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Abstract

We study the application of the variance reduction technique on general adaptive stochastic mirror
descent algorithms in nonsmooth nonconvex optimization problems. We prove that variance reduc-
tion helps to reduce the gradient complexity of most general stochastic mirror descent algorithms, so
it works well with time-varying steps sizes and adaptive optimization algorithms such as AdaGrad.
We check the validity of our claims using experiments in deep learning.

1. Introduction

In this work, we study the non-smooth non-convex finite sum problem
mingey F(z) := f(x) + h(z)

where f(z) = 137" | f;(x) and each f; is a smooth but possibly non-convex function, and h(z)
is a non-smooth convex function, for example, L, regularization. Recently, the smooth version
of the problem has been thoroughly studied, i.e. when h(z) = 0. To make the convergence of
stochastic gradient descent (SGD) methods faster in such cases, the famous Stochastic Variance
Reduced Gradient method (SVRG) [12] and its popular variants were proposed, such as SAGA [5],
SCSG [17], SNVRG [27], SPIDER [8], stablized SVRG [9], and Natasha momentum variants [1, 2].

When it comes to the non-smooth case, a few algorithms based on the mirror descent algorithm
[3, 6] have been proposed recently. For example, Ghadimi et al. [10] proved the convergence rate of
Proximal GD (ProxGD), Proximal SGD(ProxSGD), and Stochastic Mirror Descent (SMD) when
the sample size is sufficiently large. Reddi et al. [22] showed the convergence of ProxSVRG and
ProxSAGA, which were the proximal variants of SVRG and SAGA respectively. Li and Li [18]
created ProxSVRG+ and obtained even faster convergence than ProxSVRG. However, all of the
above extensions do not consider the case when the algorithm becomes adaptive, i.e., when the step
sizes are not fixed or even when the proximal functions in mirror descent are not fixed.

Instead of trying to create even faster algorithms in the nonsmooth setting, this work focuses on
answering a more general question: Can the variance reduction technique accelerate the convergence
of the general adaptive mirror descent algorithm? We give an affirmative answer to this question, as
long as strong convexity of the proximal function is lower bounded by a constant m.

Our Contributions. In this paper, we prove that the variance reduced general adaptive SMD
algorithms can reduce the gradient complexity of the original algorithms, so variance reduction indeed
can make them converge faster. Moreover, our theory implies many useful results. For example,
time-varying step sizes are allowed for ProxSVRG+ (and many other algorithms), as long as the step
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sizes are upper bounded by a constant 1/L. Besides, our analysis provides a general intuition that
larger batch sizes are needed when using variance reduction on adaptive SMD algorithms with weaker
convexity. A very important by-product of our analysis is the conclusion that variance reduction
works well with adaptive algorithms, such as AdaGrad [7] and RMSProp [24]. We examine the
correctness of our claims carefully on the CIFAR-10 [15] and MNIST [23] datasets.

Notations. For two matrices A, B, we use A > B to denote that the matrix A — B is positive
semi-definite. For two real integers a, b, we use a A b, a Vb as short-hands for min(a, b) and max(a, b).
We use | a] to denote the largest integer that is smaller than a. We use O(-) to hide logarithm factors
in big-O notations. Moreover, we frequently use the notation [n] to represent the set {1,2,--- ,n}.

2. Preliminaries

We present the preliminary assumptions used throughout this paper. We first recall the general SMD
algorithm with adaptive proximal functions (), where oy is the step size, g; = V fz, () is the
gradient from a random sample Z;, and h(z) is the regularization on the dual space.

Tep1 = argming {ou(gs, ) + arh(x) + By, (v, 2¢) } )

where By, (x, x¢) is the Bregman divergence, defined as By, (z,y) = ¥¢(2) = (y) — (Vi (), x—y).
One special example of the above definition is the Euclidean distance § || — y||3 in ProxSGD, which
is generated by ¢;(z) = %||z|3. In this work, we consider adaptive SMD algorithms whose proximal
functions are all m-strongly convex (A1) for some real constant m > 0,

(A1.) The proximal functions v (z) are all m-strongly convex with respect to || - ||2, i.e.

Uely) 2 (@) + (Vibe().y — @) + 5 lly — 23,5 > 0

The constant m can be viewed as a lower bound of the strong convexity of all the proximal functions

{4¢(z)} and therefore assumption A1 is very weak. For example, if ¢ (z) = ¢¢(z) + §||z[|3,¢ > 0,

where each ¢, (z) is an arbitrary convex function, then m = c. If ¢ (z) = 1(x, Hyz), H; € R4

and H; > ml, the algorithm covers all the adaptive optimizers with constant m added to the

denominator to avoid division by zero. For the functions { f;}!" ;, we assume the L-smoothness and

bounded variance gradients conditions, which are standard in non-convex optimization analysis.
(A2.) Each function f; is L-smooth, i.e.

IVfi(z) = Vfi(y)ll2 < Lz = yll2

(A3.) f(z) have unbiased stochastic gradients with bounded variance o2, i.

Einm[Vfi(@)] = Vf(2),  EinllVfi(x) = Vf(2)[3 < o

The convergence of algorithms in non-convex optimization problems is usually measured by the
stationarity of the gradient V f(x), i.e. E[||V f(z)||?] < €2. However, due to the existence of h(z) in
the non-smooth setting, such a definition is no longer intuitive. Instead, we follow Li and Li [18] to
use the definition of generalized gradient and the related convergence criterion. Given the generated
parameters x; by the algorithm, we define the generalized gradient at iteration ¢ as

€.

1 .
gx.t = - (¢ — w;LH), where x;rl = argmin, {a;(V f(x¢), ) + ash(x) + By, (x,2¢)}
t
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Correspondingly, the convergence criterion is the stationarity of the generalized gradient E[||gx ¢+ %] <
2. We use the stochastic first-order oracle (SFO) complexity to compare the convergence of different
algorithms. When given the parameters x, SFO returns one stochastic gradient V f;(z). The gradient
complexity of general adaptive SMD is similar to that of non-adaptive SMD algorithm [10], i.e.

n O’2 O'2

A= — 2
O(Z A g +nAhz3) )

The proof of this bound is provided in Appendix A for completeness

3. Algorithm and Convergence
3.1. Convergence of Adaptive SMD with Variance Reduction

We first present the variance reduced adaptive SMD algorithm, which is an extension of ProxSVRG+
[18]. The details are presented in Algorithm 1. Similar to the aforementioned paper, B; and b,
are called the batch sizes and mini-batch sizes. The major difference between Algorithm 1 and
ProxSVRGH+ is that the proximal function is a general 1y,(x) instead of the fixed ¢(z) = $z?, and
therefore naturally the Euclidean distance % ly — b |3 is replaced by the general Bregman divergence
By, (y,yk), so Algorithm 1 covers the ProxSVRG+ and a lot more algorithms. Now we present the
major convergence results for Algorithm 1 in the following theorem. The results for the gradient
dominant situation (P-L condition) is provided in Appendix C. Both of them show that variance
reduction can help to improve the convergence of almost all mirror descent algorithms.

