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Abstract
Convex sparsity-promoting regularizations are ubiquitous in modern statistical learning.
By construction, they yield solutions with few non-zero coefficients, which correspond to
saturated constraints in the dual optimization formulation. Working set (WS) strategies are
generic optimization techniques that consist in solving simpler problems that only consider
a subset of constraints, whose indices form the WS. Working set methods therefore involve
two nested iterations: the outer loop corresponds to the definition of the WS and the inner
loop calls a solver for the subproblems. For the Lasso estimator a WS is a set of features,
while for a Group Lasso it refers to a set of groups. Here we show that the Gauss-Southwell
rule (a greedy strategy for block coordinate descent techniques) leads to fast solvers in this
case. Combined with a working set strategy based on an aggressive use of so-called Gap
Safe screening rules, we propose a solver achieving state-of-the-art performance on sparse
learning problems. Results are presented on Lasso and multi-task Lasso estimators.
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Introduction

Sparsity-promoting regularization has had a considerable impact on high dimensional statistics both in terms
of applications and on the theoretical side [4]. Yet they come with a cose, since their use requires solving
high-dimensional constrained or non-smooth optimization problems, for which dedicated advanced solvers
are necessary [1].
Various optimization strategies have been proposed to accelerate the solvers for problems such as Lasso or
sparse logistic regression involving `1 regularization, multi-task Lasso, multinomial logistic or group-Lasso
involving `1 /`2 mixed-norms [18, 11, 7]. We will refer to these problems as Lasso-type problems [1]. For
these, so-called (block) coordinate descent (BCD) techniques [28, 7, 31, 23], which consist in updating one
coordinate or one block of coordinates at a time, have had massive success. Different BCD strategies exist
depending on how one iterates over coordinates: cyclic rule [7], random [23], or greedy [24, 31]. The later
rule, recently studied by [29, 17, 21] is historically known as the Gauss-Southwell (GS) rule [26].
To scale up generic solvers, one recurrent idea has been to limit the size of the problems solved. This idea
is at the heart of the so-called strong rules [27], but similar ideas can be found earlier in the Lasso literature
[22, 12, 13] and also more recently for example in the B LITZ method [9, 10]. In parallel of these WS
approaches where a BCD solver is run many times, first on a small subproblem then on growing ones, it has
been proposed to employ so called safe rules [5]. While a WS algorithm starts a BCD solver using a subset
of features, eventually ignoring good ones that shall be later considered, safe rules discard (once and for
all) from the full problem some features that are guaranteed to be inactive at convergence. The most recent
versions, called Gap Safe rules, have been applied to a wide range of Lasso-type problems [6, 14, 15].
The main contributions of this paper are 1) the introduction of a WS strategy based on an aggressive use of
Gap Safe rules, and 2) the demonstration that Gauss-Southwell rules combined with precomputation of Gram
matrices can be competitive for the (small) subproblems when looking at running time, and not just in terms
of (block) coordinate updates/epochs as previously done in the literature [17, 25].
The paper is organized as follows: in Section 2, we present how Gap Safe rules can lead to a WS strategy.
We then explain how the Gauss-Southwell rule can be employed to reduce computations. Section 4 presents
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numerical experiments on simulations for GS based inner-solvers, and report time improvements compared
to the present state-of-the-art on real datasets.

Model and notation
We denote by [d] the set {1, . . . , d} for any integer d ∈ N. For any vector u ∈ Rd and C ⊂ [d], (u)C is the
vector composed of elements of u whose index lies in C, and C¯ is the complementary set of C in [d]. We
denote by SBr ⊂ [p] the row support of a matrix B ∈ Rp×q . Let n and p ∈ N be respectively the number of
observations and features and X ∈ Rn×p the design matrix. Let Y ∈ Rn×q be the observation matrix, where
q stands for the number of tasks or classes considered. The Euclidean (resp. Frobenius) norm on vectors
(resp. matrices) is denoted by k·k (resp. k·kF , and the j-th row (resp.
P k-th column) of B by Bj,: (resp. B:,k ).
The row-wise `2,1 group-norm of a matrix B is written kBk2,1 = j kBj,: k. The dual norm of k·k2,1 norm
is the `∞ /`2 norm kBk2,∞ = maxj kBj,: k. We denote by kBk2,0 the number of non-zero rows of B.
The estimator that we consider from now on is defined as a solution of the (primal) problem

B̂(λ) ∈ arg min
B∈Rp×q

1
2
kY − XBkF + λk(B)k2,1 := P (λ) (B) ,
2

(1)

with λ > 0 the regularization parameter controlling the trade-off between data fitting and regularization. The
associated dual problem reads (see for instance [14])
2

Θ̂(λ) = arg max 12 kY kF −
Θ∈∆X

λ2
2 kΘ

−

Y 2
λ kF

:= D(λ) (Θ) .

