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Abstract

Stochastic gradient descent (SGD) has taken the stage as the primary workhorse for large-scale
machine learning. It is often used with its adaptive variants such as AdaGrad, Adam, and AMS-
Grad. This paper proposes an adaptive stochastic gradient descent method for distributed machine
learning, which can be viewed as the communication-adaptive counterpart of the celebrated Adam
method — justifying its name CADA. The key components of CADA are a set of new rules tai-
lored for stochastic gradients that can be implemented to save communication upload. The new
algorithms adaptively reuse stale Adam gradients, thus saving communication, and still have con-
vergence rates comparable to original Adam. In numerical experiments, CADA achieves impressive
empirical performance at a 60% total communication reduction on average.

1. Introduction

Although simple to use, the plain-vanilla stochastic gradient descent (SGD) method [21] is of-
ten sensitive to the choice of hyper-parameters and sometimes suffer from the slow convergence.
Among various efforts to improve SGD, adaptive methods such as AdaGrad [5], Adam [14] and
AMSGrad [19] have impressive empirical performance, especially in training deep neural networks.

To achieve “adaptivity,” these algorithms adaptively adjust the update direction or tune the
learning rate, or, the combination of both. While existing studies on adaptive SGD have focused on
the setting where data and computation are both centralized in a single node, this paper considers
their implementation in the distributed setting. Since this setting often brings new challenges to
machine learning, can we add an additional dimension of adaptivity to Adam in this regime?

We consider the setting composed of a central server and a set of M workersin M := {1,..., M},
where each worker m has its local data &, from a distribution =,,,. Workers may have different data
distributions {Z,,, }, and they collaboratively solve the following problem

: 1 .
min £(0) = Mm;w L (0) with L£,(0):=E¢, [€(0;&0)], me M (1)

where 6 € RP is the sought variable and {L,,, m € M} are smooth (but not necessarily convex)
functions. We focus on the setting where local data &,,, at each worker m can not be uploaded to the
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server, and collaboration is needed through communication between the server and workers. This
setting often emerges due to the data privacy concerns, e.g., federated learning [9, 17].

To solve (1), we can in principle apply the single-node version of the adaptive SGD methods
such as Adam [14]: At iteration k, the server broadcasts % to all the workers; each worker m
computes V/(6*; ¢¥) using a randomly selected sample or a minibatch of samples {¢X} ~ =,,, and
then uploads it to the server; and once receiving stochastic gradients from all workers, the server can
simply use the aggregated stochastic gradient V¥ = L3~ V(6*;¢") to update the parameter
via the plain-vanilla single-node Adam. To implement this, however, all the workers have to upload
the fresh {V/(6%;¢F)} at each iteration. This prevents the efficient implementation of Adam in
scenarios where the communication uplink and downlink are not symmetric, and communication
especially upload from workers and the server is costly; e.g., cellular networks [18]. Therefore, our
goal is to endow an additional dimension of adaptivity to Adam for saving uplink communication.

Related work

Adaptive SGD. Adaptive learning rate methods have been developed that scale the gradient in an
entry-wise manner by using past gradients, which include AdaGrad [5, 26], AdaDelta [29] and
other variants [15]. This simple technique has markedly improved the performance of SGD. Adap-
tive SGD methods update the search directions and the learning rates simultaneously using past
gradients. Adam [14] and AMSGrad [19] are the representative ones in this category. While these
methods are simple-to-use, analyzing their convergence is challenging [19]. Their convergence in
the nonconvex setting has been settled only recently [3, 4]. Except [27], most adaptive SGD meth-
ods are studied in the single-node setting where data and computation are both centralized.
Communication-efficient SGD. One of the most popular techniques in this category is the periodic
averaging, e.g., elastic averaging SGD [30], local SGD (a.k.a. FedAvg) [7, 10, 12, 13, 16, 17,
22, 24] or local momentum SGD [25, 28]. In local SGD, workers perform local model updates
independently and the models are averaged periodically. However, except [7, 10, 24], most of local
SGD methods follow a pre-determined communication schedule that is nonadaptive. Some of them
are tailored for the homogeneous settings, where the data are identically distributed over all workers.
The effect of data heterogeneity on local update methods has been discussed in, e.g., [13].

The most related line of work to this paper is the lazily aggregated gradient (LAG) approach
[2, 23]. Unfortunately, the performance of LAG will be degraded when using stochastic gradients.
Our approach generalizes LAG to the regime of running adaptive SGD. Very recently, FedAvg with
local adaptive SGD update has been proposed in [20]. When the new algorithm achieves the sweet
spot between local SGD and adaptive momentum SGD, the proposed algorithm is very different
from ours, and the averaging period and the selection of participating workers are nonadaptive.

2. CADA: Communication-Adaptive Distributed Adam

We develop a new adaptive SGD algorithm for distributed learning, called Communication-Adaptive
Distributed Adam (CADA). Akin to the dynamic scaling of every gradient coordinate in Adam, the
idea of adaptive communication is motivated by that during distributed learning, not all communi-
cation rounds between the server and workers are equally important. So a natural solution is to use a
condition that decides whether the communication is important or not, and then adjust the frequency
of communication between a worker and the server.
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Analogous to the original Adam [14] and AMSGrad [19], our new CADA approach also uses the
exponentially weighted stochastic gradient 2**! as the update direction of 91, and leverages the
weighted stochastic gradient magnitude v** to inversely scale the update direction h**1. Different
from the direct distributed implementation of Adam that incorporates the fresh (thus unbiased)
stochastic gradients V* = L3 T/(6*; ¢F), CADA exponentially combines the aggregated stale

stochastic gradients V¥ = L3> w6k ¢k, where VO(65,; k) is either the fresh stochastic

mrSsSm miSm

gradient V/(0%; £), or an old copy when 6%, + 6%; ¢F + ¢* . Informally, with oy, > 0 denoting the
stepsize at iteration k, CADA has the following update

WML = BIRR 4 (1 - ) VF, with VF = Z V6, Eh) (2a)
mEM

M= Bt + (1 - Ba)(VF)? (2b)

OF 1 = 0F — (el + VFH) T3 pht (2¢)

where 3, 82 > 0 are the momentum weights, V**1 := diag(¢**') is a diagonal matrix whose diago-
nal vector is %1 := max{v**1, ©*}, the constant is € > 0, and I is an identity matrix. To reduce the
memory requirement of storing all the stale

stochastic gradients {V/(6%;¢F)}, we can obtain Server 0+ =6" —a, (sl +V*") e
V¥ by refining the previous aggregated stochastic ) A
gradients V*~1 stored in the server via 7 / 7
1 r r
vi=vily DS gk (3) workers ww u
.2, sl fsmall o fpmeme ]
where &F = VO(0F;€k) — VO(E;EE) is the Figure 1: The CADA implementation.

stochastic gradient innovation, and M¥ is the set
of workers that upload the stochastic gradient to the server at iteration k. See CADA’s implementa-

tion in Figure 1 and the pseudo-code in Algorithm 1.
We formally develop our CADA method, and present the intuition behind its design. To be more

precise in our notations, we henceforth use 7% > 0 for the staleness or age of the information from
worker m used by the server at iteration k, e.g., 0%, = 6%~ . An age of 0 means “fresh.”
The first one termed CADA1 will calculate two stochastlc gradlent innovations with one 6%, :=

\ACAR m) VK(G ¢k ) at the sample &, and one ony ™™ 1= V(05T 551_*) — V{(0; 57]31_7"]1) at the
sample fm = where 0 is a snapshot of the previous iterate 0 that will be updated every D iterations.
CADAL1 will exclude worker m from MPF at iteration k if worker m finds

m?