Algorithm 1 General Adaptive SMD with Variance Reduction Algorithm

1: Input: Number of stages T, initial z1, step sizes {a; }._;, batch, mini-batch sizes { By, b; }1_,
2: fort =1to 71 do
3:  Randomly sample a batch Z; with size B;

4 g=Vin(m); yi=mn

5: fork=1to K do .

6: Randomly pick sample Z; of size b;

7 vk =Vi () — Vs W) + g

8yl = argming {u{of, ) + arh(x) + By, (4, }))
9:  end for

10: Ti+1 = yﬁ(.ﬂ

11: end for

12: Return (Smooth case) Uniformly sample ¢* from {t}tT:1 and output z4+; (P-L case) xp+ = 741

Theorem 1 Suppose that f satisfies the Lipschitz gradients and bounded variance assumptions
A2, A3 and 1y (x) satisfy the m-strong convexity assumption Al. Further assume that the learning
rate, the batch sizes, the mini-batch sizes, the number of outer and inner loop iterations are set to

be ay = m/L, B, = n A (2002/m2e2),b; = b,T = 1V 16ApL/(m?EK), K = [\/b/2OJ V1,
where A is a constant. Then the output of algorithm 1 converges with gradient computations

n o2 b

Vb b €2

3

o( )



VARIANCE REDUCTION ON ADAPTIVE STOCHASTIC MIRROR DESCENT

Remark. The proof is relegated to Appendix B. The theorem essentially states with assumption
A1, A2, and A3, we can guarantee the convergence of Algorithm 4. Moreover, similar to ProxSVRG+,
when SCSG [17] and ProxSVRG [22] achieve their best convergence at b = 1 and b = n?/3, our
algorithm achieve the best results using a moderate mini-batch size, as shown in corollary 2.

Although o4 is fixed in the theorem, ¥y can change with time and hence results in the adaptivity.
To name an example, using different designs of time-varying step sizes in ProxSVRG+ is allowed
(similar to the third example in section 2). When we take the proximal function to be 1y (z) =
k|| z||3,cie > m, Algorithm 1 reduces to ProxSVRG+ with time-varying effective step size
ay /ey (i.e. min Li and Li [18]). As long as the effective step sizes «; /¢y, are upper bounded by
(m/L)/m = 1/L, Algorithm 1 still convergences with the same complexity. The upper bound
condition is easy to satisfy when using decreasing step sizes, cyclic step sizes [19] or warm up [11].
Besides, 1y, can be more complicated, such as ¥y (z) = ¢y () + %HxH%, ¢ > 0, where each ¢y ()
is an arbitrary convex function, or ¢ (z) = (x, Hy,z) as in adaptive algorithms.

Another interesting result observed in our theorem is that when m is small, we require relatively
larger batch sizes B; to guarantee the fast convergence. We show this intuition is actually supported
by our experiments in section 4. Next, we show that the convergence can be made faster than the
original SMD algorithm by tuning the mini-batch sizes b. We provide the following corollary.

Corollary 2 With all the assumptions and parameter settings in Theorem 1, further assume that

b= e %3, where c4/3 < n. Then the output of algorithm 1 converges with gradient computations

n 1 1
€4/3 A €10/3 T 610/3) 3)

o(

Remark. The above gradient complexity is the same as the best convergence result of Prox-
SVRGH+, and it is provably better than the complexity in equation (2). Therefore, we conclude that
variance reduction can indeed reduce the complexity of any adaptive SMD algorithm.

3.2. Extension to Adaptive Subgradient Algorithms

As we have mentioned in section 2, adaptive algorithms such as AdaGrad are special cases of the
general adaptive SMD algorithms. The proximal function of adaptive methods is ¢y (z) = 3 (z, H,z),
where H; is often a diagonal matrix. Assumption Al is satisfied because we consistently add
a constant m to the matrix H;. Therefore the conclusions in Theorem 1 still hold for adaptive
algorithms. We provide the implementation for Variance Reduced AdaGrad (VR-AdaGrad) in
algorithm 4 in Appendix D and Variance Reduced RMSProp (VR-RMSProp) is similar.

However, notice that the strong convexity of these algorithms is relatively weak (m is often
set as 1e-3 or even smaller in real experiments), Theorem 1 implies that the batch size B; needs
to be sufficiently large for these algorithm to converge. If variance reduction can work with such
algorithms with small m, then we should expect good performances with the other algorithms.

4. Experiments

In this section, we present several experiments on neural networks to show the effectiveness of
variance reduction in adaptive SMD algorithms. We choose VR-AdaGrad and VR-RMSProp as two
examples of our general algorithm because they have relatively smaller lower bound of the strong
convexity. We train a fully connected network on the MNIST dataset and the LeNet [16] on the
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Figure 1: (a) and (b): training loss and testing accuracy using fully connected network on MNIST.
(c) and (d): training loss and testing accuracy using LeNet on CIFAR-10. The results
were averaged over five runs.
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Figure 2: (a) and (b): training loss with different » on MNIST using AdaGrad and RMSProp.
(c) and (d): training loss with different » on CIFAR-10 using AdaGrad and RMSProp.

CIFAR-10 dataset. Our implementation is based on the publicly available PyTorch code by yueqiw
[25]. For the batch sizes and mini batch sizes B; and b; in VR-AdaGrad, VR-RMSProp, we used
a slightly different notation of batch size ratio r = B;/b;. More details of parameter tuning and
the neural network model can be found in Appendix D. All the results in Figure 1 and Figure 2 are
averaged over five indepedent runs

As can be observed in Figure 1, the variance reduced algorithms converged faster than their
original algorithms and their best testing top-1 accuracy was also higher, proving the effectiveness of
variance reduction. Some other experiments of using different step sizes are provided in Appendix
D. We emphasize that the experiments are not designed to pursue the state-of-the-art performances,
but to show that variance reduction can work well with any adaptive proximal functions and lead to
faster training, even if the algorithms has very weak convexity guarantees.