(2)

where ∆X = {Θ ∈ Rn×q : kX > Θk2,∞ ≤ 1} is the dual feasible set. The duality gap is defined by
G (λ) (B, Θ) := P (λ) (B) − D(λ) (Θ), for Θ ∈ ∆X 1 .
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From screening rules to working sets

The idea behind safe screening rules is to safely discard features from (1) as soon as it is guaranteed that the
associated regression coefficients will be zero at convergence. The Gap Safe rules proposed in [14] for the
multi-task regression read as follows: for a pair of primal-dual variables B and Θ, it is safe to discard feature
j in the optimization problem (1) if:
r
>
X:,j
Θ

+ kX:,j k

>
1 − X:,j
Θ
2 (λ)
>
G
(B,
Θ)
<
1
⇔
d
(Θ)
:=
j
2
λ
kX:,j k

r

2 (λ)
G (B, Θ) .
λ2

(3)

In other words, the duality gap value allows to define a threshold that is compared to dj (Θ) in order to safely
discard feature j. A natural idea to eliminate more features, while sacrificing safety, is to use the dj ’s to
prioritize features. One way is to introduce r ∈ [0, 1] and only consider j if:
r
dj (Θ) ≤ r

1

2 (λ)
G (B, Θ) .
λ2

When the dependency on X is needed, we write P (X,λ) (B), for P (λ) (B)

2

(4)

This can be considered in an iterative strategy:
starting from an initial value of B0 (e.g., 0 ∈
Rp×q or an approximate solution obtained for a
close λ0 ,one can obtain a feasible Θ0 ∈ ∆X .
Given the primal-dual pair (B0 , Θ0 ) one can
compute dj for all features and select the ones
to be added to the working set W1 . Then an
inner solver can be started on W1 . Assuming the inner solver returns a primal dual pair
(B̃t , ξt ) ∈ Rpt ×q × Rn×q , where pt is the size
of Wt , one can obtain a pair (Bt , ξt ) by considering that (Bt )Wt ,: = B̃t and (Bt )W̄t ,: = 0. Θt
is then obtained from Θt−1 and ξt as in [9]. We
now to detail how to use dj ’s to construct Wt . A
first strategy is to set a parameter r and then consider all features that satisfy (4). Yet this strategy
does not offer a flexible control of the size of Wt .
A second strategy, which we use here, is to limit
the number of features that shall enter Wt . Constraining the size of Wt to be at most twice the
size of SBr t−1 , we keep in Wt the blocks with indices in SBr t−1 and add to it the ones in S̄Br t−1
with the smallest dj (Θt ). The iterative WS strategy is summarized in Algorithm 1. When combined with the BCD inner solver described in
Section 3, we call it A5G (for AGGressive Gap,
Greedy with Gram).
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Algorithm 1: A5G
input: X, Y, λ, p0 = 100,  = 10−6 ,  = 0.3
Init : ξ0 = Y /λ, Θ0 = 0n,q , B0 = 0p,q ,
for t = 1, . . . , T do
αt =
max {α ∈ [0, 1] : (1 − α)Θt−1 + αξt−1 ∈ ∆X }
Θt = (1 − αt )Θt−1 + αt ξt−1
// global gap:

gt = G (X,λ) (Bt−1 , Θt )
if gt ≤  then
Break
for j = 1, . . . , p do
>
Θt k)/kX:,j k
Compute dtj = (1 − kX:,j
// safe screening:

Remove j th column of X if dtj >

p

2gt /λ2

// keep active features:

Set (dt )SBr

= −1

t−1

// clipping:

pt = max(p0 , min(2 kBt−1 k2,0 , p))

Wt = j ∈ [p] : dtj among pt lowest values of dt
// Approximately solve sub-problem:

Get B̃t , ξt ∈ Rpt ×q ×∆X:,Wt s.t. G (X:,Wt ,λ) (B̃t , ξt )≤ gt
Set Bt ∈ Rp×q s.t.(Bt )Wt ,: = B̃t (Bt )W̄t ,: = 0.
return Bt

Block Coordinate Descent (BCD) as inner solver

We now address the choice
Pp of the inner solver to minimize (1) once the WS has been defined. We minimize
P (λ) (B) = f (B) + λ j=1 kBj k, where f (B) = kY − XBk2F /2. In this section, Bj ∈ R1×q is the
j th row of B. In classical BCD algorithms, a block (line) jk is chosen according
to a particular selection

1
k
k−1
rule, then updated with:Bjk = Tjk ,Ljk (B
) = prox λ k·k Bj − L ∇j f (B) , with Lj = kX:,j k2 and for
L