H(Sk k 7'

D
[ TR @
d=1

If (4) is satisfied, worker m does not upload, and the staleness increases by 75+ = 7% 1-1; otherwise,
worker m belongs to M¥, uploads the stochastic gradient innovation §¥,, and resets 7%+1 = 1.

In addition to (4), the second rule that we term CADA?2 will reuse the stale stochastic gradient
V(o ,fm ) or exclude worker m from M* if worker m finds

D
Hve(ak;g,’;) —v(0k 5,’;)“2 <[t oh e 5)

d=1
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Algorithm 1 Pseudo-code of CADA; red lines are run only by CADA1; blue lines are implemented
only by CADAZ2; not both at the same time.
Input: counter {7‘,91}, stepsize g, ¢, max delay D.
fork=0,1,..., K —1do
Server broadcasts 6* to all workers.
CADA1: All workers set § = 6% if k mod D=0.
for Worker m = 1,2,..., M do in parallel
CADATL:
Compute V£(0*; €% ) and V(6 {,,,)
l

Check condition (4) with stored (),,,

CADA2:
Compute V£(6%; &8 ) and V£(6;, . i vk 7).
Check condition (5).
if (4) or (5) is violated, or, T k > D then
Upload 6F,. >Rl =
else
Upload nothing. > 7htl =7k 11
end if
end for

Server updates {h*, v*} via (2a)-(2b).
Server updates 6* via (2c).
end for

If (5) is satisfied, then worker m does not upload, and the staleness increases by 75+ = 7% 1 1;
otherwise, worker m uploads the stochastic gradient innovation §* > and resets the staleness as
7k+1 = 1. Notice that (5) is evaluated at two different iterates but on the same sample ¢

3. Convergence Analysis of CADA

We present the convergence results of CADA. For all the results, we make some basic assumptions,
which are standard in analyzing Adam and its variants [3, 14, 19, 27].

Assumption 1 The loss function L(0) is smooth with the constant L.

Assumption 2 Samples ¢}, €2, ... are independent, and the stochastic gradient V{(0; £F) satisfies
Eer [VU(0;E8)] = VL (0) and |V L(0;€5)|| < 0. And define o == 37>, jj O

We will start with analyzing the expected descent in £(6*) by applying one CADA update.

Lemma 1 Under Assumptions 1 and 2, if a < oy 1, then {0%} generated by CADA satisfy
E[£(6"+)] — BIL(6Y)] < (’; - mL) E [0 = 0°)) - ax(1 - B1)E [<V£<9k>, (e + V+=P)~hwk)]

= kB [(VEO), (o + T4 58] g2 B[ 3 (e + o5 P) b (e + 541 ©

i=1
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Lemma 1 contains four terms in the RHS of (6): the first term captures the drift of two consec-
utive iterates; the second and third terms quantify the correlations between the gradient direction
VL(6%) and the stale stochastic gradient V¥ as well as the state momentum stochastic gradient h¥;
and, the last term estimates the maximum drift of the adaptive stepsizes over D + 1 iterations. The
following lemma characterizes the regularity of the stale aggregated stochastic gradients V*.

Lemma 2 Under Assumptions 1 and 2, if the stepsizes satisfy a1 < a < 1/L, then we have

2.4
(VL) (el + V42) 4 04) | <= FE[IVLO0] g0+ PE X
meM
L c D
el k+1—d _ pk—d|2
te (12+2L>d2=1]1£[||9 oF =427 . )

Lemma 2 justifies the relevance of the stale yet properly selected stochastic gradients. Intuitively,
the first term in the RHS of (7) resembles the descent of using SGD with the unbiased gradient, and

the second and third terms will diminish if the stepsizes are diminishing.
In view of Lemmas 1 and 2, we introduce the following Lyapunov function:

VP = L(6%) — L(67) - i a; Bl <v,c(e’<f*1), (el + f/k)féhk>

j=k
D p D
1
Fbe Y D (e+ 07N T2 4 pal0FTIT - 0F 2 (8)
d=0 =1 d=1

where 6* is the solution of (1), {b}/ | and {p4}2_, are constants that will be specified in the proof.
The following lemma captures the progress of the Lyapunov function.

Lemma 3 Under Assumptions 1-2, if {by}_| and {p4}Z_, in (8) are chosen properly, we have

) -84 < - R (e 1) TR o] + oty ®

where the constant C depends on the CADA and problem parameters c, 31, B2, ¢, D, and L, {02, }.

Lemma 3 is a generalization of SGD’s descent lemma. If we set 5; = 82 =0in (2) and by, = 0, pg =
0, Vd, k in (8), then Lemma 3 reduces to that of SGD in terms of E(Gk); see e.g., [1, Lemma 4.4].
Building upon our Lyapunov analysis, we first present the convergence in nonconvex case.

Theorem 4 (nonconvex) Under Assumptions 1, 2, if we choose o, = a = O(—=) and p; <

VB2 < 1, then the iterates {0*} generated by CADA satisfy

KZ E [|VL(6")]%] (Jlﬁ) (10)

k=
From Theorem 4, the convergence rate of CADA in terms of the average gradient norms is
O(1/VK), which matches that of the plain-vanilla Adam [3, 19].

N
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Figure 3: Training Neural network for classification on mnist dataset.
4. Simulations

In order to verify our analysis and show the empirical performance of CADA, we conduct simula-
tions using logistic regression and training neural networks. Data are distributed across M = 10
workers during all tests. We benchmark CADA with some popular methods Adam [14], stochastic
version of LAG [2], local SGD (or FedAvg) [17], local momentum [28] and FedAdam [20]. For
local SGD, local momentum and FedAdam, workers perform model update independently, which
are averaged over all workers every H iterations. In simulations, stepsizes are optimized for each
algorithm by a grid-search. Due to space limitation, please see the data allocation, the detailed
choice of parameters, and additional experiments on CIFARI0 dataset in Appendix.

Tests on logistic regression are reported in Figure 2, and tests on training neural networks are
reported in Figure 3. In our tests, two CADA variants achieve the similar iteration complexity as
the original Adam and outperform all other baselines in most cases. Since our CADA requires
two gradient evaluations per iteration, the gradient complexity of CADA is higher than Adam, but
still not more than that of other baselines. For logistic regression task, CADA1 and CADA?2 save
the number of communication uploads by at least one order of magnitude; and for neural network
training, the saving is about 60%. Based on this results, the CADA1 and CADA?2 rules achieve
more saving in terms of communication rounds than the direct stochastic version of LAG.
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Supplementary materials for
“CADA: Communication-Adaptive Distributed Adam”

In this supplementary document, we first compare CADA and the direct stochastic extension
of LAG, and then present the missing derivations of some claims, as well as the proofs of all the
lemmas and theorems in the paper, which is followed by details on our experiments.