Next, we show that algorithms with weaker convexity need a larger batch size B to converge
fast. We fixed the mini batch sizes b; to be the same as in Figure 1 and gradually decreased the batch
size ratio r. The baseline ratios of ProxSVRG+ were provided in Appendix D and the performances
of VR-AdaGrad and VR-RMSProp were shown in Figure 2. Note that ProxSVRG+ only needed a
small ratio (r = 4) to be faster than SGD [18], but for VR-AdaGrad and VR-RMSProp, even when
r = 16, the algorithms still did not converge faster than their original algorithms.
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Appendix A. Convergence of Mini-batch Adaptive Mirror Descent

Further notations: We denote the global minimum of F(x) to be F(z*), and define Ap =
F(z1) — F(z*), where x; is the initialization point of the algorithm. We define the generalized

stochastic gradient at ¢ as
_ 1
9x;t = *(fCt - fl‘t+1)
Qg

Table 1: Comparisons of SFO complexity of different algorithms to reach e-stationary point of the
generalized gradient. n is the total number of samples and b is the mini-batch size. “VR™ in
the last row stands for Variance Reduction. O notation omits the logarithm term log %

Algorithms Nonconvex Nonsmooth PL condition
ProxGD [10] O(E%) O(ﬁ)
ProxSVRG [22] O(ﬁ +n) O(ﬁ +n)

SCSG [17] OB A B2 Ol A B A L)
ProxSVRG+ [18] O(%\/E/\Ti/g+e%) O((n/\ﬁ)ﬁ _;_%)
Adaptive SMD (Algorithm 2) O(% NZ) O(% A ﬁ)
Adaptive SMD + VR (Algorithm 1) 0(62’—\% A Ti/é +5) O((n A i)ml/zé + ﬁ)

We first present the convergence rate of Algorithm 2 in the non-convex setting. Despite a few
recent analyses on the convergence of SMD and adaptive algorithms such as Ghadimi et al. [10],
Zhou et al. [26] and Chen et al. [4], the results on general adaptive SMD is still somewhat lacking.
Here we provide the convergence rate of algorithm 2 in Theorem 3.

Algorithm 2 General Adaptive SMD Algorithm

1: Input: Number of stages T, initial z1, step sizes {ay; } 1,
2: fort =1to 1 do

3:  Randomly sample a batch Z; with size b

4 g =V (a)
5
6
7

Ty1 = argming{ou(gs, ) + azh(z) + By, (z,z4¢)}
: end for
. Return Uniformly sample ¢* from {¢}/_, and ouput x

Theorem 3 Suppose that f satisfies the Lipschitz gradients and bounded variance assumptions
A2, A3, and (x) satisfy the m-strong convexity assumption Al. Further assume that the learn-
ing rate, the mini batch sizes, and the number of iterations are set to be oy = m/L,b = n A
(1202 /(m2€?)), T = 1V (8ApL/(m?€?)). Then the output of algorithm 2 converges with gradient
computations

n 2 o?

g
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Remark. Note that if we treat 0 as a constant, then the above complexity can be treated as
O(ne=2 A e*). Similar to the results proved by Ghadimi et al. [10], Algorithm 2 needs a relatively
large batch size (O(e=2)) to obtain a convergence rate close to that of GD (O(ne?)) and SGD
(O(e~%)). The major reason why algorithm 2 has an advantage over GD and SGD is that we use
batched gradient instead of full gradient or stochastic gradient in line 4. However, it is still only
asymptotically as fast as one of them, depending on the sample size n.

A.l. Auxiliary Lemmas for Theorem 3

Lemma4 [Lemma 1 in Ghadimi et al. [10]]. Let g, be the stochastic gradient in algorithm 2
obtained at t and gx ; be defined as in (4), then

- - 1
(g6, 9x.) = mllgxcall® + —[hle1) = h(2)] Q)
t
Proof. By the optimality of the mirror descent update rule, it implies for any = € X and Vh(z441) €
Oh(x441) .
(e + — (Vie(@41) = V(@) + V(2e11), 2 = 2441) 2 0 (6)
t

Let x = x; in the above in equality, we get

1
;t<v¢t($t+1) = Vi (we), w1 — o) + (VI(2111), Teg1 — 24)
@)
m
> OTtth-&-l — 2|3 + h(zi41) — h(2)

(G, ¢ — Tpq1) >

where the second inequality is due to the strong convexity of the function 1;(x) and the convexity
of h(x), by noting that ; — z411 = agx  , the inequality follows.

Lemma S Let gx ., gx, be defined as in (4) and (2) respectively, then

B 1
lgx,: — gxell2 < EHVf(ﬂUt) — gtll2 @®)

Proof. By definition of gx, and gx ;,

- 1 1
lgx: — gx.tll2 = ;t||($t — i) — (@ — mq) ]2 = OthﬂﬂtH — 22 ©)

Similar to Lemma 4, by the optimality of the mirror descent update rule, we have the following
two inequalities

1
(9t + —(VYe(2141) — V(1)) + VI(T141), T — 141) > 0,V € X, VI(2141) € O(T141)

Qi

(Vf(xe) + OZ(V%(%L) = V(@) + Vh(zf), o — 2iy) > 0,Ve € X, Vh(zf,) € Oh(ay,)

(10)
Take ¢ = xzﬁrl in the first inequality and © = x4, in the second one, we can get
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(g6, 2041 — o) > ai<V¢t(xt+1) Vb (1), g1 — xfy ) + h(zee) — k()
(11)
(Vf(2e), w1 —xy) > <V”¢t($t+1) Vb (), a7y — zg1) + b)) — h(zeg1)

Summing up the above inequalities, we can get

(9t = Vf(2r), 2411 — l’zr+1>

1
> ;t(<th($t+1) = Vi (xe), w1 — af ) + (Voe(af ) — Vo (@e), 3 — 2e41))

1 (12)

= ;t(<v¢t($t+1) - V¢t($t++1),$t+1 - 55;;1»

Y

oz = B
Therefore by Cauchy Schwarz inequality,

loe = Vf )l > ol = o 2 (13)
Hence the inequality in the lemma follows.

Lemma 6 [LemmaA.lin Leietal. [17]]. Let z1,--- ,xp € R% be an arbitrary population of M
vectors with the condition that

M
> x;=0 (14)
i=1
Further let J be a uniform random subset of {1, - - - , M} with size m, then
I(m < M
H*Z%H Z ;1 (15)

jeJ

Proof of the above general lemma can be found in Lei et al. [17].

