently small gradient. Note that the
training objective becomes strongly convex when adding weight decay regularization, implying that
the entire training objective only has one stationary point, i.e., point with sufficiently small gradient.
This further imply that the points found by Adam and GD must be exactly same and thus GD and
Adam must have nearly same training and test performance.

Besides, note that the problem is also sufficiently overparameterized, thus with proper regular-
ization (feasibly small), we can still guarantee zero training errors. |
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