Appendix A. Rationale of CADA

A.1. Why LAG with stochastic gradients does not work?

The LAG method [2] modifies the distributed gradient descent update. Instead of communicating
with all workers per iteration, LAG selects the subset of workers MF* to obtain fresh full gradi-
ents and reuses stale full gradients from others, that is, ¥+ = gk — 2 %~ M\ MkVﬁm(é)k*Ti) —

ey ents VLm (0%), where M* is adaptively decided by comparing the gradient difference ||V.L,, (6%)—
VL (Hk‘ﬂﬁ )||. Following this principle, the direct (or “naive’) stochastic version of LAG selects the
subset of workers MP" to obtain fresh stochastic gradients V.L,, (0%;¢F), m € M*. The stochastic
LAG also follows the distributed SGD update, but it selects M* by: if worker m finds the innovation

of the fresh stochastic gradient V£(6%; ¢F)) is small such that it satisfies

D
[wewr:h) — ve b ™| < o3 okt — ke an

d=1
where ¢ > 0 and D are pre-fixed constants, then worker m reuses the old gradient, m € M\M¥, and
sets the staleness 75+ = 7% 4+ 1; otherwise, worker m uploads the fresh gradient, and sets 75+ = 1.
In the deterministic setting, LAG condition (11) is motivated by the elegant “larger descent per
upload” rationale, and has proved to be effective [2]. Nevertheless, the observation here is that the

two stochastic gradients (11) are evaluated on not just two different iterates (0¥ and 6k=7m) but also

two different samples (£* and ff,'L_T"Ij‘) thus two different loss functions. This is in contrast to the
original LAG in [2] where the gradient innovation is evaluated on the same function.

This subtle difference leads to the ineffectiveness of (11). We can see this by expanding the
left-hand-side (LHS) of (11) by (see the details in supplemental material)

E [| V66 ¢h) — V0“5 6n ™)) 2 %E (IVe6*seh) = VL85 ] (12a)
+ %]E [vaz(e’“—“‘ﬁ;gf;*) VL (05 2]} (12b)
—E[| VL (0%) = VL (0% )||2). (12¢)

Even if #* converges, e.g., 9 — @*, and thus the right-hand-side (RHS) of (11) HH’“H*d—H’“*dHQ —
0, the LHS of (11) does not, because the variance inherited in (12a) and (12b) does not vanish yet the
gradient difference at the same function (12c) diminishes. Therefore, the key insight here is that the
non-diminishing variance of stochastic gradients makes the LAG rule (11) ineffective eventually.
This will also be verified in our simulations when we compare CADA with stochastic LAG.

Appendix B. Why CADA rules can work with stochastic gradients?

The rationale of CADAL1. In contrast to the non-vanishing variance in LAG rule (see (12)), the
CADA1 rule (4) reduces its inherent variance. To see this, we can decompose the LHS of (4) as
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the difference of two variance reduced stochastic gradients at iteration k and k — 7% . Using the
stochastic gradient in SVRG as an example [8], the innovation can be written as

5k Fk—Tm _
6’m - 5m -

(VeO™:€h) = VUBigh) + VLw(B)) = (VO™ 6577) = VeBigh ™) + VLn(0) . (13)

Define the minimizer of (1) as #*. With derivations given in the supplementary document, the
expectation of the LHS of (4) can be upper-bounded by

E [Hé,’; G ||2] -0 (E[c(ak)] — L(0%) + E[L(6F~)] — £(6*) + E[L£(8)] — c(a*)) L4

If 6% converges, e.g., Gk,Gk_Trkn,é — 6*, the RHS of (14) diminishes, and thus the LHS of (4)
diminishes. This is in contrast to the LAG rule (12) lower-bounded by a non-vanishing value.
Notice that while enjoying the benefit of variance reduction, our communication rule does not need

to repeatedly calculate the full gradient V£, (6).

The rationale of CADA2. Similar to CADA1, the CADA2 rule (5) also reduces its inherent
variance, since the LHS of (5) can be written as the difference between a variance reduced stochastic
gradient and a deterministic gradient, that is

VO(OF; €k ) — ve(oF T gk ) = (Vﬂ(e’“; kY = weoF k) + vzm(e’f”fi)) VL (08T, (15)

With derivations deferred to the supplementary document, similar to (14) we can also conclude that
E[||VE(6%; ¢k) — Ve(0F =T € )||2] — 0 as the iterate 08 — 6*.

For either (4) or (5), worker m can check it locally with small memory cost by recursively

updating the RHS of (4) or (5). In addition, worker m will update the stochastic gradient if the
staleness satisfies 7* > D. We summarize CADA1 and CADA?2 in Algorithm 1.

Appendix C. Missing Derivations

The analysis in this part is analogous to that in [6]. We define an auxiliary function as
m(0) = Lo (0) — Ly (6%) — <v5m(9*), o 9*>
where 6* is a minimizer of £. Assume that V£(0; &,,,) is L-Lipschitz continuous for all &,,, we have
IV08: &m) = VO™ &m)|I* < 2L (€05 6n) — (075 6n) — (V73 60),0 — 67) )
Taking expectation with respect to &,,, we can obtain
Be, V065 €m) = VEO"s &) ) < 2L (Ln(0) = Ln(0%) = (T L (67),6 — 67) ) = 2Lt (0).
Note that V£, is also L-Lipschitz continuous and thus

IV Ln(0) = VLm0 < 2L(Lm(0) = Lun(07) = (TLm(07),0 = 0°)) = 2Ltsn(0).

10
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C.1. Derivations of (12)

By (56), we can derive that
161 + 62| < 2]|61[|* + 262

which also implies [|6[|> > 3|61 + 62? — [|62]|>.

As a consequence, we can obtain
E[[[ve(o; k) — Vet 6|7
z%E[H (VOO 5) = VLm(8)) + (VL (6" 7) = V(0" 68™)) ]
—E[|[VLn(0%) = VL (0" )|?]
= E[[VE6*;65) ~ VL 6Y)7] + SE[[[ VA5 65 — L6t

E[(Ve(6*;€5) = VL (6, w:m(ak ThY = V(O T g D] —E[[VLm(6") = VLm (6]
. _ \

where we used the fact that I3 = 0 to obtain (12), that is

I = E|(E[VE(0"; 66)] 0] = VLn(6), TLpn(65) = VUO" s ¢l))] =0,

C.2. Derivations of (14)
Recall that

k

BE Gl = (VH(OFS€8) — VOB €8) + VL (B)) — (VOO0 €™ — e(; T'“)+va ()
= (VUO"68) = VUi gh) + Vi (0)) - (VO 360 ™) = VUG En ™) + V().

k

g m g"L

And by (56), we have ||k — 5%~ H2 < 2||lgk |12 + 2[|grs T |2. We decompose the first term as
E[llgn|I*] <2E[||VE(6*; &5,) — VLO*; &) 117 + 2E[|VEG; &) — VO ;£8,) — Vb (0)]]°]
=2E[E[||VL(6%; &5,) — VE(6*; €)% 0]
+2E[|[V(6; &5,) — V05 €5) — E[VAG; &) — V(9™ €5,) 1081
<ALEm (0%) + 2E[||VE(0; &1,) — V(0" €5) 7]
=4LE (0%) + 2E[E[|VL(G; &) — VE(O*; &5)[1%10M]]
<ALEp,, (6F) + ALEW,,(6).