A.2. Proof of the Convergence of the Adaptive SMD Algorithm (Theorem 3)

Proof. From the L-Lipshitz gradients and Lemma 4, we know that

L
f(wey1) < flae) +(V(me), 01 — 24) + §”$t+1 — zy)?
. L .
= f(xt) — u(Vf(2),gx,0) + §a§||9X,t||§
. L . .
= fze) — o{ge, Gxa) + = l|lGxall3 + culge — VF(2e), Gxe)

2
< f(we) — [A(zi41) = h(x)] + (g — Vf(21), Gx )
(16)

10
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Therefore since F'(z) = f(z) + h(z), we get

L 5 - -
F(zp11) < F(x) — (agm — =) ||gx.ell3 + culge — V (1), Gx.0) + alge — VI (0), Gxe — gx.t)

2
L B ~ 5

< F(z¢) — (aum — aa?)llgx,tllg + (g — V(w), gx) + ullV () — gell2lldx s — gxell2
L B N a

< F(wy) — (ym — §a?)||gx,t|!§ + o (ge — V() gx ) + EtHVf(xt) —all3

a7
where the second last one is a direct result from Cauchy-Schwarz inequality and the last inequality
is from Lemma 5. Rearrange the above inequalities and sum up from 1 to 7', we get

T T T

> (awm — ga?)H@X,tH% <Y P () = Flag) + Y _lewlge = V(1) Gx.) + %va(xt) - g:l3]

T
~ «a
= F(z1) — F(xrs1) + § lae(g: — V f(xe), gx0) + EtHVf(a?t) — gtll?]
=1

T
_ a
< F(a ) + Z a(ge — V(1) gx ) + i“vf(fﬂt) - aill”]
t=1
(18)
where the last inequality is due to f(z*) < f(x), Vz. Define the filtration F; = o(x1, -+, zy).

Note that we suppose g; is an unbiased estimate of V f(z;), hence E(V f(z¢) — g+, gx,¢)|F¢] = 0.
Moreover, since the sampled gradients has bounded variance o2, hence by applying Lemma 6 with

v = Viez, fire) — Vf(241)
52
E[|Vf(ze) — g:]*] < El(bt <n) (19)

where I is the indicator function. Since the final 24+ is uniformly sampled from all {x;}~_,, therefore

E[||gx.e+ ]3]

= E[E[[|gx -3 ZE 1gx.4113] (20)

Therefore when «, b, are constants, the average can be found as

T
L o)
T(ewm — S oP)E(|gxse 3) < Flan) = F(a®) + D B[V f (1) = el
m
t=1 Q1)
2
= Ap+ T 1(by < n)
mbt
where we define Ap = F(z1) — F(z*). Take oy = 2, then aym — £a? = TQ”—LQ and
2ApL | 207
~ 2 F
E(l|gxe-112) < T T Wf(bt <n) (22)

Also by Lemma 5, the difference between gx ¢« and gx ¢+ are bounded, hence

11
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3] < 2E[||gx.0+ 13 + 2E[l|gx.0+ — Gx.0-[13]

ANRL 402 202
< -
= 2T + btm2 I(bt < n) + btm2I(bt < n) (23)
AARL 602
= —I(b
m2T + bym?2 (b <)

Take b; = n A (1202 /m?e?), T = 1V (8ArL/m?€?) as in the theorem, the expectation is

E[ng,t*

AApL 607
E JRl < =SS s —— T
[lgx.e=l2] < m2T b2 (by < n)
(24)
< €2 N e,
€L .
-2 2

Therefore since one iteration takes b; stochastic gradient computations, the total number of
stochastic gradient computations is

SArL n o2 o?

A.3. Convergence of Algorithm 2 under the PL condition
By the proof in A.2, we have

L B B «Q
ﬂ%mSF@Jﬁ%m—?@Mm%+%@—VﬂM&m%ﬁ§Wﬂm—w%(%)

Take expectation on both sides, we know that

E[F(a041)] < BIF ()] — (oom — Zod Ellgx 3] + IV @) ~gf) @D
Since
Elllgx. 18] < 2E[Iaxe 18] + 2Ellgx- — x03 e8)
Hence the inequality becomes
L 1
ELF (21:1)) < BIF(20)] — (oum — Zo?)(SE{lgx.1) ~ BV (20) ~ ael3) + BV (22) ~ a3
< E[F(e)] — (25" — ZaDEllgxal3] + (22 + aom — Lo JE(IV () ~ 0l
< B[F(a0)] ~ wlowm — S aR)ELF(@)] ~ F) + (2 + am — o} JE[IV () ~ el
(29)

12



VARIANCE REDUCTION ON ADAPTIVE STOCHASTIC MIRROR DESCENT

Take oy = m/L and minus F'(z)* on both sides, we get

BIF(zy1)] ~ F(&*) < (1= plogm — o) (EIF ()] ~ F@) + (2 + agm — Zad BV (z0) ~

2 2
m? m?
= (1~ WI)EIF ()] — F@) + (7 + 5BV (@) — gl
m? m2 o?
— (U= p ) EIF(@)] — F@) + (5 + 55100 <)
(30)
Lety=1-— 2L , since m?u/L < \f’ v € (0, 1), divide by ! on both sides, we get
E[F(zi41)] — F(z") < E[F (z¢)] — F(2") T ( + 2L) QI(bt <n) 31)

,}/t+1 ,}/t ’yt+1 b

Take summation with respect to the loop parameter ¢ from ¢ = 1 to ¢ = T, assume that b; is a
constant, the inequality becomes

1 m2) o2

T (7 4 m2
E[F(ars1)] - F(2*) < 77 Ap 447 3L 227 13, < )

= " bt
1 2 1— T .2
<~TA BT e
=7 F+(L+2L)1—’y by (32)

1 m? 2L o?
<~TA -+ —)——
STV AR+(pH 2L),um2 by

1 102
T
=~"A —+1)——1I(b
v F+(m2+ ),Ubt (by <m)
Therefore when taking 7 = 1V (log = 281 /(log %) = O(log QATF/;L), by =nA 2(1;# Then
the total number of stochastic gradient computations is

(33)

Appendix B. Convergence of Adaptive Mirror Descent with Variance Reduction
Recall the algorithm 1 in the algorithm section, similarly define

) 1
avr=—L — Y1) (34)
ay

and its corresponding term when the algorithm uses non-stochastic full batch gradient

k ylt:h)? when yk+1 = argminy{at<vf(yl€)a y> + Oéth(.%') + Bwtk (yv yltq)} (35)

13
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Algorithm 3 Adaptive SMD with Variance Reduction Algorithm
1: Input: Number of stages 7', initial x1, step sizes {ay }._;, batch sizes { B; }._;, mini-batch sizes
{be}{
2: fort =1to 7T do
Randomly sample a batch Z; with size B;
9t = V[, (z1)
y{ = Tt
for k = 1to K do .
Randomly pick sample Z; of size b;
vh = ijt(y?) —Viz i) + g
yhy = argmin, {o (v}, y) + ach(x) + By, (4,90}
10:  end for
I L
12: end for
13: Return (Smooth case) Uniformly sample x4+ from {yk} f1 b1 (P-L case) x4+ = 2741

R A U

B.1. Auxiliary Lemmas for Theorem 1

Lemma 7 Let vz be defined as in algorithm I and §§,7 1. be defined as in (34), then

N 5 1
(Vk, Fyp) = MG sll® + a—t[h(yiﬂ) — h(y;)] (36)

Proof. The proof of this inequality is similar to that of Lemma 4. By the optimality of the mirror
descent update rule, it implies for any y € X, VA(y;_ ) € Oh(y} 1)

1
(k4 o (Ve (Whsn) = VO (0) + VA1) = vhy1) 2 0 (7

Let z = y! in the above in equality, we get

(Vo Wir1) — Vo W), Yo — Yk) + (VA(Wky1) ks — YR

1
<vltc7yltf - ylthr1> Z 7

. t ) (38)
> CTHka yk”2 + [h(Yks1) — h(yr)]

where the second inequality is due to the m-strong convexity of the function ¢ (x) and the
convexity of h. Note from the definition that y,ti, — y,i 1= §§, i » the inequality follows.