µ
1
q
2
z, where for
z ∈ R , µ > 0, proxµk·k (z) = arg minx∈Rq 2 kz − xk + µkxk = BST(z, µ) := 1 − kzk
+

any real number a, (a)+ = max(0, a).
3.1

Greedy / Gauss-Southwell strategies

Following [17], we introduce a variant of the Gauss-Southwell (GS) rule. Contrary to static selection strategies such as the cyclic [3, 2] (jk = k (mod p)) and the random one [16] (where jk is drawn uniformly
in [p]) these variants aim at identifying the “best” block to be updated. The GS-r variant picks the block
maximizing the length of the update: jk ∈ arg maxj∈[p] kTj,Lj (Bk−1 ) − Bk−1
k. To reduce the cost of this
j
rule, we use a variant, GS-rB, which looks for the best features only in batches of size B, chosen in a cyclic
fashion (experiments are done with B = 10)
3.2

Gram matrix precomputation

As it selects the best block for each update, the GS-rB rule decreases the number of epochs needed to reach
convergence. Yet, the heavier computation to pick the block can cancel this benefit. However, when the Gram
matrix Q = [Q1 , . . . , Qp ] = X > X is stored (which is possible since the subproblems are small), it becomes
tractable to maintain the gradients H k = X > (XBk − Y ) ∈ Rp×q . The BCD steps becomes



k−1
k−1 λ
k−1
1

δBj ← BST Bj − Lj Hj , Lj − Bj
.
(5)
Bk ← Bk−1
+ δBj if δBj 6= 0
j

 jk
k−1
H
←H
+ Qj δBj if δBj 6= 0
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Figure 1: Duality gap as a function of
time for the Lasso on the standard Leukemia
dataset (n = 72, p = 7129) using λ =
0.01kX > Y k2,∞ . Methods compared are the
cyclic BCD from scikit-learn (Cyclic
w/o WS), the C++ implementation of B LITZ
as well as our WS approach with the GS-rB
rule (B = 10) with precomputation of the
Gram matrix. Both WS approaches outperform the plain BCD solver.

Figure 2: Duality gap as a function of
time for the multi-task Lasso on MEG data
(n = 302, p = 7498, q = 181) for
λ = 0.1kX > Y k2,∞ . The cyclic BCD from
scikit-learn is compared to the WS approach with the GS-rB rule (B = 10) with
precomputation of the Gram matrix. The
proposed WS approach outperforms the plain
BCD solver.

If the update is 0, the only computation required is the first line, which is O(q) since the gradients are stored.
If the value of Bj changes, the additional costs are the update of Bj and a rank one update of the gradients.
This low cost make the use of GS-rB rule possible to accelerate the subproblems resolution.
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Experiments

First we consider the Lasso problem which allows us to compare our implementation to the state-of-theart C++ implementation of B LITZ by [9]. We only compare to B LITZ, since extensive experiments in [9]
indicated that it is currently the fastest solver for the Lasso. Figure 1 presents the duality gap as a function
of time on the Leukemia dataset. Our implementation reaches comparable performance with the B LITZ
C++ implementation, which is itself significantly better than the scikit-learn implementation [20] (no
working set strategy) and faster than the GLMNET R Package according to [9].
Figure 2 presents results for multi-task Lasso problems, relevant to brain imaging with magneto- and electroencephalography (M/EEG) [30]. Y and B are multivariate time-series. Here, n = 302 corresponds to the
number of sensors, q = 181 to the number of time instants and p = 7498 to the number of brain locations.
The multi-task Lasso allows to identify brain activity stable on a short time interval [19]. In this experiment,
we use data (from the MNE dataset, see [8]) following an auditory stimulation in the left ear, in fixed orientation setting. We set λ = 0.1λmax , which leads to 24 blocks with non-zero coefficients at convergence (i.e., 24
active brain locations).
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Conclusion and future work

We have proposed a connection between Gap Safe screening rules and working set (WS) strategies, such
as B LITZ, to tackle many sparse learning problems, such as `2,1 regularized regression. We have shown
that in the context of small subproblems, precomputing the Gram matrix allows the Gauss-Southwell rule to
reach comparable performance to cyclic updates, not only in terms of epochs but also in terms of computing
time. To our knowledge, our implementation is the first to demonstrate timing performance for GS rules.
In particular, a GS variant we coined GS-rB, relying on restricting the search of the best update to small
batches of blocks has provided the best compromise. Among possible improvements, more refined batch GS
strategies could be investigated. Additionally, improving the efficiency of the stopping criterion strategies
would be another venue for future research. Finally, the impact of the growth of the WS size would benefit
from further studies.
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