By nonnegativity of v,,,, we have

Elllgnl®] < 4L Y E¢(6*) +4L D Egn(9)

meM meM
= AML(EL(0%) — £(0%)) + AML(EL(A) — L(67)). (16)
Similarly, we can prove
E[llgh, ™ |*) < 4ML(EL(6" ™) — £(6%)) + AML(EL(6) — L(67)). (17)

11
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Therefore, it follows that
E[|3F, — %™ 17
< 8ML(EL(0%) — £(6%)) + SML(EL(0¥ ™) — L(6%)) + 16ML(EL(0) — L(6%)).

C.3. Derivations of (15)
The LHS of (5) can be written as

VUONh) = VEOF T ER) = (V0% ) — VO ER) + VL (0F ) — VLn(0" )

(TO" €h,) — VOO T €h) + V(65 )) — Vipy (65 ).

Similar to (16), we can obtain

E[||VA(0F;€8,) — VOO €5) + Vb (0|2
< AML(EL(0%) — £(6%)) + AML(EL(0F ™) — £(6%)).

Combined with the fact

E[|[ Ve (0F7) 2] = E[||V L (057) — VLo (67)|]
< 2LEW, (05 ™) < 2M L(EL(6* ™) — L(67))

we have

E[||Ve(6¥;€5,) — VOO T €5)|P) < SML(EL(6Y) — £(6%) + 12M L(EL(S* ™) — L(6")).

Appendix D. Proof of Lemma 1

Using the smoothness of £(6) in Assumption 1, we have
k+1 k ky pgk+1 k Ly k1 k|2

L) < £(6%) + (VL(©05), 05 — 0 >+§He — ok

k k k+1y— 1 k+1 Lk k|2
= £(6%) — (VL") (el + V1) "3 >+§H9 —o*|%. (s
We can further decompose the inner product as
- <V£(0k), (el + V’f+1)*%h’f+1>
= (1- 51)<vz(ek), (el + V’f)—%vk> —5l<vz(9k), (el + f/’f)—%h’f>

L 1
I

—(VLOF), (eI + V)78 = (el + Vh)73) ket (19)

L ]
I3

12
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where we again decompose the first inner product as
—- ’Bl)<w(9k)a (el + f/’f)*%v’“> =—(1- 61)<vc(0’f), (el + V’f*D)*%vk>
L [:I;

—(1= BO(VLER), (eI +VF)7% = (T + VF=P)73) W) (20)

L
k
14

Next, we bound the terms IF, I}, I}, I} separately.
Taking expectation on [ f conditioned on ©F, we have

E[I} | 0] = ~E [1( VL"), (T + VF)~30¥) | ©F]
= =B (VLO), (el + VIR = B (VL") = TLO), (e + VF) 75

< B (VO ), e+ VIR + o Ao — o

O et e ker ) e
<A (B B+ I 4 1) g BiLl|e - 6| 1)

where follows from the L-smoothness of £(0) implied by Assumption 1; and (b) uses again the

decomposition (19) and (20).
Taking expectation on . 5 over all the randomness, we have

E[I}] =E:— <V£(9k)’ ((d+ PRYE (e Vk)—%) hk+1>]

P
_ LOYR (e +08)72 — (e + 012
=5[> vicw (a2 = (e af)72)

(d) r P
<E[IVLE)IR Y ((e+ 0578 — (e+ k)77
) i=1
© 5 e Ay — L Sht1y—3
<o E[Z((e+vi) 2 —(e4+0,7)" 2)] (22)
i=1
where (d) follows from the Cauchy-Schwarz inequality and (e) is due to Assumption 2.

Regarding I. zﬂf , we will bound separately in Lemma 2.
Taking expectation on I} over all the randomness, we have

E[I]] =E[— (1 —ﬁl)<vc(9k), ((e[—l— VEY3 (e + VE-D)~ ) V’“ﬂ

ViL(0F)VE ((e +0f)72 — (e + 0

M@

- (1= BUE|

Il
—

7

)
<(1 - BOE[IVEENITHI Y ((e+ 682 E — (e o)72)]

=1

<(1-B)o [Zp:( %—(e+®f)*%>}. (23)

=1

.
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Taking expectation on (18) over all the randomness, and plugging (21), (22), and (23), we have
E[L(0"+)] — E[L(0%)] < — ay,E [<vc(9’“), (el + V’“*l)*%h’““ﬂ + gE [He’f“ - 9’“”2}
— oy |1 + 15+ If + 1] + gE (o = 05|
< — ay(1 = BE [( VL"), (el + VE-P)75vF)]

— i [(VLEO), (e + 7F) 50|

+ak02E[i(e+v —3 (e + oY)~ %>]

(=
VR
—
[
+
S
ST

|
O
~—
|
[SIE
|
—
[
+
S
S
S~—
|
N[
N—
| IS

+ ap(l — ﬁ1)02E[

I
—

L
+ (2 +aragt /1L | E [He’f“ - ekHQ] ) (24)

Since (e + 9F)~ 3 < (€ +vf*1)_%,we have

=1

Plugging (25) into (24) leads to the statement of Lemma 1.

Appendix E. Proof of Lemma 2

We first analyze the inner produce under CADA?2 and then CADAL.
First recall that V* = LY Ve(6%; k). Using the law of total probability implies that

E [<vc(e’f), (e + V’C—D)—%Wﬂ —E :IE [<v5(9’f), (el + V’“—D)—%v’“> | @’f”
—E '<v,c(9k) (d+ Vh-Dy=3 [V’“ | @k] >}

(26)

—E Hv,c (%)

(6[+Vk D)%:| .

14



CADA: COMMUNICATION-ADAPTIVE DISTRIBUTED ADAM

Taking expectation on <V£(9k), (el + V=D )7%Vk> over all randomness, we have

1

) [<vz(9k) (el + VFD)=3w >}
=~ E [(VL"), (e + VEP) 75|

vt
~E[(VL@h), (1 +7FP) %(W (6 - Ve ) )

©_g Mvg(ek)

(d+\7kD)%]

2 S E[(VL@h), (1 + VP (Ve - vaet ) ) @

mEM
where (a) uses (26).
Decomposing the inner product, for the CADA?2 rule (5), we have

—E[(VL(Y), (el + V* D)~ (w(e’f*ﬂ’%; gk = Vet k) )

—E[(VL(Y), (I + VF=P) 73 (Va(oh=h; gl - va(ot i gh) ) )
- EKVE(&’“), (el +V*=P)=3 (Veoh—h; gh) - veose)) )|

N

(i)f;a: ZE [He’““ d_gh=42 } + 6DLaye 202,
K [<vc(9’f), (el +VF=D)=3 (W(ekffm;gm) — v g{;)m (28)

where (b) follows from Lemma 6.
Using the Young’s inequality, we can bound the last inner product in (28) as

—E[(VLO"), (el + VE=P)73 (Ve b - ek k) )|
<gB|VEO o]+ B[+ 70 (et et - veoten) ]
s lloc ]+ el 0 ety
< 1g[||vee ilmD)_%: + SB[ (e + 74Py | XD: ot o]
S]] + 5 S oot

where (g) follows from the Cauchy-Schwarz inequality, and (h) uses the adaptive communication
condition (5) in CADA2, and (i) follows since V*~ is entry-wise nonnegative.