Lemma 8 Let g% k> §§,7 1. be defined as in (34) and (35) respectively, then

~ 1
19y = 9villz < —IIVF (gk) = villo (39)

Proof. The proof is similar to Lemma 5. By definition of §§,’ ;. and g§,7 o

1
—;t\\<yz—yz+1>—(y —yt )l = tuyk yit Il (40)

[

14
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As in Lemma 7, by the optimality of the mirror descent update rule, we have the following two
inequalities

(v, + — (thk(yk+l) V(i) + Vh(ri1), ¥ — Vii1) = 0,Vy € X, Vh(yji1) € Oh(yjy1)

(Vi) + ;t<thk(y211> — Vu(yk) + VR(yh ),y —yphy) > 0,Vy € X, Vh(y, 1)) € Oh(y,t )

(4D
Take y = y,fj_l in the first inequality and y = y,i 1 In the second one, we can get
1
(Vs Uiy = Yhy1) = 07<V1/)tk(yk+1) V(Y)Y — Yobr) + P(hsr) — h(yit)
(VFWh): Uhr — Yiha) = <V¢tk(yk) V(i) Uity = Yher) + h(uiy) = P(Yhea)
(42)

Summing up the above inequalities, we can get

(k= VWL Uity — Yk
1 1
;t<v¢tk(y2+1) — VUi (Yk)s Yes1 — Y1) + Et<v¢tk(92) — Vu (Y1) Uik = Vkar)

Y

1
= a(<v¢tk<y2+1) - V"‘btk(y;iil% yltg-;-l - Z/;iiﬁ)

v

ks = v 3
POLLL k+1 2
(43)
where the last inequality is due to the strong convexity of 14 (). Therefore by Cauchy Schwarz
inequality,

1 1
— IV £ i) = villz = — vk = witallz > 135k — gvill2 (44)
m ay

Hence the inequality in the lemma follows.

Lemma 9 Let V f(y}), vl be the full batch gradient and the , then

L? I(B; < n)o?

E[I[Vf(yh) — villa) < 5-Elllys — =]*] + 7 (45)
t t

Proof. Note that the large batch Z; and the mini-batch jfj are independent, hence

15
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B[ 7 (f) ~ ok 1B
= Elly S (VA) — Vila) - (V6 - o)l

i€y
=Elly, TVAGD ~ Vi) ~ (V) ~ 5 3 VI
€1y, 1€1L¢
= Ellg, (VA = VAilen) = Ik + V5(e0) + g S (Vi) = Vil
i€y i€y
= Ellg, SVAGD) ~ Vi(a0) = VI00) + VIl +El 5, 3V At - Vi)l
i€y €Ty
= Ellg, SVAGD) ~ VT4 ~ (Viia) = Vi) + Bl (Vo) = Vel
1€y, 1€y
S Bl YD (VA - VI ~ (Ve - Vi@l + [P
icTy,
= B IV 4) — i) = V504 + Ve + LB
icdy,
< BIY IV A — V)| + P
ey,

I(B; < n)o?
By

IN

L2
TRy, — ) +
¢
} (46)
where the fourth equality is because of the independence between Z; and Z;. The first and the
second inequalities are by Lemma 6. The third inequality follows from E[||z — E(z)||?] = E[||z||?]
and the last inequality follows from the L-smoothness of f(x)

B.2. Proof of Convergence of the adaptive SMD with Variance Reduction Algorithm
(Theorem 1)

From the L-Lipshitz gradients and Lemma 7, we know that

L
FWhn) < PO + (VW) Yiwr = i) + Sl — yrlI”

. L o .
= fyr) — a(Vf(yh), Gve) + 5Oé§||9y,k||3

. L oy .
= Flu) = vl Gy + 5 o gvalls + vl = VF (L), Gve)

L 5 . - ~
< k) + 50t 1Gvll3 — camllgy i3 + cw(vk = VL), Ge) = [P(ir) = h(yh)]
47)

16
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Since F(z) = f(z) + h(z), we can get

L . i
Fyp1) = Fyi) = (awm — )Gy x5 + (v = V£ (i), 9% + (v = VF (i), v, — 9ve)

L _ -
< F(yy) = (oam = Sy ll3 + aw(vk = V£ (i) av) + V(i) = vkllallGys — g%:sll2
L ~ Q¢
< F(yh) — (com — )33 + auloh — V), gba) + 22195 (u}) — obl3
(48)
where the second last inequality is from Cauchy Schwartz inequality and the last inequality is
from Lemma 8. Define the filtration 7} = o(yt, - y}<+1,y%, e ,y%(H, cooy koo yb). Note

that E[(V f(y},) — v}, 6yx) | F§] = 0. Take expectation on both sides and use Lemma 9, we get

¢ ' m L ¢ coor  LPoy " 9 oul(By < n)o?
E[F(yk11)] < E[F(y;)] — (0715 - §)E[Hyk+1 —yilla] + WE[H% — x|l + B,
m L L« o I(B; < n)o?
< E[F(y; — — DE[lykyy — L3 PRyt — 2, ||2] £ SE\2E S O
< E[FO] ~ (5 — DElvker — 98]+ Bl — =)+ 2=
m L at2L2 m L a?I(B; < n)o? m L
+(E_Z)m b, [Hyk—UCtH ]+ (T%_Z)mQ—& (rat— [Hyk+1
¢ m L m L ‘2
= E[F(y)] — (Tat - Z)E[Hyk—l—l - yk”z] - (Tat ) [IkaH Yrll2]
3L%;  o?L3 3oy @ L I(B; < n)o?
_ E t 2 et 2t 4
m L may  Lo?
= E[F(y)] — (Tat — DEYh — yill3) - (— ~ ?t)E[Hgty,kH%]
3L%; 23 3 a?L I(B; <n)o?
— E t 2 et 2 1
(49)
where the second inequality uses the fact that by Lemma 9
Elllyity — vill3) = ofE[llgb k3] < 207E[[135:4113] + 207E|lg s, 3]
N 207
< 207|134 13] + 4E[\\Vf( k) = oil3)
202 L? I(B; < n)o? (50)
< 9E t b2 “t .
< 2E[lyhs — hI8] + g (5 Bl — el + =250
202 L2 21(B; < n)o’a?
= 2By — 3]+ g Iy - wel? +
Since by Young’s inequality, we know that
1
[Yhsr — 2l < (1 + E)Hy;i — a3+ (1 + D) lyhrs — vil3,¥p € R (51)

Hence substitute into equation 49, we can get

17
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2
BP0 ) < BRG] - (o~ Dk =l kil mow Loy
[, RNt 3 LS L
< Bl ()~ (o Sy ) e By
pa Ay T DRl — )+ (e - S [P
(52)

Let p = 2k — 1 and take summation with respect to the inner loop parameter k, we can get

E[F(z"th)]
< E[P(s")] - i( ™ L — o) — S - o E
< 2 200(2k)  4(2Kk) Y41 tll2 2 4 3 9y k112
K K
3%, 23 m L 3a¢  a?L I(B; <n)o?
_ o E t 2 i 2 t
X Soym by T Dok — 1) @k — 1)) e — mll T+ D o ™ ) B,
k=1 k=1
K—-1 K
L mo La2
< E F t\] m o E t _ t t t 2
<) = X o~ g ke~ ) = SO~ FEORllb
K K
3% 23 m L 3a¢  alL I(B; < n)o?
o _ E t 2 et 2
2 Sogm ~ dm?y T 2@k = 1) a2k — 1) Bk — @+ 2 (G ™ ) B,
k=2 k=1
K 2 K 2 2
moy Lo 3oy aiL I(By<n)o
< E[F(z")] - Z(T - Tt)E[ gy ill3] Z(% - 4;”2) B,
k=1 k=1
K-1
L2 273 L L
Ly ail U S
2oV obym Am2b, | 204(2k+ 1) A2K+1)  204(2k)  A(2K)

may  La?

K
=E[F(")] =Y (=~ - 5 )El

K
3y 2L I(B; < n)o?
J+> G =)
k=1

2m  4m? By
k=1
K-1
3L%; 23 L m 1
o . Y —— ))E t 2
+k71(2btm w2, T T 200 Gk 5 ) Bl — @l

(53)
where the second inequality is due to the fact that z; = y! and ||x41 — 24| > 0. Take o = m/L

18



VARIANCE REDUCTION ON ADAPTIVE STOCHASTIC MIRROR DESCENT

I(B; < n)o? 5L L

(54
where the last inequality follows from the setting K < L\ /bi/ 20J and therefore

oL L oL Ly 55
1 3K —D)2K -1 +1) =4, T16K° = (55)

Take sum with respect to the outer loop parameter ¢ and re-arrange the inequality

T sz . T K 5 I(Bt<n)a2

SO0 T Ellgbl3] < BIFG) — FET] 4+ 30 D) T

t=1 k=1 t=1 k=1 ! (56)
5 I(B; < n)o?

4L)T

Therefore when taking B; = n A 2002/(m?¢%), T = 1V 16ApL/(m?e¢*K)

< Ap+TK(

8ArL  10I(B; <n)o? €& €

<€ 57
m2TK Bym? =€ 7)

2
Elllgx.sll2] <
The total number of stochastic gradient computations is

1
e2v/b

TB+TKb:O((n/\:22+b\/5)(1+ )

2

O(nA—+b\f+ b

o’ 58
ooy T @) 9
n o2 b)

J A
Vb b €

where the last inequality is because b?> < ¢4 when b < €2 and v/b < ¢~2 when ¢ *. However,we
will never let b to be as large as ¢ ~# as it is even larger than the batch size B; and doing so will make
the number of gradient computations O(e~%), which is undesirable.

= O(

Appendix C. Convergence under the PL Condition
C.1. Convergence under the PL condition

Now we provide the convergence of Algorithm 2 and 1 under the Polyak-Lojasiewicz(PL) condition
[21]. Because of the existence of h(x), we utilize the definition of the generalized PL condtion in Li
and Li [18] to show the linear convergence rate of our generalized mirror descent algorithm with
variance reduction under the condition. The generalized PL condition is defined as

3> 0,5t gx.)? > 2u(F(20) — F(z*)), Vay (59)

19
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where gx ; is the non-stochastic generalized gradient defined as in (2). Similar to Reddi et al.
[22] and Li and Li [18], we assume the condition L/(m?u) > \/n for simplicity. The condition
is assumed only because we want to use same step size oy = m/L as in Theorem 1 and if it is
not satisfied, we can simply use a more complicated step size setting as in Li and Li [18]. We first
provide the convergence result of Algorithm 2.

Theorem 10 Suppose that f satisfies the Lipschitz gradients and bounded variance assumptions A2,
A3 and 1y, (x) satisfy the m-strong convexity assumption Al. Further assume that the PL condition
(59) is satisfied. The learning rate, the batch sizes, the mini-batch sizes, the number of inner loop
iterations are set to be o = m/L,by = n A (2(1 + m?)o?/(em?)). Then the output of algorithm
2 converges with gradient computations

1
) log E) (60)

Remark. The proof is relegated to Appendix A. The above result is O(nu ' A p~2¢~1) when
we hide logarithm terms and treat o as a constant. Similar to Theorem 3, the SFO complexity
matches the smaller complexity of ProxSGD and ProxGD under the PL condition [13].

Next we present the convergence of the variance reduced Algorithm 1.

Theorem 11 Suppose that f satisfies the Lipschitz gradients and bounded variance assumptions A2,
A3 and 1y, (x) satisfy the m-strong convexity assumption Al. Further assume that the PL condition
(59) is satisfied. The learning rate, the batch sizes, the mini-batch sizes, the number of inner loop
iterations are set to be oy, = m/L, By = n A (1002 /(em?)), by = b, K = |\/b/32] V 1. Then the
output of algorithm I converges with gradient computations

1 1
log — + E1og E) (61)

Remark. The proof is relegated to Appendix C. The above result is O((n A (€)™ 1) (uv/b) ™' +
bp~1) when we hide logarithm terms and treat o2 as a constant. Similar to results in Theorem 1, the
gradient complexity is asymptotically the same as ProxSVRG+, as shown in Table 1. Compared with
the complexity of Algorithm 2, our complexity can be arguably better when we choose appropriate
mini batch sizes b, which further proves our conclusion that variance reduction can be applied to any
adaptive SMD algorithm to reduce the gradient complexity. We provide the following corollary for
one choice of b to show its effectiveness.