15
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Similarly for CADA1’s condition (4), we have
E[(VLOY), (eI + V)73 (Ve gy - weehieh) ) )
=~ E[(VL("), (eI + VFP) % (V@i ¢h) - Vedieh)) )
—E[(VLO"), (el + VEP)73 (8575 = 3t )]

() Le 3
<
 12a

_E [<v.c<ak>, (el + VD)3 (5;;—751 - 5;;)>} (30)

D
ZE |:H9k+1—d o ek—dHZ} 4 GDLOCkf_%U?n
d=1

where (j) follows from Lemma 6 since fisa snapshot among {#*, ... #*—D}.
And the last product in (30) is bounded by

s[(oeeh. o+ 40 )

B L P TR R
%);E[HVE(HIC) ZHWD)%] n cezé iE[ HakJrlfd_ akidHQ} a1

d=1

Combining (27)-(31) leads to the desired statement for CADA1 and CADAZ2.

Appendix F. Proof of Lemma 3

For notational brevity, we re-write the Lyapunov function (8) as

VE = L£(0%) — £(6%) — e <v5(9k—1), (el + V’f)—%hk>

D p D
Ake—dy— L1 _ _
Fbp Y Y (e+ 0T 4D pgll0FTT oM (32)

d=0 i=1 d=1

where {c; } are some positive constants.

16
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Therefore, taking expectation on the difference of V¥ and V**+1 in (32), we have (with pp,1 =
0)
E[VE*] — E[VF] =E[L(0"1)] - BILOY)] - cpn B [(VLEOY), (eI + V) ~2nk+ )|

+ o [(VLO), (I + f/’“)—%hkﬂ

D p D p
TR S SRR SEaS S o o
d=0 =1 d=0 =1

N:\»—t

D
+ mE |:H9k+1 _ ngZ} + Z Pdi1 — [Hek’-i-l —d sz—dHZ]
d=1

—
=

a

< (e + i1 )E [If+]§+[§f+[ﬂ — 4E [If*1+I§*1+I§ Lyt 1}
p
+bk+1ZE[ (e+ 087 = b YO E[(e+ 0f D)3 ]

i=1

=1

(pas1 = pa)E [67+170 — 0|2

h

+

(33)

ioRio

+

i
r

where (a) uses the smoothness in Assumption 1 and the definition of ¥, I§, I¥ I¥ in (19) and (20).
Note that we can bound (ay + cx41)E [If + If + Iéf + Lf] the same as (19) in the proof of

Lemma 1 In addition, Lemma 2 implies that

(51+VkD)—%]

D _1
L c _ _ 6D Lage 2
( + 2> ZE [Hngrl d_ gk dH2 +(1 _ 61) i Z Urzn'
d=1 meM
(34)

B[t < - 1=P1g Mvz(ek)

+(1— ﬁl)f%

17
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Therefore, plugging Lemma 1 with oy, replaced by a, + cx1 into (33), together with (34), leads
to

EWVA] — E[VF) < — (o + cpr) (1 ‘251> [Hw ")

(e.r+vk D)= %}

- L ¢ k+l—d _ pk—d|2
+ (g + cp1)(1 — Br)e 2 (12ak + 2) ;E [||9 | }

1
6D Loge 2
+ (g + cpr1)(1 — ﬁl)T Z om,
meM

+ ((ap + crg1)B1 — cu)E {I{“‘l + I L’f—l}

+ (o +ck+1)(251)02E[Zp: ((€+@Z(ch)—% (e+vk+1) %)}

=1
e Yl )4 0 S B[t
=1
p
+ D (bgt1 — bk)ZE{(e—i-ka dy= ﬂ
=1

_l’_

(
Select o, < ag_1 and ¢, := i ozjﬂ{'*kﬂ < (1 — B1) " tag so that (ay, + cry1)p1 = cx and
j=k
(ak + cpr1)(1 = B1) < (ag + (1= 1) ) (1 = Br)
<ap(l+(1=4)"H(1 - B1) = ar2—B1).

In addition, select b;, to ensure that bk+1 < bg. Then it follows from (35) that

ioRey

(par1 = pa)E [[|0"+171 — 6"~

i
M‘b!»—l

+p1 + (ar + Ck+1)akilﬂlL> E [He’““ — 0|71 (35)

k+1 k (1 — k 26DLe 2
E[VE+1] — EVF] < — f [ch )] e D)%} (2 - B m;a
1 L ¢\ + k+1-d _ pk—dj2
(2 Aase (mk+2) > [Jo =t - -4y
(2-51) % DY} (et o1y
+((1_ﬁ1)ako’ —bk> [;( (e+ 0,11~ )}
+ <§+p1+ (1—p1)7 " >E{H9k+1—9k||2}
D
+Z (Pasr — {Hek+l d kade} (36)
d=1

18
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where we have also used the fact that —(ag + cx11) (1_2[31) < —O"“(lgﬁl) since ci+1 > 0.
If we choose o < % fork=1,2..., K, then it follows from (36) that

E[VH] —ED']
<- ak(l; B) <e+ : i2ﬁ2>_§1€ [Hw(e’“)m + (251)60‘%1)]\;(%”;4031
(o )l (cv o)
+ (g Fo+(1—pB)7" ) E [IIH’“+1 - 9"“II2}
; 1.( 20t (5 28 ) + s —pd)lE [ S FREY)
—

d

To ensure A¥ < 0 and Bij < 0, it is sufficient to choose {by } and {pg} satisfying (with pp1 =

0)
2 _ 2
&1%))0%02—bk§0, k=1,--- K
— M1
L

Solve this system of linear equations and get

(2-51)?
by = — "7 k=1..-- . K 38
YA R (38)
1 (L
pa= (2 PBr)e 2<12+2L>(D—d+1), d=1,---,D (39)

plugging which into (37) leads to the conclusion of Lemma 3.

Appendix G. Proof of Theorem 4

From the definition of V¥, we have for any k, that

D
E[VE) > £(6) — £(8%) — e (VLEOM), (T + VF)308) 37 pufl 014 — 0442
d=1

v

[ 05 et + 744
> —(1—B) logole 2 (40)

where we use Assumption 2 and Lemma 7.

19
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By taking summation on (37) over k = 0, - -- , K — 1, it follows from that
_1 K
Oé(l —61) 0'2 2 1 k 2
2 <€+ 1- B K;E HVE(G )H
E[V!] — E[VE+]] 6a2DLe 2 , (2-B1)2 , . _1a
=~ K +(2—61)T Z m+m0’ pDe 2?
meM
L B k+1 k
+<2+p1+<1 B1)” ) ZE[HG N
(E)E[Vl]_l_(Q_/B)GaQDLe_Q Z 2 +(1—,8)_1 2 —%g+(2_51)2 2 D—%g
="K VT & Voo g T A’ R
L _ _ _
# (5 4o =m0 ) 1 )1 o) e @)

where (a) follows from (40) and Lemma 8.