Corollary 12 With all the assumptions and parameter settings in Theorem 11, further assume that
b= (,ue)*z/ 3. Then the output of algorithm 1 converges with gradient computations

nel/3  2/3  —2/3 1

O(( W A 575 + pIE )logg) (62)

Remark. The above complexity is the same as the best complexity of ProxSVRG+, with the
same choice of mini-batch sizes b. Moreover, it generalizes the best results of ProxSVRG/ProxSAGA
and SCSG, without the need to perform any restarts as in ProxSVRG [22]. Therefore, as ProxSVRG+,
it automatically switch to fast convergence in regions satisfying the PL condition.
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C.2. Proof. of Convergence under the PL condition

Recall the definition of the PL condition and modify the notations a little bit, we get
I > 0,5t gy, ll® > 2u(F (yy) — F(2")) (63)
By the proof in appendix B, we know that

m L Hyi+1 — x5 mog La?

¢ 2
EIF (4t <EIF(i - (% _ 5\g _Hyk_$t||2_ Ellat, 112
F (v )] < ELF(R)] - (5o — B ) - (T - SO Elabl
3L%;  a?L3 ' 9 3oy  a?L I(B; <n)o?
_ E _ ot
G~ amzp, Ellve =271+ (G0 = 55
m Lo Y — w3, may  Loj
<E[F(y))] — (-— — —)B(— — — = D)u(E[F(y})] — F(z*
< EIF(})] — (o — P - (T - S8 EFGL) - Fa))
3L%; 23 m L 3y a?L I(B; <n)o?
_ — \E t 2 et 2 7
+( 2bym 4m2b;  20up 4p) [lye = :ll7) + (Qm 4m2) By
(64)
2
Therefore when p = 2k — 1, define v := (1 — (%2 — LE1)) we obtain
BIF ()] = P _ (EFGD) = FG) m Ll — ol
,yk+1 - ,yk 2C¥t7k+1 47k+1 2%
1 3L% o2L3 m L
_ _ E t 2
o Son ~ ameny T amee =) ak = 1) e — el
1 3¢ 2L I(B;<n)o?
+ AR+ G~ am?) B,
(65)
Summing up with respect to the inner loop parameter k
EIF F(z*) < ~K(BIF F(z* K+1 < m L E ||yltc+1_xt||%
Plaria)) = Py <4 BIFG) = Pt =2 Y T = o BC )

K
1 ,3L% all? m L
K41 t  ap _ Bt — 12
LAY T Shm a2, T 2@k 1) @k — 1)) kol
k=1

K
+’7K+IZ 1 (% B agL)I(Bt < n)o?
— Y1 2m  Am?2 By

K t 2
K ¥ K+1 Z m L Y1 — zell3
=7 (E[F(SUt)] - F(CU )) -7 k71(2at’7k+1 - 4’Yk+1 )E( 2% )

K
1 3L% a?L3 m L
K+1 t . E t 2
k=1

1—7K(%_ a?L)I(Bt<n)02
1—~ 2m  4m? B,

(66)
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By the fact that z; = =%, and ||z, — z¢|| > 0, we know that
y 1 +

E[F(211)] - Fa")

K-1 t 2
. m L Vg1 — 2l
<Y EBIF (@) - F@) =7 ) (5T — e B g )
k=1

K
1 3L%a oa2L3 m I
K+1 t n - . - ,
+ v ;2 'yk:+1( 2bym Am?2b, + 20:(2k — 1) 4(2k — 1)) v — =¢l|“]
1=o% 0y ofL 1B < n)o?
1—v 2m  4m? B,
1_7K 30 o2 I(Bt<n)02
K . 2
= EF —F Q-
e @)+ 1—7v (2m 4m2) By
K-1
_ A K+1 ( m _ L )E(Hyi+1 — ZL‘tH%)
7 el 2()ét"yk+1 4fyk+1 2%
K-1
1 3L2a 042L3 m I
K+1 t ; - . o )
+y 1 7k+1(2btm7 Am2byy + 20,(2k + 1)y 4(2k + 1)7) e — z¢7]
1-9% 3¢ afL I(B; <n)o®
= E|F - F o0
TR (") 1<—7/(2nz 4nﬁ) By
K—1
1 3L%y  ofL® m L L m
K+1 t _ t B 7’}/ - 7’)/ E - ,
+ ! Vk’+2( 200m  4m2b, + 20;(2k +1)  4(2k +1) + e 4kat) lyr — x¢]|7]
1-9" Bar _ ofL I(B; <n)o?

= yE(E[F(z0)] — F(z*)) + 1—~ (Qm B 4m2) By

K-1
K+1 t 1 o ,om L l B E - )
o ’; ’Yk+2( 2bym 4m2b, 20 4)(2k‘ 2]{,‘—!—1)) vk — 2l|”]
(67)
2
By the definition vy =1 — m(;t,u + LOZH, we know that
e o 1 mao i LoatZ,u,
2k 2k+1  2k(2k+1) 4k sk .
1 afpm L

~@ETD) 2k 2a 1

Therefore when taking i = 7 and with the assumption L/(um?) > \/n, the last term in the
inequality (67) is
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K-

,_.

2713
A+ oL om Loy 1 Bl — o2
k—l thm 4m2bt 200 4)(2k Qk—i-l) H|yk -rtH ]
K-1
= 1<3L2%—0“’?L3——”l—£< L adum Ly
S M2 b dm?b, 20, 47 2k(2k+1) 2k 205 4 K
K-1
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W‘E{H_m > 0. Therefore H(z) < H(K — 1) < E—W&QH < 0 when

K = [,/ ?%J which means the inequality above is smaller than zero. Hence

1 —y® 5L I(B; < n)o®

E[F (2¢41)] — F(2*) < y"(E[F(2)] — F(2*)) + 1=~ 14 B, (70)
Therefore
E[F (z¢11)] — F (24 E[F(x)] — F(x* 1—~K 5L I(B; < n)o?
[F(z4+1)] ( )s( [F( i]f“ ( ))+(1_V)JK(H)(4 ( ; ) ) 70
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Now take sum with respect to the outer loop parameter ¢ and take B; as a constant, we can get

K 5LI(B; <n)o?
K(t+1) 4 B,

E[F(zr1)] — F(a") < 25T (F(a1) - F(@*)) + ““EZ o

1 5LI(B; <n)o?

_ K(t+1) 4
1—7 — (t+1) 4 B;
T
— KT AL 4 AR K(T+1) 1 — ’YK 1 5LI(B; <n)o”
_ K 1
1 = (t+1) 4 By
_ o KTAL + 5LI(B; < n)a 1 — K1 —~KT
F 4B, 1—~ 1-7K
L KTA L 5LI(B; < n)o?1— KT
T 1B, 1—
! (72)
Since 1 — 5T <1,y =1— "G# 4 Lat” =1-5F+ "ZL“ 1- ﬁ,hence
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5LI(B; < n)o?
4B(1 — )
51(B; < n)o?
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F+ By

E[F(zri1)] - F(") < v<TAp +
(73)
=7

Therefore when taking 7' =1 V (log 2AF)/(Klog %) = O((log 2AF)/(K/UL)), Bi=nA ST%ZZ.
Then the total number of stochastic gradient computations is

TB+TKb=0(nnZ e +bxf)(—log 1))

Vb
o 1 1 b, 1
=O0((n A —)—=1log - + —log -
(( ue)u\/z? i g

(74)

Appendix D. Algorithm Implementation and More Experimental Details

Datasets. We used two datasets in our experiments. The MNIST [23] dataset has 50k training images
and 10k testing images of handwritten digits. The images were normalized before fitting into the
neural networks. The CIFAR10 dataset [15] also has 50k training images and 10k testing images of
different objects in 10 classes. The images were normalized with respect to each channel (3 channels
in total) before fitting into the network.