Specifically, if we choose a constant stepsize o := \/—%, where 17 > 0 is a constant, and define

Cy = (2— 1)6DLe 2
and 2-3 )2
-1 -1 — M1 _1
CQ—(1_51> € +(1—61)D
and I
Coim (540 (1= 67 ) (1= ) (1= o)
and

N[

~ 2 -
Oy = %(1—61) (e+ 1f52)

we can obtain from (41) that

0\_ /(0% A 2 A
1 KZ E[IVL@h)?] < SR 5 S T + Copo i + Ciypo?
k:O aCy
_LO) - L) C * LG
(0%) — £(67) | Cra 3 02+ Cop—e 22

KOzC4 CyM e KC4 Cy
_(£(6°) — £(87)Cs Cm Z 2 Csz L Cspn
\/K"? me./\/l " \/E

where we define 01 = 01/04, 02 = 612/04, 03 = C~'3/C~'4, and 04 = 1/04.

20
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Appendix H. Convergence under Polyak-f.ojasiewicz condition

Next we present the convergence results under a slightly stronger assumption on the loss £(6).

Assumption 3 The loss function L(0) satisfies the Polyak-ELojasiewicz (PL) condition with the
constant p > 0, that is £(6) — L(6%) < 5 [|L(0)[|*.

The PL condition is weaker than the strongly convexity, which does not even require convexity
[11]. And it is satisfied by a wider range of problems such as least squares for underdetermined
linear systems and logistic regression, and also certain types of neural networks.

We next establish the convergence of CADA under this condition.

Theorem 5 (PL-condition) Under Assumptions 1-3, if we choose the stepsize as oy = m
for a given constant K, then 0% generated by Algorithm 1 satisfies
1
K _ *) — -
E[£(6")] — L") =0 <K> . (46)

Theorem 5 implies that under the PL-condition of the loss function, the CADA algorithm can

achieve the global convergence in terms of the loss function, with a fast rate O(1/K).
By the PL-condition of £(¢), we have

JEREETY <6+ : fﬁz)_zm [I726)7]

<ot =)+ 1 2) B [0 - 20)

Nl

1—f
(@) 22 D
- ~ 1 A\ _ 1 _ _
< 2akuC4(E[Vk]+ck <V£(9’“*1),(d+ V}“)’Ehk>—bk22(e+vf B2 = pall6F 6 d||2)
d=0 =1 d=1
(b) ~ ~ 1 ~ D P k—d 1
< = 20 uCaEV] 4 203 uCa(1 — B1) o2 E 4 2aiuCiaby 3O DB [(e+ 0870 7]
d=0 i=1
_ D
+20;,uCs Y paB[[|6F1 7 — 0577 (47)
d=1

where (a) uses the definition of Cy in (45), and (b) uses Assumption 2 and Lemma 7.
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Plugging (47) into (36), we have

) 6a2DLe 2
k k 2
< =204, uC4EV] 4+ (2 — Bl)T gjm

B a3t Pt it

[T

|

P
+ i1 ZE[ e+ o))" ﬂ — (b — 200uCiyby,) ZE[(G + 9Py
=1 =1

Mu

+

u

_1 ca = _ _
+§:<2—61 %< ;)+pﬂl m+2mwGwOE[W“1d—9kﬂﬂ- (48)

p
(b1 — bg, + 20 1Cby,) ZE[(G + 4 Ak+1 d) %}
1=1

T
l\')‘h»—\

+p1+(1— 51)_1L) p(1 = B2) 11 = B3) g + 2057uCy(1 — B1) to?e 2

If we choose by, to ensure that by < (1 — 2ak,uC~'4)bk, then we can obtain from (48) that

R (49)
< — 20 nC4E[VF] + Z o2 a2 + Cspal + 2uCy(1 — By) Lo2e 2al
M
(2—p1) ~ P L o
(5o o7 1~ 2aupCny ) E[ 3 (e ot )74 (e at) )

1 Ca ~ — —
+ Z< (2= Br)e = ( 2k> + pat1 — pa + 204k,UC4Pd>E [H@Hl - d||2] :

If a; < L, we choose parameters {by, pg} to guarantee that

_ 2 A
((12_511))02 - (1 - 2“5“)@ <0, Vk (50)
1 2/1,6'4 .
(2 5n<m 2L>ez+pw¢—(1— “)pa<0, d=1,-.D (D)

and choose 31, B2, € to ensure that 1 — % > 0.

22



CADA: COMMUNICATION-ADAPTIVE DISTRIBUTED ADAM

Then we have

EV) < (1 - 20400 ) EDY] + ( D om 4+ Cop+2uCa(1 = 1) Lo 2 )oa%

. meM .
Cs
k k k L
H 1—20;uCOEN]+ > " ad [ (1 - 205pCy)Cs. (52)
j=0 j=0  i=j+1

1
— <
) p(k+Ko)Cs = 2
satisfies the aforementioned conditions, then we have

If we choose aj = where K| is a sufficiently large constant to ensure that oy,

K-1 y K1 K-1 )
EVE] <EDVY) [T (1= 205uCa) + C5 > i [ (1 = 205uCy)
k=0 k=0  j=k+1
K-1 =~ K-1
k+ Ko —2 Cs Jj+ Ko —
<EDY] + =
kl_[() k+ Ko p2C? ;) k+K0 1;{-1 j+K0
(Ko — 2)(Ko — 1) o 5 = (k+Ko—1)
< EDO) + —= Z
(K + Ko — 2)(K + Ko — 1) 1203 &= (k+ Ko) (K + Ko — 2)(K + Ko — 2)
Ko —1)? CsK
—(O—)QE VO] LY" : 2
(K + Ko —1) p?*Ci(K + Ko — 1)
(KO - 1)2 C5K

:m(ﬁ(eo) = L(07)) +

p2C3 (K + Ko — 2)?

from which the proof is complete.

Appendix I. Supporting Lemmas

Define the o-algebra ©F = {¢',1 < [ < k}. For convenience, we also initialize parameters as
=P, g=P+1 . #~1 = #° Some basic facts used in the proof are reviewed as follows.

Fact 1. Assume that X, X»,..., X,, € R? are independent random variables, and EX; = --- =
EX, =0. Then

n
=> E[lxl]. (53)
i=1
Fact 2. (Young’s inequality) For any 01,65 € RP ¢ > 0,
16212, <la]®
01.0,) < . 54
< 2e 2 (>4
As a consequence, we have
1
161 + 6a]| < (1+g)uelu2+(1+a)\|62H?. (55)
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Fact 3. (Cauchy-Schwarz inequality) For any 61,605, ..., 6, € RP, we have
n 2 n
H IO (56)

Lemma6 Fork—D<I[<k—T1F lf{@k} are the iterates generated by CADA, we have
E [<vc(9k), (eI + VD)% (Vo' k) — Ve &b ™)) )|

Le_’
- 120ék

ZE[HQIH-I ~d _ gh—d)|2 }+6DLozk “202 (57)
and similarly, we have
E[(VLEOY), (1 +VEP)73 (VL (6)) - ve(o'; 05 )]

1 D
Le 2 1
< E |: k+1—-d _ pk—d 2:| DI —= 2 )
ST dg_l I 0" *| + 3DLaye 20, (58)

Proof: We first show the following holds.