Network Architecture. For the MNIST dataset, we used a one-hidden layer fully connected
neural network as the architecture. The hidden layer size was 64 and we used the Relu activation
function [20]. The logsoftmax activation function was applied to the final output. For CIFAR-10,
we used the standard LeNet [16] with two layers of convolutions of size 5. The two layers have 6
and 16 channels respectively. Relu activation and max pooling are applied to the output of each
convolutional layer. The output is then applied sequentially to three fully connected layers of size
120, 84 and 10 with Relu activation functions.

Implementations and Parameter Tuning. All experiments are conducted independently on
NVIDIA Tesla P100 GPUs. Except for normalization, we did not perform any additional data
transformation or augmentation techniques such as rotation, flipping, and cropping on the images,
which was the same as what Zhou et al. [27] did in their experiments. For the constant m added to
the denominator matrix H; in these two algorithms, we choose a reasonable value of m = 0.001,
which is common in real implementations [14]. The other parameters are set to be the default
values. For example, the exponential moving average parameter 3 in RMSProp is set to be 0.999.
For the step sizes oy, we tuned over {0.1,0.01,0.005,0.002,0.001} for all the algorithms. For
the mini batch sizes of AdaGrad and RMSProp, we tuned over {256, 512, 1024, 2048, 4096}. For
the batch sizes and mini batch sizes B; and b; in VR-AdaGrad, VR-RMSProp, we used a slightly
different notation of batch size ratio r = B;/b;. We tuned over b; = {64,128,256,512,1024}
and r = {4,8,16,32,64} and reported the best results for each algorithm on each dataset. The
parameters that generated the reported results were provided in Table 2 and 3 in Appendix D. No
step size decay was applied to any algorithms in our experiments. However, according to our theory,
step size decay would not affect our conclusions since the step sizes were upper bounded.

We provide the implementation of Variance Reduced AdaGrad (VR-AdaGrad) in Algorithm
4. Note that this implementation is actually a simple combination of the AdaGrad algorithm and

24



VARIANCE REDUCTION ON ADAPTIVE STOCHASTIC MIRROR DESCENT

Algorithm 4 AdaGrad with Variance Reduction Algorithm

1: Input: Number of stages 7', initial x1, step sizes {ay }._;, batch sizes { B; }._;, mini-batch sizes

{b:}]_,, constant m

2: fort =1to 7 do
Randomly sample a batch Z; with size B;
9t = V f1,(z1)
Yyi =2
for k =1to K do

Randomly pick sample T, of size b,

vl = Vi3 (Wh) — Vi) +

TIK k
Ver1 = Ui — @tvi/(\/m( =1 et Vi iy o) +m)
10:  end for

1 Tt = Yo
12: end for
13: Return (Smooth case) Uniformly sample z¢+ from {y,’i}fj 115 (P-L case) xy+ = o1

e A Al

h

the SVRG algorithm with ~A(z) = 0. The implementation can be further extended to the case
when h(z) # 0, but the form would depend on the regularization function h(z). For example, the
AdaGrad algorithm with h(x) = ||z||1, a non-smooth regularization, can be found in Duchi et al. [7].
The VR-AdaGrad algorithm with h(z) = ||z||; will therefore have a similar form. To change the
algorithm into VR-RMSProp, one can simply replace the global average design of the denominator
with the exponential moving average in line 9.

The parameter settings that we used to generate the best results in our section 4 are reported in
Table 2 and Table 3. The tuning details are presented in section 4. Note that for variance reduced
AdaGrad (VR-AdaGrad) and variance reduced RMSProp (VR-RMSProp), we have two parameters
B, and b;. To compute the batch size B;, we simply need to multiply b; by r.

We provide the performances of AdaGrad, RMSProp and their variance reduced variants with
different step sizes in figure 3 and 4. Note that variance reduction always works in these figures, and
it results in faster convergence and better testing accuracy. Therefore for different step sizes, we can
always apply variance reduction to get faster training and better performances.

Table 2: Best parameter settings on the MNIST dataset. The batch size B; is equal to b; * r.

Algorithms Step size  Mini batch size by  Batch size ratio
SGD 0.01 1024 N.A.
AdaGrad 0.001 2048 N.A.
RMSProp 0.001 1024 N.A.
ProxSVRG+ 0.01 256 32
VR-AdaGrad 0.001 256 32
VR-RMSProp  0.001 256 64
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Figure 3: Comparison of AdaGrad and VR-AdaGrad on CIFAR-10 using different learning rates.
The other parameters are the same as in Table 3. “Ir”” stands for learning rate, which is a
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Figure 4: Comparison of RMSProp and VR-RMSProp on CIFAR-10 using different learning rates.
The other parameters are the same as in Table 3. “Ir” stands for learning rate, which is a
different name for step size. Ir=1e-2 is too large for RMSProp and the algorithm diverges.

20 40 60 80
Epochs

(a) CIFAR-10 Training Loss

100

Testing Top-1 Accuracy

RMSProp, Ir=1e-3
—  VR-RMSProp, Ir=1e-3
— RMSProp, Ir=2e-3

— VR-RMSProp, Ir=2e-3

20

40 60 80 100
Epochs

(b) CIFAR-10 Testing Acc.

The results are averaged over 5 independent runs

Table 3: Best parameter settings on the CIFAR-10 dataset. The batch size B; is equal to b; * r.

Algorithms Step size  Mini batch size by  Batch size ratio r
SGD 0.01 1024 N.A.
AdaGrad 0.001 1024 N.A.
RMSProp 0.001 1024 N.A.
ProxSVRG+ 0.01 512 32
VR-AdaGrad 0.001 512 32
VR-RMSProp  0.001 512 64
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Figure 5: 5(a)subfigure training loss of SGD and ProxSVRG+ with different » on MNIST.
5(b)subfigure training loss of SGD and ProxSVRG+ with different » on CIFAR-10. The
other parameters are the same as in Table 2, 3. The mini batch size is set to be the same as
AdaGrad and RMSProp to ensure fair comparisons. The results were averaged over three
independent runs.
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