E[(VL@), (el +VEP)~5 (Ve eh) - veo's ff:;%) )]

O [E[(VLE), (e + V*P) 5 (Vee eh) — Ve’ ™) >’91H

2B (VL@ (el + V)R |Ve(es¢l,) - vk e )]

—E :<vz,(el), (el + V*=Dy=3 (vcm(el) - vcm(el)) >} —0 (59)

»

where (a) follows from the law of total probability, and (b) holds because Vk=D is deterministic
conditioned on ©! when k — D < [.
We first prove (57) by decomposing it as

E[(VLO"), (e + VEP) 75 (Veb'sel,) - V@' eh ™)) )]
OB [(VLO") - VLEO), (1 + VD)1 (Ve0's65) - Ve ™)) )]

(d)
gLE[ (el + Vh—Dy=1

0 — 01| [[(e + V-2~ (wece's ) — et el |
?éZik e o - 7] + 22 vuet ) - vt el (©0
I 2

where (c) holds due to (59), (d) uses Assumption 1, and (e) applies the Young’s inequality.
Applying the Cauchy-Schwarz inequality to 17, we have

k-l 9
el -]

-l

(k - l) E[Hekﬂrlfd - kad”Q] < DZE[|’9k+1fd _ akdeZ ) 61)
1 d=1

PTH
-

a
I
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Applying Assumption 2 to [5, we have
I =E[|| V(@ &) - Vet el
—E[||Vee'; &k)|*] + B[ vee el )|°] < 202, 62)
where the last inequality uses Assumption 2. Plugging (61) and (62) into (60), it leads to (57).
Likewise, following the steps to (60), it can be verified that (58) also holds true. |
Lemma 7 Under Assumption 2, the parameters {h* %} of CADA in Algorithm 1 satisfy
|B¥| < o, Vk; ©F <02 ki (63)
where o == 35 3"\ O

Proof: Using Assumption 2, it follows that

1 k k 1 k k 1
k|| _ k—7k . ck—7E 1 k—7k . ck—7k - _
IVH) = || 2 vty < S0 [vee e < Y ow =0
meM meM meM
(64)
Therefore, from the update (2a), we have
IR < BuBH] + (1= BOIVE < BallR® ] + (1 = Ao
Since ||hY|| < o, if follows by induction that ||A**1|| < o, Vk.
Using Assumption 2, it follows that
. 2
_k _k
w5 = (3 3 v
meM
1 ok k02
< >0 (Vo)
meM
1 fo— k . fe— k 2 . 1 2 2
SMZHVB(Q T7m7)‘—MZJm§a. (65)
meM meM
Similarly, from the update (2b), we have
o < max{e7, Bo0f + (1= B2)(V7)*} < max{o7, B207 + (1 — o)}
Since vz-l = 1721 < o2, if follows by induction that @f“ < o2, |
Lemma 8 Under Assumption 2, the iterates {6*} of CADA in Algorithm I satisfy
2
[oF+t = 08| < adp = g1 - ) (66)

where p is the dimension of 0, B1 < \/Bz2 < 1, and 33 := 32/ Bo.
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Proof: Choosing 31 < 1 and defining 33 := 3%/ 3, it can be verified that

RkHL] = (mhf + (1 — B1)VE| Bul k| + |V

< B (BilRE + [9E71) + 9

k k
_ k—1 k—1
<Y BNV =Y VB VB [V
1=0 =0

1
2

(a)

k 2 k
¢ (z 6) (z ﬁg—ww)
=0 =0
k 3
< (1—B3) 2 (Z 6§l(v§)2>
=0

where (a) follows from the Cauchy-Schwartz inequality.
For oF, first we have that 9} > (1 — 2)(V})2. Then since

0f T = Be0f + (1 B2) (V)
by induction we have
k
ot > (1= 82) Y 857 (Vi)™
1=0

Using (67) and (68), we have

k
R <(1 = ) (z ﬁg—lww)
=0
<(1—B2) 7M1 — Bs) tab T

From the update (2c), we have

P -1
6% —6H> = a2 3o (et ) inp
=1

app(1— B2) M1 — B) !

IA

which completes the proof.
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Appendix J. Additional Numerical Results
J.1. Simulation setup

In order to verify our analysis and show the empirical performance of CADA, we conduct experi-
ments in the logistic regression and training neural network tasks, respectively.

In logistic regression, we tested the covtype and ijennl in the main paper, and MINIST in the
supplementary document. In training neural networks, we tested MINIST dataset in the main paper,
and CIFAR10 in the supplementary document. To benchmark CADA, we compared it with some
state-of-the-art algorithms, namely ADAM [14], stochastic LAG, local momentum [25, 28], local
SGD (or FedAvg) [17] and FedAdam [20].

All experiments are run on a workstation with an Intel 19-9960x CPU with 128GB memory and
four NVIDIA RTX 2080Ti GPUs each with 11GB memory using Python 3.6.

J.2. Simulation details
J.2.1. LOGISTIC REGRESSION.

Objective function. For the logistic regression task, we use either the logistic loss for the binary
case, or the cross-entropy loss for the multi-class class, both of which are augmented with an ¢
norm regularizer with the coefficient A = 107°.

Data pre-processing. For ijcnnl and covtype datasets, they are imported from the popular
library LIBSVM! without further preprocessing. For MNIST, we normalize the data and subtract
the mean. We uniformly partition ijcnnl dataset with 91,701 samples and MNIST dataset with
60,000 samples into M = 10 workers. To simulate the heterogeneous setting, we partition covtype
dataset with 581,012 samples randomly into M = 20 workers with different number of samples per
worker.

For covtype, we fix the batch ratio to be 0.001 uniformly across all workers; and for ijcnn/ and
MNIST, we fix the batch ratio to be 0.01 uniformly across all workers.

Choice of hyperparameters. For the logistic regression task, the hyperparameters in each
algorithm are chosen by hand to roughly optimize the performance of each algorithm. We list the
values of parameters used in each test in Tables 1-3.

Algorithm || stepsize o | momentum weight 5 | averaging interval H/D
FedAdam a; =100 ag = 0.02 0.9 H=10
Local momentum 0.1 0.9 H =10
ADAM 0.005 B1=0.9 55 = 0.999 /
CADA1&2 0.005 B1 =0.9 B = 0.999 D =100, c=5e"?
Local SGD 0.1 / H =10
Stochastic LAG 0.1 / c = 0.006

Table 1: Choice of parameters in covtype.

1. https://www.csie.ntu.edu.tw/ cjlin/libsvm/
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Algorithm | stepsize o | momentum weight 3 | averaging interval H/D
FedAdam a; =100 ag = 0.03 0.9 H =10
Local momentum 0.1 0.9 H =20
ADAM 0.01 81 =0.9 8, =0.999 /
CADA 0.01 81 =0.9 55 = 0.999 D =100, ¢=10
Local SGD 0.1 / H =10
Stochastic LAG 0.1 / c=0.1
Table 2: Choice of parameters in ijcnnl.
Algorithm | stepsize | momentum weight 3 [ averaging interval H/D
FedAdam a; = 0.1 ag =0.02 0.9 H =40
Local momentum 0.1 0.9 H =40
ADAM 0.0005 81 =0.9 5, =0.999 /
CADA1&2 0.0005 B1 =0.9 3, =0.999 D =100, c¢=5e"
Local SGD 0.1 / H =40
Stochastic LAG 0.1 / c=0.1

Loss

Table 3: Choice of parameters in binary-class MNIST (digits 3 and 5).

Additional results. Due to space limitation, some simulations results have not been covered in
the main paper. Figures 4 and 5 show the performance of all the considered algorithms on ijcnnl
and covtype datasets averaged over 10 Monte Carlo runs. And Figure 6 demonstrates the binary
classification performance of all the considered algorithms on MNIST dataset averaged over 10
Monte Carlo runs. The shadow region in Figures 4-6 represents one standard deviation.

= = Adam

~— CADA1

+ CADA2

+ FedAdam
Local SGD
Local momentum

= = Adam
= CADA1
+ CADA2
- FedAdam ‘~,\.
) Local SGD R
N Local momentum

= = Adam
= CADA1
+ CADA2
+ FedAdam \
Local SGD
Local momentum

Loss
Loss
7

~
S~o

10°
# of iterations

10’ 10° 10 10'

# of communication rounds (ubloads) # of aradient evaluations

Figure 4: Binary classification on ijcnnl dataset averaged over 10 Monte Carlo runs. Shadow re-
gion represents one standard deviation.

J.2.2. TRAINING NEURAL NETWORKS.

For training neural networks, we use the cross-entropy loss for all the tests.

Neural network models. For MNIST dataset, we use a convolutional neural network with two
convolution-ELUmaxpooling layers (ELU is a smoothed ReLU) followed by two fully-connected
layers. The first convolution layer is 5 x 5 x 20 with padding, and the second layer is 5 x 5 x 50
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Figure 5: Binary classification on covtype dataset averaged over 10 Monte Carlo runs. Shadow
region represents one standard deviation.
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Figure 6: Binary classification on MNIST dataset averaged over 10 Monte Carlo runs. Shadow
region represents one standard deviation.

with padding. The output of second layer is followed by two fully connected layers with one being
800 x 500 and the other being 500 x 10. The output goes through a softmax function. For CIFARI0
dataset, we use the popular neural network architecture ResNez20 > which has 20 and roughly 0.27
million parameters. We do not use a pre-trained model.

Data pre-processing. We uniformly partition MNIST and CIFARIO datasets into M = 10
workers. For MNIST, we use the raw data without preprocessing. The minibatch size per worker is
12. For CIFARIO, in addition to normalizing the data and subtracting the mean, we randomly flip
and crop part of the original image every time it is used for training. This is a standard technique of
data augmentation to avoid over-fitting. The minibatch size for CIFARI0 is 50 per worker.

Choice of hyperparameters. For MNIST dataset which is relatively easy, the hyperparameters
in each algorithm are chosen by hand to optimize the performance of each algorithm. We list the
values of parameters used in each test in Table 4.

2. https://github.com/akamaster/pytorch_resnet_cifar10
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Figure 7: Testing accuracy and training loss versus the communication uploads on CIFARIO.

Algorithm || stepsize o | momentum weight 5 | averaging interval H/D
FedAdam a; = 0.1 o =0.001 0.9 H=2
Local momentum 0.1 0.9 H=8
ADAM 0.0005 B =093, = 0.999 /
CADA1&2 0.0005 B1=0.9 5o = 0.999 D =100, c¢=1000
Local SGD 0.1 / H=8
Stochastic LAG 0.1 / c = 1000

Table 4: Choice of parameters in multi-class MNIST.

For CIFARI0 dataset, we search the best values of hyperparameters from the following search
grid on a per-algorithm basis to optimize the testing accuracy versus the number of communication
rounds. The chosen values of parameter are listed in Table 5.

Local SGD: « € {0.1,0.01,0.001}; H € {4,6,8}.

FedAdam: «; € {0.1,0.01,0.001}; oy € {1,0.5,0.1}; H € {4,6,8}.

Local momentum: « € {0.1,0.01,0.001}; H € {4,6, 8}.

CADA1: « € {0.1,0.01,0.001}; ¢ € {0.05,0.1,0.3,0.6,0.9,1.2, 1.5, 1.8}.

CADA2: « € {0.1,0.01,0.001}; ¢ € {0.05,0.1,0.3,0.6,0.9,1.2,1.5,1.8}.

LAG: a € {0.1,0.01,0.001}; ¢ € {0.05,0.1,0.3,0.6,0.9,1.2, 1.5, 1.8}.

Algorithm || stepsize | momentum weight 3 | averaging interval ///D
FedAdam a;=0.1a;,=0.1 0.9 H=14
Local momentum 0.1 0.9 H=6
CADAI1 0.1 51 =0.9 5, =0.99 D =50,¢c=1.5
CADA2 0.1 B1=10.9 55 =0.99 D =50,¢c=0.3
Local SGD 0.1 / H=6
Stochastic LAG 0.1 / c=0.05

Table 5: Choice of parameters in CIFARI0.

Additional results. In addition to the results presented in the main paper on MNIST dataset in
Figure 3, we report a new set of simulations on the image classification task on CIFARI0 in Figures
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Figure 8: Testing accuracy and training loss versus the gradient evaluation on C/IFARIO.
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Figure 9: FedAdam and local momentum on CIFARI0 dataset under different interval H.

7-9. Figure 7 reports the testing accuracy and training loss versus the number of communication
uploads. Figure 8 demonstrates the testing accuracy and training loss versus the number of stochas-
tic gradient evaluations. Figure 9 compares the performance of FedAdam and local momentum on
CIFARI0 dataset under different averaging interval .

Different from the logistic regression case, we observe that FedAdam has very impressive per-
formance in training deep neural networks. In Figure 7, CADA1 and CADAZ2 require slightly more
number of communication rounds than FedAdam at the initial stage of learning, but achieve at least
3-4% higher accuracy in the steady stage than the comparators. Local momentum method achieves
a reasonable accuracy with the fewest number of communication, but the test accuracy does not
get further improvement. This reduced test accuracy is common among local SGD-type methods,
which has also been studied theoretically; see e.g., [7]. In Figure 8, CADA1 and CADA2 require
fewer number of stochastic gradient evaluations to achieve certain testing accuracy or training loss
than the comparators that are based on multiple local updates. This implies that our CADA meth-
ods do not reduce communication at the expense of sacrificing computation overhead. In Figure 9,
FedAdam and local momentum under a larger averaging interval H have faster convergence speed
at the initial stage, but they reach slightly lower accuracy compared with that under a smaller H.
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